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Preface 


Among all the books which I have read in the field of physics, especially fluid 
mechanics, only the unrivalled volumes of the L.D. Landau and E. Lifshitz’s 
course left me fully unfrustrated. This is presumably an effect of my irre- 
pressible rigour, which was undoubtedly inherited from my education in which 
mathematics prevailed over physics. As I became more knowledgeable in fluid 
mechanics, I found that the gaps which had been left unfilled in my general 
approach to that construction were more and more flagrant, giving a feeling 
of incompleteness. Scientific books and papers too often referred to a sector 
in physics which I was not familiar with. Intuitively, however, they allowed 
me to consider answers which, ultimately, I managed to come across in some 
other book, at the cost of painstaking effort. Since I became more aware of 
that issue when I worked as a teacher, I contemplated writing myself a text 
that would meet my own expectations; thus, I had to gain basic knowledge of 
these missing elements, which resulted in the first part of this book. It occurs 
in the simple, sometimes rather ingenuous form, of a theoretical fluid flow 
physics course in which the admitted principles have been as much reduced as 
possible. 

I began working on the SPH (smoothed particle hydrodynamics) method at 
a complete loss. As I discovered its leading principles, I luckily noticed, as 
I browsed through literature, that such a numerical approach had close links 
to theoretical mechanics; that made me even keener to understand the latter’s 
fundamentals, while becoming gradually more confident in the former. The 
desire to gather my skills in SPH in a pedagogic text slowly gained ground; 
thus, I had to make constant references to the theoretical laws governing fluids, 
which it is based on. Since the idea of a book on hydraulics was simultaneously 
germinating, it became obvious to me that I had to deal with both aspects of 
my research work as jointly as possible. That idea gave birth to this book. 
Nevertheless, because of the huge corpus of fluid mechanics literature, along 
with the ever increasing number of publications about the SPH method, I had 
to make a number of choices as regards the topics being dealt with herein. 
Predictably enough, I have decided to give prevalence to those which I am 
familiar with. That is why I will only discuss the weakly compressible or 
incompressible, possibly turbulent flows. 

This book comprises two parts that refer to each other. The first, which 
deals with the fundamentals of hydraulics, is composed of four chapters. It 
is based on the elementary principles of both Lagrangian and Hamiltonian 
mechanics. The specific laws governing a system of macroscopic particles 
are built, then the major systems (statistical physics) involving the dissipa- 
tive processes are explained. The continua are then discussed; lastly, a fairly 
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exhaustive account of turbulence is given. The second part comprises the last 
four chapters. It discloses the bases of the Lagrangian numerical method SPH 
from the continuous equations which are introduced in the first part, as well as 
from discrete variational principles, setting out the method’s specific properties 
of conservativity and invariance. Various numerical schemes are compared, 
permanently referring to physics as dealt with in the first part. Applications to 
schematic instances are then discussed; ultimately, practical applications to the 
dimensioning of coastal and fluvial structures are considered. 

This book is intended for scientists, doctoral students, teachers and engi- 
neers who want to enjoy a rather unified approach to the theoretical bases 
of hydraulics or who want to get more skills in the SPH method in the light 
of these principles. In this form, it will probably look too complex to those 
who fully rely on empirism; on the other hand, it is perhaps insufficiently 
anchored to mathematical formalism for the hard core of theoreticians. I think 
it will nevertheless inspire many readers with a feeling of unity, answering 
many questions without any detrimental abstruse formalism. I hope it will be 
helpful to young researchers and doctoral students involved in the increasing 
development of interest about the SPH method. 


February 2012 D.V. 
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Global introduction 


Such particle-oriented methods as SPH (smoothed particle hydrodynamics) 
have become more and more popular since the advent of the intensive numer- 
ical calculation. Being relevant for modelling complex and rapidly varying 
processes, they have been increasingly acknowledged, since the late 1990s, 
as a valid alternative to grid methods for the modelling of possibly combined 
motions of fluids and solids. Among the assets which contribute to their suc- 
cess are their simplicity and smartness, their user-friendly programming and 
the wide range of their possible applications. Their proximity to the practical 
and intuitive reality of everyday mechanics provides them with an additional 
advantage in the eyes of their most active promoters who see them as the most 
‘natural’ way to model continuous media. A close analysis of these methods, 
however, makes it possible to credit them with deeper qualities stemming from 
their close relationship to the theoretical bases of point mechanics. Throughout 
this book, we will endeavour to highlight these affinities, by constructing as 
general equations as possible for the motion of mutually interacting particle 
systems, before deriving the equations of the SPH method and their main 
properties. 

The works conducted by J.-L. Lagrange, then by W.R. Hamilton, laid rigor- 
ous and smart foundations for mechanics. That formalism, which is the subject 
matter of the first chapter of this book, provides a rigorous framework for 
writing the equations of motion of a system which may be considered as a 
material point, or as a group of material points, having masses, positions, 
velocities and energies, and being subject to mutual forces. The variational 
least action principle, which is at the core of these discussions, subsequently 
leads to the basic conservation properties. One may also consider that each 
of these points, which is then referred to as ‘particle’, in turn consists of sub- 
systems (molecules), which makes it possible to include the notions of density, 
internal energy and pressure into that formalism. The particular case of systems 
comprising a very large number of degrees of freedom, that is macroscopic sets 
of molecules, may be treated likewise from statistical considerations, which 
were first contemplated by L. Boltzmann. We establish their principles in 
Chapter 2, which can be used to introduce the notion of irreversibility, resulting 
in particular in the consideration of particle friction forces. The concepts of 
entropy, kinetic coefficients and energy dissipation rate then appear in the 
particle formalism. The discrete equations achieved through this procedure 
already give an early indication of those equations as solved by the SPH 
method, with very close notations and similar properties. 

Among the main issues to be settled by a theoricist is the treatment of the 
particle density and internal forces (pressure and friction), the evolution of 
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which can only be investigated through the formalism of continuous media. 
On the basis of the arguments of the first two chapters, Chapter 3 sets out the 
suitable tools for establishing the formulation of these quantities in the particu- 
lar case of the viscous fluids, especially when the density hardly varies in both 
space and time. Several approaches leading to the Euler and Navier-Stokes 
equations are highlighted; they are initially based on the abovementioned 
discrete equations, then on the Boltzmann equation as described in Chapter 2, 
lastly on the variational principles extended to the continuous media, where- 
upon well defined continuous forms of the conservation laws can be obtained. 
The notions of stress tensor, molecular viscosity, then surface tension coeffi- 
cient appear naturally through the concept of local strain. Furthermore, seeking 
solutions to these continuous equations leads us to consider the question of 
turbulence throughout Chapter 4. After a phenomenological study, the main 
turbulent closure models are established, giving rise to further mechanical 
quantities, namely Reynolds stresses, turbulent kinetic energy, eddy viscosity, 
and so on. 

At the end of the first section, all the tools of point mechanics and con- 
ventional fluid mechanics are available to work out numerical—especially 
Lagrangian—solution techniques. It seems, however, that the discrete (Chap- 
ters | and 2) and continuous (Chapters 3 and 4) approaches have diverged. In 
the second section of the book, they will be lumped together again through the 
general principles of the SPH method, which are set out in Chapter 5. From 
the notion of the interpolation kernel, the basic equations of this approach are 
established in two ways for the treatment of the viscosity-free fluids, by dis- 
cretizing the continuous equations on the one hand and applying a least action 
principle on the other. The discrete conservation laws are then naturally satis- 
fied, although an important reservation should be mentioned: the formalism of 
Chapter 1 only contemplates a discrete nature for the space variables, whereas 
time remains a continuous variable, which makes the theoretical treatment of 
the notion of conservation easier. With a numerical approach, since time has to 
be discretized as well, the conservation laws should be re-examined according 
to the selected temporal scheme, which in turn affects the model’s numerical 
stability properties. Chapter 6 extends SPH formalism to the notions of friction, 
surface tension and turbulence. In addition, it put forwards solutions both for 
the treatment of the wall boundary conditions and the calculation of pressure 
and it briefly discusses the treatment of the rigid bodies moving about within a 
fluid. 

The implementation of the SPH method with respect to schematic appli- 
cation cases has been amply dealt with in the literature, which is evidence 
of its predictive capacities, but also of its drawbacks, particularly as regards 
the computational time and the required memory capacity. The applications to 
practical cases are therefore less numerous, but have become more common 
since the 2000s. Chapters 7 and 8 are dedicated to this kind of analysis. The 
former is restricted to schematic cases in order to ascertain the validity of the 
numerical method through a comparison with other methods, with laboratory 
experiments or even with semi-analytical solutions as derived from the first 
section of this book. The last chapter addresses instances which are close to 
practice in hydraulic engineering, in the cases of complex and fairly varied 


flows, along with several quantitative validations. Readers will find some assur- 
ance that the SPH method is suitable for effectively tackling many problems 
related to the dimensioning of water works. 

At first sight, readers may be puzzled by the numerous subject matters being 
tackled. Actually, no important result is left to chance, as might be expected 
from the first few lines of this introduction. For example, Boltzmann’s equation 
is demonstrated in Chapter 2 before explanations are provided in Chapter 3 for 
using it when constructing the Navier-Stokes equations, though the latter are 
previously derived from simpler principles. The reasons for such a seeming 
complexity lie, in my opinion, in the required grasp of the various links 
between the fundamental fluid mechanics equations. This relatively complete 
review, however, does not imply any thorough reading; readers in a hurry may 
miss out some sections without prejudice to understanding. Yet, in order to 
provide a main thread, a concern for coherence is systematically put forward; 
thus, each section, when it is necessary, will refer to the useful notions as set 
out in the previous chapters. For example, the time integration schemes for 
solving the discrete equations in the SPH method, as dealt with in Chapter 5, 
are selected according to the properties of the Hamilton equations as discussed 
in Chapter 1. 

As can be seen, this book provides an overview of particle theory for fluid 
modelling. It is particle-oriented, first of all, due to the immediate utiliza- 
tion of this formalism for establishing the fundamental equations of physics 
which it treats, then only through the SPH method considered as a way of 
numerically solving these equations. Reading it will, indeed, require prior 
skills in elementary mathematics: particularly matrix algebra, integration and 
differentiation. Those unfamiliar with the tensorial formalism or the notion of 
Fourier transform will find brief information in the appendices. 

Taking into account the great variety of processes being considered in this 
book, a high number of notations, some of which are redundant, will inevitably 
be employed. For instance, notation i denotes, in Chapters 2 and 3, the velocity 
of a molecule, whereas in Chapter 4 it refers to the filtered velocity of a fluid 
with a turbulent flow regime. Likewise, the generalized momenta p; should 
not be likened to pressure p, and notation T refers sometimes to temperature 
and sometimes to a time scale. Actual ambiguities, however, are rare and 
only related to specific quantities from different chapters. Thus, we hope no 
confusion will be possible; footnotes will sometimes highlight distinctions 
which the reader will probably have made himself. 
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Lagrangian and 
Hamiltonian mechanics 


1.1 Introduction 


The scope of this chapter consists in defining, from simple concepts, the 
mechanical laws governing the systems of material points, that is which can be 
considered as a more or less extensive collection of entities liable to be likened 
to point systems. The purpose of this is to prepare for the next chapter, which 
will be dedicated to the mechanics of large systems (statistical mechanics, or 
thermodynamics). 

The laws of classical mechanics, as they are usually taught, are often per- 
ceived as arbitrary or excessively founded on results. Now it is comparatively 
easy to prepare a theoretical framework, based upon a small number of intuitive 
assumptions consistent with observation, where these laws (Newton’s second 
law, conservation laws) occur naturally and take a clear physical significance. 
The keystone to that theory of mechanics is the least action principle, the 
single really constraining hypothesis, since it looks unwarranted at first sight. It 
happens, however, that this single principle, accompanied by natural assump- 
tions and in keeping with the daily experience, is sufficient for simply and 
neatly building the foundations of mechanics and highlighting their links to 
the properties of regularity in both time and space. 

The least action principle, which was initially conceived by P.-L. Moreau 
de Maupertuis in 1748, had been faintly recognized by Fermat in this ‘least 
time principle’ (1661); the latter had derived, out of a minimum principle, the 
laws of light refraction which had initially been empirically laid by Descartes. 
This principle, which was explored more deeply and operated by Lagrange 
at the end of the18th century, then by Hamilton in the subsequent decades, 
proved to be quite fruitful, especially in physics, since it is far from being only 
applicable to mechanics. Historically, indeed, Einstein did manage to work 
out his theory of special relativity by thoroughly reviewing the foundations 
of classical mechanics and the least action principle. As far back as 1916, 
Eddington suggested a similar approach to derive the laws of general relativity, 
which had been built through very intuitive means by Einstein one year before. 
Electromagnetism, as well as geometrical optics which is a particular case of it, 
can also be founded on that principle against a relativistic background (Landau 
and Lifshitz, 1975). Feynman, as long ago as the 1940s, could outline a 
conceptual framework (based upon the notion of trajectory integrals) allowing 
the provision non-relativistic quantum mechanics with foundations based upon 
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lBvery quantity derived from distances is 
also universal, just like volume. 


the least action principle, before it found applications in the relativistic quan- 
tum theory (Landau et al., 1982). More recently, the physics of water waves 
found a theoretical spectral framework resting on that formalism (Bretherton 
and Garret, 1969), yielding outstanding applications. Among the attempts to 
quantify gravitation, string theory is also based on similar concepts (see e.g. 
Zwiebach, 2009). 

This chapter, apart from giving suitable expertise in the actual meanings of 
the equations of mechanics, will bring some intellectual satisfaction to all those 
who are reluctant about extensive empirism. It can also be used to lay the foun- 
dations of variational mechanics, which is implemented by the end of Chapter 
3 to discuss the continua, as well as for a rigorous introduction to the SPH 
numerical method in the second part of this book. That theoretical framework, 
however, will only be basically set out; more solid—but drier—foundations 
can be built (for instance, refer to Swaters, 2000). We have elected to refer 
primarily to Landau & Lifshitz, 1982a); nevertheless, we have preferred to 
give explanations in a slightly different way; thus, the least action principle 
will come after the principle of inertia, with reference to Boudenot (1989). 

First of all, we will set out the Lagrangian mechanics formalism for any 
discrete mechanical system, based upon the Least action principle yielding 
the Lagrange equations. The case of a system of interacting particles (either 
microscopic or macroscopic) will then be thoroughly discussed; afterwards, 
we will come to Newton’s second law. The notion of energy (Hamiltonian) will 
be used to establish the Hamilton equations before switching to the concept of 
discrete conversation laws. We will then present a general case which will be 
taken up throughout the book, namely the simple oscillating pendulum. Lastly, 
an account of the systems consisting of sub-systems (macroscopic particles) 
will enable us to deal with the cases of rigid bodies, then fluids, resting upon 
the notion of pressure and internal energy. The Hamilton equations will be 
reformalized against this new background. 


1.2 Least action principle 


In this section, we state the basics of Lagrangian Mechanics. After defining 
the concepts of Galilean frame and Galileo’s relativity principle, we introduce 
generalized coordinates and velocities, as well as the Lagrange function of a 
mechanical system. Then, we state the least action principle, which is at the 
foot of physics. The Euler-Lagrange dynamic equations are finally deduced 
from the abovementioned tools. 


1.2.1 Inertial frames and principle of relativity 


Throughout this chapter, we will need the notion of frame of reference. This 
term refers to any system of axes which is liable to move in relation to another 
system and is fitted with a timer. Among the classical mechanics postulates 
is above all the invariance of the standards for measuring time and distances. 
Aside from that arbitrary change, we may state that time is universal, as are 
distances.! In the following, we will often consider the cases of two frames 


of reference R and R’ whose axes are aligned and whose origins coincide at 
t = 0, the second moving about at the constant velocity V in relation to the 
first. In accordance with the above, the laws of transformations of coordinates 
and time, when shifting from R to R’, are written as 


t=t' 


(1.1) 
r=r+Vt 


where r denotes the position vector, whereas the primes refer to the frame R’. 
The velocity of a body is defined as the derivative of its position vector with 
respect to time: 


_ ar 
“dt 
Thus, deriving the coordinate transformation equation (1.1) with respect to 


time ¢ (or t’, which comes to the same thing), we get the Galilean transforma- 
tion law for velocities: 


(1.2) 


u=u+V (1.3) 


From a mechanical standpoint, not all the frames of reference are equivalent, 
which means that the laws of mechanics do not have the same forms in them. 
Most of the frames are neither homogeneous nor isotropic in regard to these 
laws, and time does not play a regular role in them. If, for example, we 
consider the case of a revolving frame of reference (a carousel), then we can 
see that an object released on its periphery with a zero initial velocity will 
tend to drift away from the centre of rotation, whereas an object which is 
put on that very centre will remain motionless. There are some frames of 
reference, however, which prove to be homogeneous and isotropic, and for 
which time acts uniformly; they are known as Galilean or inertial frames. 
In such frames of reference, the laws of mechanics are independent of time, 
position and direction of motion. A significant postulate in classical mechanics 
is that a Galilean frame of reference is linked to every point in space. The first 
postulate of mechanics, as it is currently formulated, states that a body which is 
sufficiently distant from every other body (then the commonly used expression 
is an isolated system) persists in its rectilinear and uniform motion in every 
Galilean frame of reference. The velocity composition law (1.3) then allows 
us to state that when R is Galilean, so R’ is as well. The second postulate of 
mechanics, which is the most important one from a historical point of view, is 
Galileo’s principle of relativity: the laws of mechanics have the same form in 
all the Galilean frames of reference. Or else, as Galileo himself stated: ‘motion 
is like nothing’. That means a uniform motion has no effect on the formulation 
of the laws of mechanics. We can intuitively experience that principle, for 
example, when we are sitting in an aircraft flying at a constant and rectilinear 
velocity. That motion is then absolutely imperceptible, whatever its magnitude 
may be, and every mechanical experience? will take place in it just as at the 
ground level. If, on the other hand, the aircraft decelerates, accelerates or turns, 
then we feel that change of velocity. Hence, we can infer that a body moving 
at a constant velocity in a Galilean frame of reference will behave as though 
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2It is a priori important to make a differ- 
ence with a closed system which inherently 
does not exchange matter with the outside. 
From a Lagrangian viewpoint, however, the 
closed property of the systems is implicit, 
since every system is once and for all com- 
posed of a given amount of matter. 


3And_ even every physical experiment, 
according to the Einstein’s principle of 
relativity. 
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it was at a standstill. If it is not subjected to any external influence, then it 
will indefinitely keep its velocity. This formulation is often called principle of 
inertia (or Newton’s first law). 

Since the laws of mechanics have the same form in all the Galilean frames 
of reference, the equations of motion are invariant with respect to transforma- 
tion (1.1) (this is the Galilean invariance). The solutions of these equations, 
conversely, depend on the frame of reference as they depend on the boundary 
conditions (this question will be dealt with in the next section). The Galilean 
frames of reference play a major role in classical mechanics. Thus, the assumed 
existence of such a frame of reference is constraining, but only the theory of 
General Relativity will make it possible to construct invariant laws in any 
frame. On the contrary, the principle of relativity tells us that none of the 
Galilean frames of reference prevail over the others. In the following, unless 
stated otherwise, we will refer to such frames. 

A final remark should be made. Invariance of the laws of mechanics in 
terms of time is disproved, even in a Galilean frame of reference, when 
friction occurs. It is well known that, in such conditions, due to macroscopic 
complications, the motions are not time-reversible. Lagrangian Mechanics, as 
it is set out in the initial paragraph of this chapter, does not take these facts 
into account; it can only be applied to non-dissipative processes (we will come 
back to that term when we speak about energy). The dissipative—that is non- 
reversible—systems shall be considered separately and will be discussed in 
Chapter 2, Section 2.4. 


1.2.2. Generalized coordinates. Lagrangian of a system 


From what we have written in the previous paragraph, we may infer that a 
body’s velocity is not a quantity with an absolute physical significance, and 
that only acceleration (i.e. a changing velocity) is unambiguous. The laws of 
mechanics shall then refer to acceleration. Thus, in regard to those coordinates 
considered as time functions, differential equations of order 2 will describe 
the variation of a mechanical system. Consequently, mathematics tell us that 
two sets of boundary conditions are required for solving these equations. In 
other words, the future of a system can only be perfectly defined from an 
initial configuration provided that not only the positions of its constituents, 
but also their first derivatives with respect to time are known at any given 
point in time. Thus, a ball which is thrown vertically within an aircraft will 
describe a vertical trajectory as seen by the experimenter, whereas an observer 
standing on the ground would see it describing a parabola, because the initial 
ball velocity would have a non-zero horizontal component in this observer’s 
frame of reference. 

Generally speaking, we will consider a system whose geometrical descrip- 
tion is given by N independent parameters known as the system’s generalized 
coordinates, which we will denote q(t) (however, we will often omit to 
explicitly write the dependence on time). The integer N is the system’s number 
of geometrical degrees of freedom. For a particle, for example N = 3, and the 
gi coincide with the x, y, z components of the particle’s position vector r at a 


given point in time; for a rigid pendulum, only one coordinate is necessary, for 
example the angle 6 it makes with the vertical. We can state from the above 
that the state of a system is fully determined, at any time, by the data of its 
generalized coordinates and their first derivatives with respect to time. The 
latter are called generalized velocities and are denoted q; = dq; /dt. Then, for 
a particle, we have 


qa 4 
q2, qo) = (ru) (1.4) 
gB 43 
and for a pendulum: 
(q. 9) = (0,8) (1.5) 


If there is a quantity describing the mechanical state of the system at a given 
point in time, then it is a function of the generalized coordinates and velocities. 
We will assume that such a function does exist, and we will refer to it as a 
Lagrangian (or Lagrange function) of the system: 


L=L ({qit, {Gi}) (1.6) 


it being understood that the subscript i covers the whole range of values from 
1 to N, as symbolized by the brackets {-}. 

Now we will consider a system A which is subject to the action of such a big 
system B (in a sense which will be seen later on as linked to the notion of mass) 
that the latter is not affected by the presence of A (a ‘standard’-sized body 
subject, for instance, to the Earth’s gravitational influence). This is known as 
an open system,’ and the coordinates and velocities characterizing the system 
B are known time functions as determined by the equations of mechanics (so 
far unknown in our explanations). The Lagrangian of the set (i.e. of AU B) 
will then be written as 


Laue = L({4i'} {a7} far ()} (a?) 
= L({ai"} {a7} 


(here we have explicitly written the time in those parameters characterizing the 
system B, in order to emphasize that these quantities are known functions of 
time). Thus, we can see that a system which is subject to time-varying external 
influences exhibits an explicit dependency of its Lagrangian on time via the 
terms ge (t) and ge (t), so that we will write from now on L ({q;}, {qi}, t). On 
the other hand, as regards an isolated system, there is no such dependency (in 
a Galilean frame of reference), since we have seen that the laws of mechanics 
are then uniform in time therein. Time, however, implicitly acts in L through 
the q; and the g;, which are time-varying quantities. 

The equations of mechanics shall a priori affect the Lagrangian, that is in 
fine the generalized coordinates. They should be associated with 2N bound- 
ary conditions to be solved (a couple of conditions for each coordinate). As 
previously explained, these conditions may be the initial values of coordinates 
and velocities. However, changes in the system can also be determined for 


(1.7) 
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4Our approach is quite analogous to that con- 
sisting in considering, in thermodynamics, 
that a non-isolated system should be taken 
as a part of a broader isolated system (see in 
Chapter 2). 
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5 Strictly speaking, it is a minimum for suf- 
ficiently short paths, that is for sufficiently 
close times. Action can be maximum in some 
cases; that consideration, however, will not 
affect the following discussions, since the 
equations of movement to be introduced later 
on will in fact be based on a principle of 
extremum. 


Fig. 1.1 Configuration space of a system 
with two geometrical parameters. Among all 
the permissible paths, only one corresponds 
to the physical reality, as shown in full line. 


other sets of boundary conditions, provided that they occur in a sufficient 
number. 


1.2.3 Least action principle 


In this paragraph, we temporarily refer to an N-dimensional abstract Cartesian 
space in which the system’s generalized coordinates are transferred onto the 
coordinate axes. Such a space is known as a system configuration space. We 
will consider two system’s geometrical states corresponding to a couple of sets 


of coordinates, denoted qi? 


; and ge” . Thus, these two states are related to two 
points M; and Mp in the configuration space (refer to Fig. 1.1 for the case 
N = 2). The geometrical curves connecting these two points are called the 
permissible trajectories of the problem. 

Now we will consider how the system should transition from state | at time 
t; to state 2 at time fz. In other words, among the permissible trajectories, 
which is the single trajectory the system will follow according to the laws 
of mechanics? It is noteworthy that this problem is well formulated in terms 
of physics, since we have 2N boundary conditions, namely the initial and 
final values of the g;. The answer to the question is given by the least action 
principle; to that purpose, we have to define the system’s action S: 


~ % 
s=f L (iqis, {qi}, t) dt (1.8) 
t 


The principle is then expressed as follows: a minimum value of action is 
related to an actual motion. More precisely, this principle should be formulated 
ina slightly different way, because of the presently rather ambiguous definition 
of the Lagrangian: ‘there is a function L of coordinates and velocities whose 
integral has a minimum value during a motion’. This principle may seem to be 
audacious; actually, it fairly well matches intuition. Nature, indeed, commonly 
minimizes> the integrals of some quantities, and the Lagrangian is the single 
presently available mechanical quantity, even though we have less information 
about the latter. The least action principle itself, however, will provide us with 


val 


i, 





some information about L. First, it is necessarily a real function; otherwise 
the notion of minimum would be meaningless. Second, it is additive. To that 
purpose, we will consider a system consisting of two parts A and B. If we move 
them sufficiently apart from each other, their interaction will be negligible. We 
can then infer that the equations of motion of one part cannot include terms 
related to the other part. The whole system action should then take on the form 
of the sum of A and B respective actions. 

Something else can be noticed: multiplying the Lagrangian by any positive 
constant does not affect the equations of motion, since the target being aimed 
at is only minimizing its integral. One may believe that this will result in an 
undetermination, because the Lagrangians of two systems could arbitrarily 
be multiplied by two different constants. Now, due to the additivity of the 
Lagrangian, we know that such a constant should be the same for all the 
systems. The resulting degree of freedom simply corresponds to the arbitrary 
selection of units. So far, indeed, the Lagrangian unit has not been specified. 

Lastly, we can observe that, for the same reason as before, adding a constant 
to the Lagrangian does not alter the equations of motion. The Lagrangian is 
then only defined to within one additive constant. Further investigations are 
possible to make sure that adding L to the total derivative of a coordinate and 
time function does not affect the equations of motion. In that respect, let ® be 
such a function, and let us define the amended Lagrangian 


d® 
l=L+— 1.9 
=[D+ ai (1.9) 


The corresponding action is written as 


Gi 7 d® if> 
=f (z (aid dah + SEED) ai 
ty 


12 
= / L (gih gi). t) at +10 (gi), O12 (1.10) 
t 


34 6((a?.)—#((a"}9 


Thus, the minimum of S remains unchanged, since the last two terms of 
(1.10) are constants, the conditions ae and ge being prescribed. An impor- 
tant ‘reverse’ of that rule: one system, in two Galilean frames of reference, 
has two Lagrangians which differ from each other in the total derivative of a 
coordinate and time function. In fact, one should remember that the Lagrangian 
of a system depends on the selected frame of reference, since it is a function of 
its coordinates and velocities, which are defined in a given frame. Let us refer 
to the couple of presumably Galilean frames R and R’ defined in Section 1.2.1. 
The principle of relativity tells us the equations of motion are the same, that 
is the actions have the same minimum in both R and R’, which means they 
differ from a constant. This is only possible where the system’s respective 
Lagrangians in either frame satisfy the relation (1.9), which is the action’s most 
general additive undetermination. This result is the mathematical expression of 
the Galileo’s principle of relativity as applied to the least action principle. 
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6We will use it, in particular, at the end of 
Chapter 3 as regards the continuous media. 


1.2.4 Lagrange equations 


We are now going to seek a necessary condition on the Lagrangian L to get a 
least action S . For the sake of simplicity, we will first consider the case of a 
single degree of freedom: N = 1. We then have a single coordinate g, which is 
associated with two boundary conditions g“) and q) (initial and final points 
in time); the Lagrangian is written as L (g,q,t). First of all, let us consider 
the system’s actual trajectory, denoted gq (t) in the configuration space, and let 
us consider a variation 6g shifting the actual trajectory to another permissible 
trajectory g (t) + dq (t). We can assess the variation 5S of the action associated 
with dq: 


8S = S(q +64) —S@) 


t 
=| dL (q,q,t) dt (1.11) 
t 


f° (Haas ta) a 
= ROd + UO" 
 \Oq oq 


(here, for providing clearer notation, we have introduced notations by a con- 
venient abuse of language: it should be understood that dL /dq and 0L/dq are 
the derivatives of L with respect to its first and second variables, respectively). 
The variation of 5q¢ is, of course, equal to the time derivative of variation 6g; 
thus, the second term of (1.11) can be integrated by parts to give 


~ [2(aL. olde 
os = f (F804) a 
th oq og dt 


t2 12 
= / (= _ aa) dqdt + 53 | 
ty oq dt oq oq ty 
However, the trajectory q+ 6q should satisfy the boundary conditions 
q(t) = q™ and q (t2) = q to be permissible, then 5g = 0 for these two 
points in time; thus, the second term of (1.12) vanishes. The minimum of S 
occurs when a slight variation of g only affects S to order 2, which prescribes 


iss 0; that relation holding true for all the values of 6q, the relation (1.12) 
immediately yields 


(1.12) 


ee (1.13) 


One could pertinently argue that the above demonstration is fairly inaccu- 
rate. The scientific literature abounds with rough (but wrong) demonstrations 
of the (right) result which we have reached. Although this way of reasoning 
is quite useful® to physicists, we have chosen to provide an accurate proof in 
order to reassure the mathematicians. To do this, let us now return to the terms 
of the problem and refer to space E of functions g with continuous second 
derivatives: 


E=C’ ((t, 2],R) (1.14) 





E is a vector space which we can provide with the following scalar 
product: 


2 
(fog) =f f (tg (tat (1.15) 
ty 


We also define the set of permissible trajectories (i.e. satisfying the boundary 
conditions in the configuration space): 


F={q¢£,q(n)=4".4(0) =4| (1.16) 
as well as the space of functions cancelling themselves out at the boundaries: 
G={q€ E,q (1) =0,9¢ (») =9} (1.17) 


Clearly enough, G is a Euclidean vector subspace of E, and F is an affine 
subspace of E directed by G. The problem consists in seeking the minima 
of action S$ over space F. The method is as follows: if s goes through a 
minimum over F for a function go, the latter is also a minimum for S over 
every affine subspace of dimension | passing through go and contained in F 
(refer to Fig. 1.2). Then, let us consider the affine subspace of dimension | Dg 
directed by any function g of G . We have: 


VA ER, S (qo) < S (qo +A) (1.18) 


A being a linear coordinate of the line Dy. We can then derive the action with 
respect to A in order to get a necessary condition for a minimum: 


dS (qo + 49) _ 
(aa) =0 (1.19) 


Let us now consider the definition (1.8) of g in which go + Ag are sub- 


stituted for the g; and go + A@ for gj. A derivation’ under the integral yields, 
letting 4 = 0: 


2T aL . LOL : 
i los (go.d0.0) + 055 (go.d0.0| dt =0 (1.20) 
t oq oq 
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Fig. 1.2 Illustrated demonstration of the 
Lagrange equation. 


7The Lagrangian is assumed to be regular 
enough. 
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At present, let us integrate the second term by parts (from now on, for the 
sake of conciseness, we will omit the arguments qo and qo): 


m2 aL aL)” m2 d aL 
oscar + [ore | -| yg——dt =0 (1.21) 
I oq 94], Jn at dg 


The second term cancels itself out in accordance with the boundary con- 
ditions, since g is within G. By lumping the other two terms under the same 


integral, we finally obtain: 
dokL dOL\ _ 0 (1.22) 
ite del” 


This equation holds for any function g of G, that is the right-hand side in 
the scalar product (1.22) is in the orthogonal subspace of space G. Now, one 
can easily realize that G is dense in E (in the sense of the norm derived from 
the scalar product (1.15)), and then that its orthogonal subspace is reduced 
to the zero vector. Thus, the necessary condition for an extremum is finally 
written as: 


z = a =0 (1.23) 

dt 0q__—— 0g 
which is definitely the equation (1.13). The method which we have applied 
comes within the calculation of variations and the equation (1.23) is the so- 
called Euler equation. In the basic register of Lagrangian mechanics, however, 
it is known as the Lagrange equation, and is the equation of motion being 
sought. Formally, it is, indeed, desirably a second order equation in qg, since 
L—hence its derivatives—depends on the first derivatives of the generalized 
coordinate, and the first term is subjected to a time derivative. The latter 
derivative takes the possible implicit dependence of L on time into account 
through g and q. 

In the case of a system with several degrees of freedom, it can be shown 
likewise that each coordinate is governed by the same equation, which is 
intuitive from a physical point of view (since it varies independently from the 
others): 

i, a (1.24) 
dt ogi — 9qi 

Formally, (1.24) is a system of N differential equations of order 2, pro- 
vided with 2N boundary conditions. For solving these equations, the common 
practice consists in taking the initial values of coordinates and generalized 
velocities into account. 

Quantities dL /dq; are usually called generalized momenta: 


_ OL 
Pi = = (1.25) 
agi 
With this notation, the Lagrange equations are also written as: 
dp; OL 
Wi t= (1.26) 


dt qi 


Remarkably enough, the Lagrange equations (1.24) are written regardless of 
the selected system of coordinates. To make progress in our knowledge of the 
laws of mechanics (to provide a truly explicit equation on the g;), however, we 
have to know the expression of L as a function of the g;. The next paragraph 
aims to determine such a dependency in the case of a system of mutually 
interacting ‘particles’. 

In some instances, one should take into account a number of geometrical 
or kinematic constraints resulting from the kind of system being investigated. 
For a system of hinged bars or springs, for example, the degrees of freedom 
are not mutually independent. The problem will then consist of determining 
the minimum of the action while meeting the prescribed constraints. The 
problem of a minimization under constraints can be treated using the method of 
Lagrange multipliers. We initially will consider the case of a unique constraint 
to be respected, which results in a relation between the generalized positions 
and velocities: 


W ({git, {gi}) =0 (1.27) 


Let us now introduce an additional, possibly time-varing parameter A and 
let us consider the modified Lagrangian as yielded by 


L’ ({qi}, {qi}, A, A, t) = L qi}, {gi}, 0) + AY (lgid, (ai) (1.28) 


The validity of that choice stems from the fact that L’ is equal to L, since 
the value of WY ({q;}, {gi}) is inherently zero (eqn (1.27)). Thus, the system can 
be described by the Lagrangian L’ instead of L. Besides, the derivatives of L’ 
with respect to A and A are written as 


aL’ = W (lait. (4; 
9A = gi}, {qi}) 

(1.29) 
an 
aA 


Thus, the Lagrange equation (1.23) concerning gq = A is written as VW = 0, 
which is exactly tantamount to writing the condition being sought (1.27). 
The Lagrangian (1.28) is then suitable to treat the mechanical problem being 
considered. The equation governing the system’s behaviour under constraints 
then remains unchanged (eqn (1.24)). In some cases, each degree of freedom 
i can be subjected to a specific constraint. The same number of Lagrange 
multipliers {A;} will then be defined to write 


L’ ({qi}, {gi}. fa), {Ai}. 0) = L gid. (4.0 + DS AM Gi. 4) 
i=1 
(1.30) 


We will use this procedure on several occasions in this book, in Chapters 2, 
3 and 6. 
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8 This phenomenon will be dealt with in 
Section 1.5.1. 


Tn this book, the Latin subscripts a, b, c and 
so on will be kept as labels denoting particles, 
whereas i, j, k, and so on usually denote the 
generalized degrees of freedom or the Carte- 
sian components. 


1.3. Mechanics of a system of particles 


We now apply the previous tools to the case of a moving particle system, 
starting from a single, isolated particle to finish with a system of several 
interacting particles. After having deduced the Lagrangian of such a system, 
we apply the Lagrange equations to yield Newton’s second law of motion. 
We introduce the concepts of mass, particle momentum and forces, as well as 
kinetic energy. 


1.3.1 Lagrangian of an isolated particle 


We are now going to determine the form of the Lagrangian L in the case 
of a system with N, material points (or particles). First of all, it should be 
emphasized that when we speak of a ‘particle’, we do not necessarily mean 
an elementary particle, but any (possibly macroscopic) body which is liable 
to be described, on a gemetrical viewpoint, by a set of three independent 
generalized coordinates coinciding with the actual coordinates of its centre 
of inertia (to be precisely defined in Section 1.5.1). However, such a particle is 
not considered as point-sized, thus it possesses volume and mass. The Earth, 
for example, may be considered as such when one studies its revolution around 
the Sun, whereas it may not be seen as a material point when one intends to 
investigate its diurnal rotational motion. Thus, it is to be understood that, in 
this section, we ignore every effect inducing either a rotation of the body on 
itself® or an internal distortion. In such a case, the generalized coordinates 
associated with each particle a can be gathered in one vector rz, the gen- 
eralized velocities taking the form of the N, velocity vectors ug, and so 
L=L ({rg}, {ua}, t), the subscript a covering all the values from 1 to Np (the 
number of degrees of freedom is then VN = 3N De When they are put together 
in threes, the Lagrange equations (1.24) are then rearranged as (Landau and 
Lifshitz, 1976): 

dpa = d OL 7 OL (1.31) 
dt dt 0Ug Org 

where the derivative of L with respect to a vector is to be understood as the 
vector the components of which are the derivatives of L with respect to that 
vector’s respective components (see Appendix A, eqn (A.54)). We have noted 
Pa = 0L/0Ug, which we will simply call the momentum vector of particle a. It 
must immediately be stated that the right-hand side is the Lagrangian’s gradient 
‘with respect to coordinates ry’. In compliance with these notations, we will 
seek the Lagrangian with respect to the velocity and position vectors, which 
advantageously ignores every particular system of coordinates. Remember 
that, throughout the following, we will refer to a Galilean frame of reference. 
In addition, the Galilean invariance of equation (1.31) is satisfied provided that 
the Lagrangian only depends on inter-particle distances. 

Let us first consider an isolated particle (i.e. far from any external influence). 
In this case, we may omit the subscript a and we simply have L = L (r, u, fr), 
then exploit the properties of the inertial frames as specified in Section 1.2.1. 
Thus, we know that the Lagrangian should not explicitly depend on time, since 


Va, 
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the laws of mechanics do not depend on it in a Galilean frame of reference 
and the particle, being isolated, can in no way estimate its position in time.!° 
Besides, during its travel, the particle occupies perfectly equivalent points in 
space, since the rest of the Universe is assumed to be located ‘at infinity’, 
and a Galilean frame of reference is homogeneous with respect to the laws of 
mechanics, so the particle cannot spot its position in space. Accordingly, the 
Lagrangian of an isolated particle should not depend on its position r. Lastly, 
the isotropic properties of space in a Galilean frame of reference show that the 
Lagrangian should not depend on the direction of particle velocity. L should 
then be sought in the form of a function either of the norm of velocity u = |u| 
or (without loss of generality) of the square of velocity: 


par (u?) (1.32) 


Let us return to the case of the two Galilean frames of reference R and 
R’, the second moving in relation to the first one at the constant velocity 
V. The principle of relativity and the least action principle then tell us that 
the particle’s Lagrangian, in both frames of reference, differs from a total 
derivative (refer to the end of Section 1.2.3). That means there is, according 
to equation (1.9), a function ® of r and ¢ which is such that: 

L(w?) =L(w) + did UE (1.33) 
dt 

We will briefly consider the case in which the norm V of V is small before 
u. Let us use the velocity composition law (1.3) to write u’, and let us expand 
to the first order in V. We get: 


L (uw? —Iu-V+ v?) an7 (u?) ey, (u?) u-V+0 (v?) (1.34) 
The condition being sought is then written as, to the first order in V: 


_ d® (r, f) 


a (1.35) 


—2L’ (u?) u-V 


According to (1.2), we can see that the equality is verified if L’ (u’) equals 

a constant C, with ® (r, tf) = —2Cr.- V. It can easily be observed that such 
(sufficient) condition is also necessary, and so: 

L=Cu? (1.36) 


the constant C being undetermined. It can readily be checked that such a form 
is suitable in all cases. For a velocity V with an arbitrary norm, (1.36) does 
yield 


IONS 12 
i (u ) =Cu 
= Cw =2CusV4+cv" (1.37) 


i (u?) a “ (-2cr V+ cv) 


The Lagrangian of a free particle, in a Galilean frame of reference, is thus 
proportional to the square of its velocity. The quantity C is constant in that it 


10Here we ignore every effect of body ‘age- 
ing’, which would serve as an intrinsic mea- 
surement of time. These effects are inherently 
part of the irreversible processes which are 
dealt with in Chapter 2. 
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11 More precisely, it is the inertial mass, char- 
acterizing the difficulty to alter the motion of 
a body, as discussed later. 


12th the case of the single particle, the con- 
figuration space obviously comes down to the 
ordinary space. 


13. As can already be felt, the value of an arbi- 
trary physical quantity A linked to an indexed 
particle a will be denoted as Ag throughout 
the following. 


!4One should be careful with the derivatives 
of L: the derivation with respect to veloc- 
ity is carried out with a fixed position and 
conversely, pursuant to the above introduced 
formalism. 


depends neither on time nor on the particle’s position or velocity. However, 
it is not a universal constant in physics, since it is an intrinsic property of the 
particle being considered, which results, in particular, from the additivity of the 
Lagrangian (Section 1.2.3). The common practice consists in putting C = m/2, 
so that: 


L=-—-=mu 


5 (1.38) 


By definition, m is called mass!" of the particle. We can see it corresponds to 
the arbitrary choice of units, which was previously mentioned in Section 1.2.3. 
It should be noted that the law of conservation of mass is implicitly included 
in its definition, since m is defined as a constant with respect to time. One can 
also readily see that mass is necessarily positive. Otherwise, one could choose, 
indeed, within the configuration space,!? a sufficiently long permissible trajec- 
tory linking the initial and final positions so that the material point, moving 
about at a constant velocity in it, has an arbitrarily large action in absolute 
value, while being negative. This value would then have no minimum, which 
is contrary to the least action principle. Ultimately, another important property 
of mass is its additivity, which stems from the additivity of the Lagrangian. 
The latter property is definitely relevant to particles with respective masses mq 
and mp,'? which are sufficiently distant from each other and have the same 
velocity u, since we then have 


ey ; (ma + mp) u? (1.39) 
The conservative nature of mass, however, consequently ensures its additiv- 
ity in any circumstances. 
It should immediately be noted!* that we then have 0L/dr = 0 and p= 
dL/du = mu, and so the Lagrange equation (1.31) gives us the equation of 
motion of the isolated particle as 


du 
ae (1.40) 
where the constant nature of mass has been used to extract it from the deriva- 
tion term (we assume the mass is non-zero). Thus, the velocity of an isolated 
particle is constant, which is in accordance with the principle of inertia (refer 
to Section 1.2.1). We naturally come across this principle again, since we have 
used it implicitly in the construction of the Lagrangian of a free particle. 


1.3.2 Lagrangian of a particle system 


Let us now consider a system of N, interacting particles, but which is isolated 
from the rest of the Universe and is once again an isolated system as defined 
above. If these particles are distant from each other to such an extent that the 
mutual interaction can still be ignored, then, as we have seen it, the Lagrangian 
is additive, and so: 
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N 
| 


a=1 


as) 


Malt, (1.41) 


Nile 


It should be pointed out that only here does the notion of mass take on its 
true meaning. As stated in Section 1.2.3, the Lagrangian can still, indeed, be 
multiplied by a positive constant without affecting the equations of motion. 
That multiplication, for function (1.41), is tantamount to changing the unit for 
measuring mass; the mass ratios of the various particles, which alone have a 
physical significance, then remain unchanged. 

A very important remark should be made here. There are two kinds of mass 
in classical mechanics, namely the gravitational mass, which plays a part in the 
law of universal gravitation, and the inertial mass, which accounts for the fact 
that the motion of a given object can be more or less easily altered. We have 
just introduced the latter, and assuming it to be identical to the former would 
be groundless. Surprisingly enough, however, it can empirically be found that 
these two masses are proportional (not identical, as long as we have not set any 
unit and standard for the measurement of the inertial mass). Only the theory 
of general relativity enables one to set a theoretical framework in which this 
astonishing property occurs naturally.!° Classical mechanics, on the contrary, 
assumes it is a chance, which is quite simplistic of course. In spite of the 
misleading principles which may result, that ‘coincidence’ is usually operated 
by giving the same unit to both inertial mass and gravitational mass and by 
selecting such a standard of measurement that they are likened to each other. 
The purpose of the arbitrary coefficient 5 in equation (1.41) is then that of 
restoring the established equations of mechanics (as set out later) and the 
usual units. The units of measurement are then no longer arbitrary and the 
Lagrangian takes on the dimension of an energy, a quantity to be defined in 
Section 1.4.1. 

If the particles are interacting, a corrective term should be added to equation 
(1.41) to take these interactions into account; it is conventionally denoted — Ep, 
and is known as the system’s interaction potential: 


N 
P 1 
L ({ta}, {Wa}) = | 5matla — Ep (ta}) (1.42) 


a=1 


(it being understood that all the particles play a part in E,). The materialization 
of the interactions occurring through an additive function in the Lagrangian 
has to be considered as an empirical fact, and its form (which depends on 
the kind of interaction being investigated) can only be determined experi- 
mentally. One can easily realize, however, that it is only defined to within 
one additive constant, just like the Lagrangian. It is also obvious that E, 
cannot depend on time, once again because the laws of mechanics do not 
depend on it in a Galilean frame of reference (for an isolated system). On 
the other hand, the dependence on the coordinates is caused by the sensitivity 
of interactions to the particle mutual positions. However, only the distances, 
and not the absolute positions rg, should have an influence (for reasons of 
isotropy and homogeneity, and in accordance with the principle of Galilean 


'SThe appropriate phrase is then the principle 
of equivalence. 
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16That result becomes wrong in relativistic 
mechanics, in which the standards for the 
measurement of time and distances are not 
universal. Thus, Galileo’s law of composition 
of velocities has to be replaced by the Lorentz 
transformations, which allow a displacement 
at a finite universal velocity (the speed of 
light). It should also be said, however, that 
the notion of interactions cannot be dealt with 
through the notion of potential in relativistic 
mechanics. 


!7The notion of force will subsequently be 
defined from the present discussion. 


18 They are the gravitational masses, not the 
inertial mass which we have previously intro- 
duced. 


'9The interactions between larger sets of 
molecules (triplets, etc.) are fairly rare and 
can be ignored in a first approach. This ques- 
tion will be briefly dealt with in Chapter 2. 


invariance). In particular, if the system is moved integrally, while still being 
assumed to be isolated, then the Lagrangian—and then the potential—should 
remain unchanged. For the moment, we will ignore this constraint which is 
prescribed on function E,,, and we will not discuss it until we deal with the 
conservation laws (Section 1.4.3), since it has no direct effect on the following 
discussions. 

It is essential to immediately understand why E, cannot depend on the par- 
ticle velocities against the classical background being adopted. Let us assume, 
indeed, that these interactions propagate at a velocity V;. Then, according 
to the principle of relativity, that velocity is a constant of mechanics, that 
is it is the same in both Galilean frames of reference R and R’. The law of 
composition of velocities then gives us, if the interaction propagates along the 
direction of displacement of R’ in relation to R: 


Vi; =Vit+V (1.43) 


We can see that V; should be infinite to satisfy this relation. Thus, the effect 
of the motion of one particle has immediate impacts upon the others. In such 
conditions, one can understand that the interactions cannot depend on the way 
the particles move about (i.e. on their velocities), but only on their immediate 
positions. ! 

We will provide two examples of empirical potentials. The first is associated 
with the gravity forces!” and is written as 


E€ ({ta}) =-G > 
ab 


MaMph 





(1.44) 


Tab 


where G = 6.67 x 107!! kg~!m3s~? is Newton’s universal constant (we have 
omitted the summation bounds of the discrete subscripts a and b, it being 
understood that such a sum will from now on always apply to all the particles 
of a given system). The particle masses,!® as well as their mutual distances, 
are once again involved in formula (1.44): 


Tab = |¥ap| (1.45) 
Yab = Ya — Vp , 


The second example provided is 
forces which govern the interactions of molecules in a fluid. For one pair 
of molecules a and b, that so-called Lennard—Jones potential is written as: 


i ro Py ro Py 
Ey” (fa, to) = Eo (2) -2 (2) 
Tab Tab 


with P; = 12 and P) = 6. The reference potential Eo and the characteristic 
distance ro depend on the fluid being considered. Both mentioned potentials 
(1.44) and (1.46) suitably illustrate the previously discussed idea of transla- 
tional invariance, which results in a dependence on the mutual inter-particle 
distances. 

Let us now return to more general considerations. In Section 1.2.3, we 
investigated the case of a system A being subject to the influence of a larger 


about the electromagnetically-induced 
19 


(1.46) 
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system B, the latter being unaffected by A. We can see that the mass ratio 
of B to A has become the criterion under which that hypothesis is valid. 
As mentioned before, it should then be considered that the coordinates and 
velocities of system B are supposedly known, so that the global system’s 
Lagrangian can be written as: 


p Np 
he x sma (uA) 2450 sme [u3 ol =i, ({ra}. {rf (|) (1.47) 
a=1 b=1 


where NV, and Ns are the numbers of particles making up the two systems. 


Since the velocities ub of subsystem B are known functions of time, the 
second term of (1.47) should be regarded as constant, and can then be omitted 
according to the considerations in Section 1.2.3. As regards the positions in 
subsystem B, which are known as well, they occur in the potential through 
an explicit time dependence. Thus, omitting the superscripts for the sake of 
simplicity: 


1 
L ({ra}. {Wa}. t) = D> Smaug — Ep (Ora). t) (1.48) 


Thus, the Lagrangian’s form remains unchanged, except that time now 
occurs explicitly in the potential. We can see that the Lagrangian of a system 
of interacting particles, in a Galilean frame of reference, happens to be the 
difference between two quantities, which we will respectively call kinetic 
energy (denoted here E;,) and potential energy E y (refer to Section 1.4.1 for an 
explanation about these denominations). Velocities only occur in the first term 
(hence, so far, pg = 0E,/0Uq), coordinates only in the second one, as well as 
time if the system is subjected to an external influence. We note that kinetic 
energy 


1 
E=)> > 5Mala (1.49) 
a 


is a positive definite quadratic form. 

The previously introduced case of the gravity field becomes much simpler in 
the case where the very massive system B represents the Earth (or another very 
massive body). The very high number of particles b (with individual volumes 
V,) making up system B (amounting to a sphere (2) does make it possible 
to liken the discrete sum (1.44) to an integral.*° If » = my/V, denotes the 
presumably constant Earth’s density*! for a single particle a (N p = 1), then 
we get: 


Mp 


Tab 


Ee (rz) = —Gm, > 
b 


dr 
~ —maGp | os (1.50) 
Q [Tq ~ r| 
GMo 


Za +R 





= —Mg 


20 This procedure will be set up as a method 
in Chapter 6, to lay the foundations of the 
SPH method. The links between the discrete 
and continuous points of view, however, will 
appear as from Chapter 3, within the context 
of continuum mechanics. 


21This notion will be discussed with further 
details in Chapter 1.5.4. 
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where Mo and R denote the Earth’s mass and radius, whereas z, is the elevation 
of a above the Earth’s surface. We have seen that the Lagrangian is only 
defined to within one constant, which means it is all the same for the potential. 
By mere convention, the practice consists in setting that constant so that the 
interactions tend towards zero when the inter-particle distances tend towards 
infinity; this is what we can do in (1.50). If zg « R (the relevant force is the 
force of gravity), an expansion to order | in z_/R would, indeed, make appear 
a constant term which we will omit from now on; the Earth’s gravitational 
potential will ultimately be written as: 


ER (Za) = Ma8Za (1.51) 


with g = MG/R? © 9.807 ms~?. 
For a particle system exhibiting mutual forces of gravity which are insignif- 
icant when compared with the Earth’s gravity, we get 


EA, da) = S> magia (1.52) 


a 


in accordance with the Lagrangian additivity principle in the absence of inter- 
acting components in a system. 


1.3.3, Newton’s second law 


From equation (1.48) providing the Lagrangian, we find, for the linear momen- 
tum of a particle belonging to a system: 





= MqUg (1.53) 
Ua 

(as in the case of an isolated particle being discussed in Section 1.3.1). The 
Lagrange equations (1.31) then yield the equation of motion of each particle: 
d dE 

Va, “a =——? 

dt Org 

We have used the invariance of mass to get it out of the derivation sign. The 

right-hand term, by definition, is called the force exerted on that particle, and 

denoted F,: 





(1.54) 


LS =V;E; (1.55) 


The derivative of the potential with respect to the position vector then 
appears in the second term; the vector will be denoted in the form of a 
gradient Vq, that is taken ‘with respect to the coordinates of particle a’, which 
are involved in function Ey ({rp}, 7) when the dummy subscript b equates a. 
Equation (1.54) is finally written as 

dp 


ae = Fy ({rp}, 1) (1.56) 


where y,, = du,/dt is the particle acceleration. This formula expresses the 
so-called Newton’s second law; once again, it is a second-order equation as 
regards the coordinates being taken as time functions. 


Va, MaYq = 
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The force, as the opposite of the potential gradient, is ultimately only 
determined experimentally. As with the Lagrange equation (1.31), the Galilean 
invariance requires forces which do not depend on the inter-particle distances. 
The gravitational forces derived from (1.44) and (1.51) are taken from (1.55) 
and are respectively given by 


MaMp 
FY ((to}) = —G )) ean 
r 
b “ab (1.57) 
Fi (Za) = MaB 

where g is a g-normed, downward vector and 

r 

ep = (1.58) 
Tab 


is the unit vector being directed from particle a to particle b. These forces 
satisfy the Galilean invariance principle. It should be noticed that where the 
forces are restricted to gravity, (1.56) is written as 


du m 
Va, % = 8 = -GY) ean (1.59) 


Thus, the motion of a particle no longer depends on its mass mg. This is an 
effect of the principle of equivalence as discussed in Section 1.3.2. 

More generally, just like the potential, the force cannot depend on the 
particle velocity.’ Thus, the frictional forces, in accordance with the remark 
at the end of Section 1.2.1, cannot be scrutinized through this treatment, since 
they depend on the system’s component velocities (as regards this matter, refer 
to Section 2.4.3 in Chapter 2). Besides, according to (1.53), the kinetic energy 
(1.49) may now be written as 


1 
Ex = 7D Po Ma (1.60) 


A final remark has to be be made. If Cartesian points are not used when 
describing the system or, where it is not a system of material points the 
Lagrangian form is altered, then the form of Newton’s second law (1.56) will 
change too. However, energy cannot have any form. Whichever system (system 
of jointed bars, springs...) is considered, indeed, it comprises molecules 
which, in a first approximation, may be likened to particles”> that are glob- 
ally subjected to a number of constraints necessarily making the degrees of 
freedom mutually dependent. Thus, the molecule positions rg are well-known 
functions”* of the system parameters gj: 


Va, Ya =Ya ({qx}) (1.61) 


Kinetic energy is then expanded as follows 


1 dt,\" 
= 2 dt 


22 Specifically, the Lorentz force, which 
expresses the effect of an electromagnetic 
field on an electrically charged body, can- 
not be constructed according to this formal- 
ism, since it depends on the body velocity. 
Then, the theory of electromagnetism cannot 
be fully established without the assistance of 
special relativity. 


23Provided that their rotational and vibra- 
tional energies are included in the internal 
energy (refer to Chapter 2). 


24We assume the so-called ‘holonomic’ con- 
straints, that is which do not depend on time. 
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We can then define the quantities A;; through 


Fa (idk}) 98a aK) 


Aij (ak}) = Sim Da, 


(1.63) 
: q dq; 


the subscript k covering the whole generally possible range of values. Def- 
inition (1.63) shows that the A;; make up a symmetric matrix. Thus, the 
Lagrangian is still a quadratic function of the generalized velocities; the coor- 
dinates can now play a role in the expression of the kinetic energy. That can be 
generally written as: 


1 ack 
Ex =5 » Aij ge) G4) 
ij 


Ep = Ep ({ak}, 0) (1.64) 
L=E-—E, 


The Ex positiveness then tells us that the matrix A of coefficients Aj; is 
positive-definite. We get an equation of motion for each degree of freedom in 
the usual form 








d . 
yy EE 8p (1.65) 
dt 
with 
JE . 
Vi, pi = —— => Ajj (qe) 4; 
Ogi ; 
aL L aA dE oy 
k ‘ 
F,= = > 454k 
ogi 2 ik Ogi Ogi 


The quantities F; are called generalized forces. As evidenced by the above 
written expression, they may, unlike the particle forces (1.55), depend on the 
generalized velocities. We will discuss major effects in Chapters 2 (Section 
2.5.2) and 6 (Section 6.5.2). 


1.4 Conservation laws 


We consider here the conservation of fundamental quantities, through the sym- 
metries (invariance) of the Lagrange function of an isolated system. We show 
how invariance according to time translation, space translations and rotations 
lead to the conservations laws of energy, linear and angular momenta, respec- 
tively. We also present the Hamilton equations. Finally, a generic example is 
briefly studied: the oscillating ordinary pendulum. 


1.4.1. Energy and Hamiltonian 


We return now to the general case of some system being defined by its general- 
ized coordinates and velocities. From the very beginning, we have considered 
systems with N geometrical degrees of freedom, that is 2N physical degrees 
of freedom (the 2N initial conditions). Thus, there must be 2N — | integrals of 
motion (time-invariant quantities). Only some of them, however, are interesting 
because of their additivity. As we will see, each of them results from a space- 
time regularity property with respect to the the laws of mechanics; this is a 
theorem which was formulated by Noether (1918). We will discuss the case of 
energy in this Section whereas the other conservation laws with be dealt with 
in Section 1.4.3. 

Let us consider the case of an isolated system. Time has no explicit effect 
in the expression of its Lagrangian, which confirms that the laws of mechanics 
are time-invariant. We use this principle and write that the partial derivative of 
L with respect to time vanishes, that is its total derivative is written as: 


a7 (Gat +a) (1.67) 


agi? qi 


Let us use now the Lagrange equation (1.26) and the definition (1.25) of 
generalized momenta. The previous equation becomes: 


dL dpi . 
ae eG Pi a + pi) 





(1.68) 

rr 2 Piqi 

We see that the quantity £, as defined by: 
E+) pig -L (1.69) 

i 
is time-invariant for an isolated system. Hence 
dE 

SS 1.70 
a (1.70) 


This quantity is referred to as the system energy; we find that its conservation 
is closely related to the invariance of the laws of mechanics with respect to 
time. In addition, when a system is not isolated, the dependence of the potential 
at ¢ (eqn (1.48)) also results in a variation of E, the system exchanging energy 
with those external systems affecting it. In the case of a system which is 
subjected to the permanent influence of an external system (steady potential), 
however, energy is always conserved (such is the case, for instance, for a body 
being subjected to the Earth’s gravitational field). For a non-isolated system, 
the energy variation over an infinitesimal lapse of time dt is given by 


E= > pidqi — Ldt (71) 
I 


where dq; is the position variation over the time df. 


1.4 Conservation laws 
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In the case of a particle system, those formulas (1.48), (1.49) and (1.53) 
yielding the Lagrangian, the momenta and the kinetic energy result in: 


1 
E= S > mata -Ug — (x small _ ty) 
a a 


1 
= > 5 Malla + Ep (1.72) 
a 


=Ex+E, 


Energy happens to be the sum of kinetic energy and potential energy (for the 
sake of concision, we have omitted in it the explicit dependence on the particle 
positions). Besides, this formula is still valid in generalized coordinates, as 
can easily be checked from (1.64), (1.66) and (1.69). Using the fact that the 
potential only depends on position vectors whereas the kinetic energy does not, 
equation (1.72) also makes it possible to write the time derivative of energy as: 


dE dug dE» 
ee ae 


dpa dE, d¥q 
SL ae oa, ai 


a 








(1.73) 











In that form, once again that derivative vanishes, since each term of the last 
member vanishes in accordance with the equation of motion. The last equation 
also shows that 


dE; 
== Li Ug (1.74) 


that is the kinetic energy is not constant. The right-hand side denotes its rate 
of variation over time, which is given as the sum of quantities F, - ug. Such a 
term is known as the power of the force affecting the particle a, and denotes 
an energy flux between EF, and Ex. It is either positive or negative, as the case 
may be; importantly enough, the lost kinetic energy is fully recovered in the 
form of potential energy, and the converse is also true. 

From the Lagragian’s additivity immediately results that of energy, when 
several systems are sufficiently distant from each other. Otherwise, the inter- 
actions between these systems generate an additional energy which exactly 
corresponds to an interaction potential, according to (1.42). 

Energy is expressed by a function of generalized positions and velocities; the 
former act a minima in the potential and the latter only in kinetic energy. The 
generalized positions and momenta may sometimes be advantageously con- 
sidered as independent variables. The system state, indeed, can be described 


at any time by one pair of variables for each geometrical degree of freedom, 
but the option ({g;}, {g;}) is not the only one.”> Energy expressed in terms 
of variables ({p;}, {gi}) is referred to as the system’s Hamilton function or 
Hamiltonian and denoted H: 


H (pi), {ai}) = E Uaih, (Ga) = > pidi — L (1.75) 


The general form (1.66) can be reversed as: 


di = > Vij Claed) Pi (1.76) 
j 


the I’;; being the coefficients of the inverse A7! of matrix A defined in Section 
1.3.3 (A7! exists because the A is a symmetric positive definite matrix). By 
transferring (1.76) into the form (1.64) of energy, we find that the Hamilton 
function is tantamount to a quadratic form of the generalized momenta: 








1 
H= = YD) Aaj aed) Tit Cae) Pim C403) PiPm + Ep deh 
i,j,l,m 
(1.77) 
1 
= 5 DLT Kae) pips + Ep (Aged. 0) 
ij 
Coefficients [;; make up a symmetric positive definite matrix. 
For an isolated particle, the Hamiltonian is written as 
pal? 
H (Pa; ¥a) = — (1.78) 
2ma 
Hence, in the case of a particle system, it reads 
H (pals tal) = 0 PL 4 Epa.) (1.79) 
7 2Mq . 
That relation may also be written as 
1 
H= 5) ila + Ep(ttal. 1) (1.80) 


a,b 


where the Iz, are three-dimensional matrices”® ascribed to each pair of parti- 


cles. It should be pointed out?’ that the subscripts a and b do not represent the 
matrix subscripts, but particle labels; thus, a matrix ['g, of coefficients (Tgp) iy 


=1 


is attached to each pair (a, b) of particles. Likewise, matrices Agy =T,,, can 


be introduced; we get 


1 
Ex = 5 DG Aap ({te}) Up (1.81) 


a,b 
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25 Formally, that change of variables is in 
every respect similar to the arbitrary selection 
of state variables in thermodynamics. 


26For essential reasons in statistical physics 
(Chapter 2), we only consider, in the first 
part of this book, a three-dimensional space, 
even though some problems (e.g. refer to 
Section 4.4.5 in Chapter 4) are featured by 
a statistical invariance enabling work in two 
dimensions, particularly within the context of 
numerical simulation being dealt with in the 
second part of this book. 


27 Throughout the book, one should not for- 
get the ambiguity in some notations. We will 
often use such quantities as rgp, which is 
defined as the difference rg — rj, whereas 
Tgp does not occur as a difference between 
two terms. 


26 Lagrangian and Hamiltonian mechanics 


28 Which, of course, should not be mistaken 
for the previously mentioned universal gravi- 
tational constant. 


Comparing formula (1.79) with (1.77) reveals that these matrices are given 
by 
1 
Tap = — Sarl 
Ma (1.82) 
Aap = Madanl3 
where I; is the identity matrix of dimension 3. Matrices Tg, and Agp are sym- 
metrical quantities with respect to the subscripts a and b, despite appearances. 


Actually, if a 4 b then I'gp = 0, whereas if a = b then Agp = mgs = mp. 
Equation (1.66) is now written as 


— 





Va, Pa = > = ae Aab ({rc}) Up 
aN dE dE nes) 
F, = T oe Po p 
: =3 "6 or, OE Or, 


We note that the matrices Ap, do not depend on the positions of particles, 
which means that the particle forces do not depend on the velocities, since 
the quantities 0A),-/0rg are then zero matrices. With the definition (1.82), we 
recover the equations (1.53) and (1.55). Thus, introducing this formalism may 
look unnecessary, but we will see in Section 2.5.2 of Chapter 2 how it can be 
generalized for describing the dissipative forces by introducing matrices Ape 
which depend on the positions. 

We will complete this Section by mentioning the virial theorem for a particle 
system, which will be useful in Chapter 2. We will temporarily consider the 
quantity7® 


Ge) Pata (1.84) 
a 
By —_—_— that a with respect to time, we find, using (1.60): 
dpa dV a 
TF, a “Ta + X Pa: dt 


eee 


a 








(1.85) 


Let us now consider a time-varying particle system while keeping bounded 
coordinates rg. The time average of (1.85) between point t = 0 and t = T 
gives 


G¢=T)=GE=0) 17° 
a i J ; Dota + 2 dt (1.86) 

Contemplating a sufficiently long period of time 7, with the quantity G 
being bounded, the left-hand side can arbitrarily be made small, so that the 
right-hand side should be zero: 


ie 2 ic E,dt : ‘(oR Yq | dt (1.87) 
im — ==—- : 
T++0T Jo . 5 lim, = e 


This argument can be used to reckon the time average of the kinetic energy 
in a space-bounded system, the prevailing forces F, in it being known. We will 
provide an application of it in Chapter 2 (Section 2.3.3). 


1.4.2 Hamilton equations 


We return to the general case of an arbitrary system with generalized coordi- 
nates; let us write the differential of H in terms of dp; and dq; by differentiating 
(1.75): 


dH =) (qidpi + pidqi) — dL (qi. 4i) 
i 





aL aL aL 
=) 4d); dg; dt » dq; dd; 
(qidpi + pidqi) a (= G+ 55, is) 
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ot 


0H 
= at (Gat a) 
I 


(we have used the definition of generalized momenta, as well as the equation of 
motion, whereas the last line is nothing but a definition of the partial derivatives 
of H). By equating the last two lines on a term-to-term basis, we get: 


aL ; 
———dt + 9) (gidpi — pidai) 
i 








dH aL 
att«éiE 
_ 0H, 
Vi, = Gi (1.89) 
OPi 
oH 
04i = —Ppi 


The first of these equations shows that, for an isolated system (i.e. whose 
Lagrangian is not time-dependent), energy is conserved, as is already known. 
The last two equations define a system comprising two series of N first-order 
linear differential equations (i.e. two equations for each geometrical degree of 
freedom) which are known as Hamilton equations. They are another form of 
the equations of motion and may be substituted for the Lagrange equations 
(1.26). Each of them should be provided with N initial conditions. Because of 
their symmetry and simplicity, they are often referred to as canonical equa- 
tions. Both momenta and coordinates can then be seen as so-called mechan- 
ically conjugate’? quantities. For a particle system, these equations may be 
gathered in a vector form, like the Lagrange equations (Section 1.3.1): 
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29 This terminology will be clarified in Sec- 
tion 1.5.4. 


28 Lagrangian and Hamiltonian mechanics 


30 xplanations about the word ‘symplectic’ 
will be provided in Section 2.2.2, Chapter 2. 


0H ; 
=1lq = Ug 


Va, = 
OPa 





(1.90) 
0H ‘ 
=P, = Fy 





Org 


The Hamilton equations can be written in a simple matrix form, provided 
that a two-dimensional mechanical state vector X; be defined for each degree 
of freedom 7: 


Wie (”’) (1.91) 
qi 


The Hamilton’s differential system (1.89) then becomes: 


Vi, X; = @W2 





1.92 
aX, (1.92) 


where @2 is a two-dimensional matrix as given by: 


@2 = (; my, (1.93) 


and known as unitary symplectic matrix.*° It verifies the following properties: 
@2 =—w) (1.94) 
and 
wf = 05! (1.95) 


that is it is skew-symmetric and orthogonal. With such a formalism, energy 
conservation can be taken as resulting directly from the properties of @: 


dH oH . 
—= — .X; 
dt dX ax; - 


ay dH\' 9H fis 
~ £4 \ 0X; 22 ANE 
= 


(since @ is a rotation matrix of angle 2/2, and so any vector A is orthogonal 
to vector w2A). Equation (1.96) is identical to (1.70). We notice that this 
argument is seemingly based on the property of orthogonality (1.95) of matrix 
@2, but skew-symmetry (1.94) is actually more important. For two arbitrary 
vectors A and B, we may indeed define the usual scalar product as 


(A,B) = )° AjB; = A- B= A’B = (B, A) (1.97) 


l 


We can then write 
(A, @2B) = AT (2B) 
= (@B)’ A 
=B' eA (1.98) 
— —B aA 
= — (@2A, B) 


Matrix @2 is then said to be skew-self-adjoint. Applying that relation to the 
case A = B yields (A, @2A) = 0, which is a further evidence of (1.96). 

We can do the same thing for a particle system, lumping the parameters 
related to each particle into a single six-component vector: 


(1.99) 


In such a case, the Hamiltonian’s derivatives are written, starting from eqns 
(1.55) and (1.79) as: 











oH Ug 
Ss 1.100 
dXaq ( Fy ) 
and the Hamilton equation (1.90) becomes 
Va, X = (1.101) 
a, =o ‘ 
a 6 aX, 
where @¢ is a 6-dimensional symplectic matrix as given by 
» (%=-b 
06 = & 0; ) (1.102) 
03 being the zero matrix 3 x 3. We then have 
dH dH\" aH 
acca =0 1.103 
di ee OOTX, a 


since @¢ satisfies the same properties as @2. Lastly, note that all the degrees of 
freedom of an arbitrary system might also be lumped into a single 2N- sized 


vector: 
x= 
{qi} 


We may contemplate, for any given system, a 2N-sized abstract space along the 
axes of which are put the state variables p; and q; (i = 1, ..., N). We call it the 
system’s phase space.*! Within this space, a point X gathers the whole infor- 
mation about the system’s mechanical state (unlike the configuration space 
introduced in Section 1.2.3, which only contains the geometrical information). 
The Hamilton equations for the whole system are then written in the condensed 
form: 


(1.104) 
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31 Strictly speaking, the coordinates and 
momenta would have to be made dimension- 
less (or at least be given identical physical 
dimensions) before being adjoined in one 
geometrical construction; this is because, as 
explained later on, some of the usual geomet- 
rical transformations related to the notion of 
measurement (rotations, calculation of vol- 
umes) are contemplated within that space. 
By dividing the p; and g; by a reference 
momentum and a reference length, respec- 
tively, energy would have, for instance, to 
be reckoned in s~! in order for the Hamil- 
ton equations to keep the same form. The 
action would then be a dimensionless quan- 
tity, which is indeed neater. The results being 
discussed here would nevertheless not be 
affected. 

Lots of remarks would still have to be 
made in this respect, particularly as regards 
the role of mass and Einstein’s equivalence 
principle. Without intending to provide fur- 
ther insights, it is worth mentioning that 
resorting to the planck units (1899) is the 
proper procedure for constructing the phase 
space. 
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Sy (1.105) 
~ NOX 
where a2N x 2N-dimensional symplectic matrix has been defined: 
Qoy = ie a) (1.106) 
Ivy On 


Iy and Oy respectively denoting the both N-dimensional identity matrix and 
zero matrix. Matrix Qo, satisfies properties (1.94) and (1.95), and the energy 
conservation can also be written as 


dH _ aH 

dt ox oe 
a f®2) 6,22 a5 ee 
~ ax aa 


The Hamiltonian plays a major role in Mechanics, since it makes it possible 
to set up a global formalism for writing down the equations of motion in 
an algebraically simple way. An account of its main features will be given 
to conlude this Section. To this purpose, we consider an arbitrary quantity 
f characterizing the system and consequently depending on the parameters 
({pi}, {qi }). Its time-derivative is written, using (1.105) as: 


df af a 

df _af af y 

dt ot ox (1.108) 
_ of , (af - dH 
= oF Noe) ax 


The Poisson bracket of two arbitrary functions f and g are then defined by 
the following relation: 


af \? a 
nes (F) Oe 








i (1.109) 
=: a 2 af ae.) 
~\9qi Opi Opi Aq: 
= —{g, f} 
Equation (1.108) is then rearranged as 
df _ of 
— = ,H 1.110 
a ae (f, H} ( ) 
For a quantity f which does not explicitly depend on time (df/dt = 0), we 


get 


f={f, H} (1.111) 


The conservation of energy H for an isolated system once again stems 
from the general relation (1.111), since it is obvious that {H, H} = 0. Besides, 
considering the case in which f comes down to the vector X as given by 
(1.104), we obtain Hamilton’s equations of motion in the form 


X = DyX (113) 
where Dy is a linear operator (Poisson operator) as defined by 


Dif ={f, A} (1.113) 


More generally, the Poisson bracket of two quantities can be written in the 
form of the action exerted on the second quantity by a linear derivation operator 
as defined from the first quantity: 


The Poisson formalism could, of course, be applied either by separating each 
degree of freedom from the others or by considering a set of particles, provided 
that 2 and w¢ be respectively substituted for Q2y in (1.109). In the latter case, 
we would write, for example 


af \' a 
n= (2) O65 


(1.115) 
_ ( af dg df dg ) 
7 Oa Opa OPa Oa 
and (1.112) becomes: 
Va, Xq = DuXa (1.116) 


The general system (1.112)*? is advantageous in that it leads to the following 
formal solution: 


X (t2) = Wy 2X (t1) (1.117) 


where W;, ;, is a linear differential operator as defined by 


ty 
Wr = exp | Dy (t) ar| (1.118) 
qh 


(Dy is implicitly time-dependent via the system parameters). Here we have 


defined the exponential function exp (P) = e” of an operator P through the 


following relation**: 


+ 
3 


pk 


ss 

f 

~ 
== 


(1.119) 
1 
=Id+P+ ie O (P11) 


where Id is the identity operator. This formalism will be useful in Sec- 
tions 5.4.1 and 5.4.2 in Chapter 5 to discuss the numerical solution of the 
Hamilton equations within the framework of the SPH method. We will then 
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32 Formula (1.110) extends, of course, to the 
case of vectors. 


33Note that this system is written in a seem- 
ingly linear form. That linearity, however, 
is only formal, since the operator Dy may 
depend on the positions of particles via the 
forces. 


34The norm || P|] of an operator may be 
understood as an upper bound of its result’s 
norm on an arbitrary quantity f, divided by 
the f norm. 
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resort to an important property of the Poisson bracket. To demonstrate it, we 
note that definition (1.114) gives: 


{g, th, f} + (h, (Ff, sh} = (8, th, fh} — th, (8, FY} 
= Dg (Daf) — Da (Dzf) (1.120) 
= [De. Dn] f 
where the commutator of two operators has been defined by 
[P,Q]|+PQ-QOP (1.121) 


If the phase space parameters ({p;}, {qi}) are gathered under the global 
notation X = {x;} (i = 1,...,2.N), the general form of a linear differential 
operator is a linear combination of the partial derivatives with respect to the 
x;. We will then write, in a quite general way: 


> a 
nee ™ OX; 
e L 
L 
a 
Dn = ) _ Biz 


the {a;} and {6;} being undetermined coefficients. Combining these expres- 
sions, we find 


(i125 


0 0 
Dir ) tse 2 Plas 
i J : 
8 (xe 0 +B; a2 ) 
7 OX; OX; 1 Axj Ax; 


(1.123) 





Likewise: 
0a; a? 
DpDe = j = 1.124 
nee ae (FS ax; a tase) ( ) 


Interverting the dummy subscripts i and 7 in (1.124), the difference between 
these two operators is written as 


dB; of da; of 
De, Di) f = ; p00" 
[ - n] f dX, (« Ox; OX j Pi Ox; Ox; 


da; \ of 
=¥("5e, + — ys) OX; 


Note that the second derivatives are no longer in that formulation. Thus, 
the second derivatives of f cancel each other out in the left-hand side of 
(1.120). Nevertheless, that does not mean the expression (1.125) vanishes, 
since it includes bilinear combinations of the first derivatives of f, g and h. 
The operators Dg and Dy then a priori do not commute (Digs Dn| 4 0). On 
the other hand, let us now consider the expression 








(1.125) 





(fi {g. Ay} + tg, th, AU + the tf ait (1.126) 


The Poisson bracket {g, 4} being a bilinear combination of the first deriva- 
tives of g and h, the double bracket { f, {g, 1}} is a bilinear combination of their 
second derivatives. The whole expression (1.126) is then a linear expression of 
the second derivatives of f, g and h. Now, the previous argument shows that 
the second derivatives of f disappear. When applied to f, g and h, the same 
argument shows that the quantity as given by (1.126) is identically zero: 


(fi {g. A} + tg, th, AU + th tf sh} =0 (1.127) 


this is the Jacobi’s identity. Starting from the definition (1.114), the anti- 
symmetric relation it includes and the definition (1.121), that relation can be 
rearranged as 


[Dg, Dn] = Din.) (1.128) 


In other words, the commutator of two derivation operators is also a deriva- 
tion operator. This result confirms that two arbitrary operators do not commute, 
unless the Poisson bracket in the functions defining them vanishes. 


1.4.3. Linear momentum and angular momentum 


As discussed in Section 1.4.1, time independence of the Lagrangian in an 
isolated system leads to the law of conservation of energy. We will demon- 
strate that space homogeneity and isotropy also lead to conservation laws. For 
the sake of simplicity, we keep considering the case of an isolated particle 
system. We have mentioned a property of potential energy in Section 1.3.2: 
it only depends on mutual distances rgpy = |rqg — rp| between particles, and 
so the Lagrangian has the same, as yet unexploited, property. In particular, 
the Lagrangian of an isolated system should not be affected by any global 
translation of that system: 


Ve, L ({ra}, {Wa}) = L ({ra + €}, {Ua}) (1.129) 


Since the translations are additive, it suffices to satisfy the previous condition 
for an arbitrary infinitesimal translation; that is which is defined by a small 
vector € before each of the vectors rg. Expanding the right-hand side of (1.129) 
to the first order yields 


OL 
Ve, L({ta + €}, {Wa}) = L (tra), (ua}) + Y= -€ to (lel) (1.130) 


Subtracting (1.129) from (1.130), and observing that € is any vector, we 
achieve the Lagrangian invariance condition through a translation: 


aL 
= =0 (1.131) 
a Org 





The Lagrange equations (1.31) then give: 


d 
7 Pa =0 (1.132) 
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35 Conversely, the origin of coordinates may 
as well be set in a sufficiently remote place 
from the system (if the latter is bounded), 
and then an arbitrary translation may be con- 
sidered as infinitesimal as compared with the 
position vectors of the particles. 


Thus, vector P, as defined by 
P=) pee Yeats (1.133) 
a a 


is invariant over time for an isolated system: 


= =0 (1.134) 
dt 

It can then readily be found out that the Lagrangian is invariant for every 
translation, which is not necessarily infinitesimal.*> Vector P, which is the sum 
of the particle linear momentum, is called the total linear momentum (or simply 
momentum) of the system. Its conservation results from the homogeneity of 
the laws of mechanics in a Galilean frame of reference. Additivity of the linear 
momentum is evident; however, unlike energy, that momentum is additive even 
in the case of interacting systems. 

Equation (1.131) can be rearranged using the equation of motion (1.56): 


oF. = 0 (1.135) 


The sum of forces mutually exerted by the various parts of an isolated system 
is then zero. It is the law of action-reaction (or Newton’s third law), another 
form of the law of conservation of linear momentum. In the formalism of 
the generalized coordinates and velocities (refer to Section 1.3.3), one could 
likewise demonstrate that the sum of generalized momenta is constant, which 
amounts to saying that the sum of generalized forces equals zero. 

Let us now write that an infinitesimal rotation (about an arbitrary point) 
necessarily leaves the Lagrangian unchanged, because of the space isotropy. 
We may recall in that respect that a three-dimensional rotation of angle 6, 
about an axis which is oriented by the unit vector n, is a linear transformation 
associated with the following tensor: 


Ryo = (cos @) 13 + (1 — cos6)n@n-+ (sind) n (1.136) 
where n is the skew-symmetric tensor as defined by 
0 —n,z ny 


nz QO —nx (1.137) 


—ny ny 0 


=> 
lI 


For an infinitesimal angle, we will have, at first-order in 0, cos@ © 1 and 
sin@ © 6, which yields 


Ryo =I1h+ on 
(1.138) 
Rng -r=r+é0nxr 


Rotating a particle system through an infinitesimal angle @ then 
amounts to turning each position rg into rg + € X rq, where € = On. The same 
transformation, however, should be applied to the velocities, since 





d(ta+texY¥a) — ada see 
dt ~ dt dt (1.139) 
=u,+€ XU, 


Thus, the invariance of the Lagrangian under an infinitesimal rotation is 
written as 


Ve, L ({ra}, {Ua}) = L {ta + € x Fa}, {Ua + € X Ug}) (1.140) 
A first-order expansion yields: 


Ve, L({ra +€ X Fa}, {Ug + € X Ug}) = L {ra}, {Ug}) 


az aL (1.141) 
+o [Fendt Ft x14) | + 0(leD 


Using the permutation properties of the mixed product A - (B x C), the 
combination of (1.140) and (1.141) yields: 


aL aL 
Ve, Y [tex ue x S]-€=0 (1.142) 


a 


Let us now resort to the Lagrange equations (1.31). Taking into account the 
definition of momenta as given by (1.53), and since that equation is valid for 
any €, hence: 


d 
. («. x oe 4+ Ug x ps) ~0 (1.143) 
a 


We notice that the second term of the left-hand side in (1.143) vanishes, in 
accordance with (1.53), which also reads: 


da XPa) _ y 4Ba 





1.144 
dt a ae ( ) 
We then have, for an isolated system: 
dpa 
—— = 1.14 
dita x =e =0 (1.145) 
a 
We introduce each particle’s angular momentum My as defined by: 
Ma =Va X Pa = MaVa X Ug (1.146) 


We may also define the moment M of an isolated system as the sum of the 
individual moments of the particles which it comprises: 


M= )°>Ma=)) mata X Ua (1.147) 
a a 


Like the linear momentum, the angular momentum is, of course, additive in 
all cases. The angular momentum time derivative is written, thanks to (1.144) 
and (1.56): 
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36Some of these laws do not occur within 
the context of classical mechanics. In quan- 
tum mechanics, for instance, the invariance 
of the wave function under symmetry around 
a central point results in the conservation of a 
quantity which is known as parity. 





(1.148) 


The term under the summation symbol of (1.148) is known as the moment 
of force (or torque) exerted on the particle a. The result (1.145) then shows that 
M is constant over time for an isolated system: 


eM 0 (1.149) 
dt ‘ 
or else 
yo x F, =0 (1.150) 
a 


That conservation law results from the isotropy of the laws of mechanics 
in a Galilean frame of reference. Invariance under an infinitesimal rotation 
immediately results in the invariance by all the rotations. 

We notice that an infinite number of moments would theoretically have to be 
defined, since we can choose the spatial origin. A change of origin, however, 
obviously only alters the moments through the addition of a constant vector. 
Actually, if a translation of vector ro is made, the following is obtained, with 
(1.133): 


M’ = )0 (ta — ro) X Pa 


a 
=) ora x Pa —To xX > Pa (1.151) 
a a 


=M+Pxro 


Conserving the momenta P and M then implies conserving M’. 

We have highlighted two conservation laws for the total linear and angular 
momenta of every isolated system. Note that each of these conservation laws 
is written in two different but equivalent forms: one comes in the form of the 
time derivative of a quantity (P or M, eqns (1.134) and (1.149)), the other one 
as a sum of individual contributions (forces or moments of forces, eqns (1.135) 
and (1.150)). The former forms of these conservation laws could be described 
as ‘continuous’ (since they involve a time derivative), the latter as ‘discrete’. 

Lastly, we have highlighted 7 invariants for one isolated system (energy as 
discussed in Section 1.4.1, as well as three components of linear momentum 
and those of angular momentum). Each conservation law stems from the invari- 
ance of the law of mechanics with respect to a transformation (time invariance, 
homogeneity, isotropy), which is valid in every inertial frame of reference. As 
arule, in physics, each invariance property leads to a conservation law.°° 


1.4.4 Investigating a generic case: the simple pendulum 


In order to illustrate these highlighted processes and the introduced notations, 
we will advantageously consider one of the simplest systems, the equivalent 
of the famous Drosophila fly in the dynamical systems, namely the pendulum 
consisting of a bob swinging back and forth at the end of a wire, as shown in 
Fig. 1.3. The bob position vector has an orthoradial component of £6. Given 
the expression (1.57) of the force of gravity, the projection of the equation of 
motion (1.56) onto that axis is then 


pes F, £sin@ (1.152) 
m ZT = = —-—m sin ‘ 
dt? . . 
which can be rearranged as 
6 = —a sind (1.153) 
with 
ip = ; (1.154) 


The pendulum kinetic energic is determined from (1.49), its velocity being 
denoted £6, whereas the value of its gravitational potential energy, according 
to (1.51), is mgz, with z = 1 — cos@: 


me262 





Ex, = 


2 (1.155) 
E, = mgt (1 —cos@) 
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Fig. 1.3 Simple pendulum diagram. 
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37 This is because 2N — 1 = 1. Besides, here 
we cannot apply the conservation of linear 
and angular momenta, since the system is 
subjected to the influence of an external body 
(the Earth). 


As expected, the kinetic energy is a quadratic function of generalized veloc- 
ity 6 (refer to Section 1.4.1). The system’s total energy E = Ex + E> is then 
written as 


62 
E=mgt| —, + 1-cosé (1.156) 
206 
and its Lagrangian 
: 6? 
L (0,0) =mge — — 1+ cos (1.157) 
206 


Here the Lagrange equation (1.23) is written as 
doL ob 
dt 36-0 


and, of course, would once again give (1.152). At present, a simple derivation 
of (1.156) yields 


(1.158) 


1dE .{6. 
—— =9@ —z + sind 
mgt dt @ (1.159) 
=0 


according to (1.153). Thus, the system’s energy is conserved, as expected 
from a system which is subject to the influence of a time-invariant external 
field. Since the system has only one geometrical degree of freedom, no other 
invariant can be constructed here.?” In addition, with definition (1.25), we have 


aL . 
.= me? (1.160) 


With (1.160), and again using the notation g = 6, we also could write the 
Hamiltonian as 


1 2 
H (p,q) = mgé ; (4) if c6sh (1.161) 
2\A 
with 
A= mao = mg (1.162) 


Equation (1.77) is applicable here with a matrix I comprising a single 
coefficient I as given by 


1 
r= —~ 1.163 
na ( ) 
The Hamilton equation (1.89) becomes 
p=4q 
(1.164) 
mgt sing = —p 


and would once again normally yield (1.152). 


If only the moderate amplitude motions are considered, the approximations 
sind © 6 and cos@ & | — 6? /2 can be made and the second line of (1.155) 
becomes 


mgto* 
E,® 5 (1.165) 





The system then becomes linear, the equation of motion (1.153) being 
reduced to 


6 = —a (1.166) 


It is well known that the solutions of this differential equation are 
circular functions, and so the coordinates in the phase space (two- 
dimensional in this case) are given by 


p = —A6@o sin (wot + ~) 
(1.167) 
qd = % Cos (wot + ¢) 


Quantities 9) and @g are determined by the initial conditions (angle 0 
and angular velocity 09). Developing the trigonometric functions occurring in 
(1.167), one can write as well 


p = —A® [sin (wot) cos g + cos (wort) sin g] 


(1.168) 
gq = % [cos (wot) cos g — sin (wor) sin g] 
At the inital point in time (at t = 0), we have in particular 
p (t = 0) = —A@ sing 
(1.169) 


q (t = 0) = A cos 


The system state at point ¢ is then written as a linear function of its initial 
state. Using (1.91) as a model, we can introduce the system’s state vector: 


x= (”) (1.170) 


Taking (1.169) into account, the system (1.168) is then rearranged as: 


X(t) = W(t) X(t =0) (1.171) 
with 

costt —Asintt 

Ww = ; 
> | init cos tt ini} 

A 
and?8 

an (173) 


The system state at point ¢ then linearly depends on its initial state, which 
illustrates the general relation (1.117). Matrix W (t) has the same form as that 
of the operator Yo,; introduced by the latter formula. The system’s equations 
may conveniently be rearranged non-dimensionally as:*? 
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38The non-dimensionalized quantities will 
often be denoted by a superscript +. 


39We have previously mentioned the disad- 
vantageous non-homogeneity of the phase 
space variables. We will come back to this 
matter in Chapter 2 (Section 2.2.1). 
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xt [t= Po 
= A ao (1.174) 
qi =q=0 
which enables us to rearrange (1.172) as: 
xt (tt) = wt (7) xt (rt = 0) 
; . tt a (1.175) 
Ww G ) a ; 
sint® cost 
With these notations, energy takes the following simple form: 
mgt 
Beg) (p? + q*?) 
(1.176) 


mae yt (2 
2 


Hence, conservation of energy can be seen as the effect of the orthogonality 
of the matrix Wt (17) as given by (1.175). This is because we have: 


[wrt =p’ (1.177) 


and, consequently: 


Wt (t+) Xt (r* =0)]" Wt (17) xt (r+ = 0) 


) [wr (+)]" wt (r+) xt (t+ = 0) (1.178) 











* 
— — 
~ 
lI 
o 





Thus, the conservation of energy is directly linked to the property of orthog- 
onality (1.177), to be compared with (1.94) and (1.95). 
Figure 1.4 illustrates the system’s trajectory layout within the phase space. 
These curves, when taken together, make up a system’s phase portrait. Those 
#0 cnsiiet dilinses hawtaeeoruenae trajectories lying closer to the origin are circles" corresponding to the linear 
arbitrary as long as the system has not been @PProximation (1.167). Each curve is distinguished from the others by the 
non-dimensionalized. initial conditions. If a larger initial angle 69 (i.e. more potential energy) and/or 
a higher initial angular velocity 6p (i.e. more kinetic energy) is/are given to 
the pendulum, (1.156) shows that energy will be higher. Hence, each trajectory 
corresponds to a determined value of energy, being conserved along the course. 
We will come back to the simple pendulum example on several occasions in 
the next chapters of this book, in order to illustrate other processes and other 
laws (Chapters 2 and 4), as well as to discuss numerical equation solution 
techniques (Chapter 5). 


1.5 Composite systems 


We now consider composite systems, that is systems made of several sub- 
systems. We first introduce the concepts of centre of mass and inertia tensor, in 
order to study the motion of rigid bodies. We then distinguish between internal 
and external forces, and define the internal energy. Finally, density and pressure 
are defined, and the Hamilton equations are updated to include their effects. 


1.5.1 Centre of mass. Inertia tensor 


In this Section, we will discuss the case of rigid bodies, which will be used, 
in particular, in Chapter 5 (Section 6.3.3). We will first set the quite general 
relations governing the total linear and angular momenta upon a change of 
frame of reference. In fact, the linear momentum of a global system takes 
different values in various Galilean frames of reference. Considering both 
previously mentioned frames of reference R and R’ (R’ moving about at the 
velocity V with respect to R), the velocity composition law (1.3) and the 
constant nature of the masses can be used to link the momenta P and P’ of 
a system through: 


P= 2? mpUp 
b 


= 7 mp (ui, + V) (1.179) 
b 


=P’+MV 


1.5. Composite systems 41 


Fig. 1.4 Phase space of the simple pendulum 
and configuration of phase portrait. 
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where M denotes the sum of the masses of particles b, that is the system total 
mass: 


M= Yimp (1.180) 
b 


There is, in particular, a frame of reference R’ in which the system momen- 
tum vanishes. Letting P’ = 0 in (1.179), we find that velocity (in R) in that 
frame of reference is given by 


1 
V=— 
M 


; > (1.181) 
= — mpuUp 
M b 


that is the mass-weighted average of individual velocities. The system as a 
whole is said to be at rest with respect to that frame of reference; this is a 
generalization of the notion of isolated particle at rest.Velocity as given by 
(1.181) is then known as overall system velocity. This relation shows that 
the momentum of a system is related to its overall velocity by an equation 
analogous to (1.53), where the role of the system mass is played by the sum M 
of the masses of its constituents. It is another approach to the mass additivity. 
Lastly, we note that the right-hand term in (1.181) is the derivative with respect 
to time of the radius vector as defined by: 


R= mn 


ee 
=> = 


(1.182) 


The point as determined by vector R is referred to as the system’s centre 
of mass, and the relevant Galilean frame of reference is its inertial frame of 
reference. We have 


Vb, rp = Yr, + R 
(1.183) 
u=u,+V 


(all these quantities being implicitly time-dependent). The law of conservation 
of momentum of an isolated system may then be formulated by stating that 
its centre of mass undergoes a steady motion. This fact is a generalization of 
the law of inertia as set out in Section 1.3.1 for an isolated particle. Deriving 
(1.181) with respect to time, we get, taking into account the mass constancy 
and the equation of motion of a particle (1.56): 
dV dup 
ae dX meat 


=) F, 
b 


(1.184) 


This equation is identical to (1.54). This result can be expressed by stating 
that the forces are additive:*! 


F= SF, (1.185) 
b 


Let us now consider what the angular momentum becomes upon such a 
change of frame of reference. Using the laws (1.183) and the definition (1.182) 
of the centre of mass, we find: 


M=) mprp x Up 
b 


= S> mrp x (u, + V) 
b 


(1.186) 
= Sm (r, +R) x u, + (ome xV 


b b 


=) > mr, x u, +R x SY mpu, +MRxV 
b b 


Afterwards, taking the definition of the total momentum and the nullity of 
P’ into account: 


M=M’+RxP'+MRxV 


(1.187) 
= M’ + RxP 


A rigid body is characterized in that the mutual distances between its con- 
stituents remain unchanged over time, which significantly reduces the number 
of independent degrees of freedom. This is because a solid may be likened to an 
object which is only just more sophisticated than a particle, comprising angular 
parameters in addition to its degrees of freedom for position. The geometrical 
parameters then come down to the data of the position vector R for the centre 
of mass, along with the three angles 6), 02, 03 making it possible to characterize 
the orientation of the body with respect to a given system of coordinates. These 
angles may be gathered in one vector: 


0” = (G1, 0, 6) (1.188) 
the angular velocity vector can then be defined by the relation 
Q=6 (1.189) 


The motion of a rigid body is composed of a translation being defined by 
its overall velocity V and a rotation. Between two very close points in time 
which are separated from the infinitesimal time dt, the latter makes the body 
revolve in the plane containing the vectors 6 (t) and @ (t + dt), that is about 
the axis supported by 6 =Q, in the inertial frame of reference. The value 
of infinitesimal angle of rotation is then |@ (t + dt) — 6 (t)| = |Q| dt. Using 
equation (1.138), we can infer that the position of each particle in the body 
happens to be incremented by 
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4lFrom the definition of the force of gravity 
Fe¢,q as given by (1.57), this result matches 
the mass additivity, provided that the princi- 
ple of equivalence is acknowledged. 
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r, (t+ dt) =r, (t) +2 x ri, (t) dt (1.190) 


Dividing by dt, we can see that the velocity of each of the particles making 
up the rigid body is governed at any time by the following law: 


n,=2x 7, 


up = V+ 2 x (rp — R) 


(1.191) 


(the two lines of (1.191) are equivalent owing to (1.183)). In particular, if we 





define 
Ugh = Ug — Up (1.192) 
then we have 
dYab 
a (1.193) 
= Q X rap 


It is a rigid motion, as evidenced by the following argument. Let us consider 
two particles a and b from the body and let us observe how the distance 
between them, namely rap, as defined by (1.45), will change over time. We 
have, with (1.193): 


2 
dr, 
dt 





= 2Ugp - Tab 


=2(9x4r,)-te (1.194) 
=0 


(we have employed the vector product properties). The distribution (1.191) of 
velocities can be found again through the Lagrange multiplier technique which 
was set out in Section 1.2.4. To do this, we must endeavour to minimize the 
system action under the condition of rigidity of the body. That condition can 
be formulated by observing that the area of the triangle defined by vectors uj, 
and r, remains unaltered during the motion; in other words, the determinant 
det (u,,, Tp; 2) =u, - (r, x 2) is constant. That must hold true for each par- 
ticle, resulting in as many conditions to be observed, each being fitted with a 
Lagrange multiplier Aj, as in the general case provided by equation (1.30). 
Thus, the system’s Lagrangian may be written as 


1 
L = Ext Lrigia = | 5m + Ap (uy — V)- [(t» — R) x a1] (1.195) 
b 


Here we have ignored the inter-particle forces, because they do not induce 
any relative motion. As to the total force exerted on the body, we omit it on 
purpose, since, for the moment, we do not try to write any complete equation 
for its motion (we will do it later on), but merely characterize the distribution of 
velocities from one particle to another. For the same reason, we will just derive 
the Lagrangian with respect to the velocities of the latter. Using definition 
(1.181), we find 


8 (up — V) _ 


m 
> (1 = *) oo (1.196) 
a 


Thus, the derivative of (1.195) is written as 


of =mMqlgtA (1 ) (r R) x Q (1.197) 
—_ =m - — = ; 
Ug oe . M . 


Now, in the absence of forces, the principle of inertia (refer to Section 1.2.1) 
states that the momentum 0L/du, is constant, which gives 


malty = A+ Aq (1——*) @ x (t, — R) (1.198) 


where A is a constant vector. That equation is consistent with law (1.191), 
provided that A = m,V and A, = M/(M — m,) are assumed. 

The respective values of kinetic energy in an arbitrary frame of reference and 
in the inertial frame of reference can from now on be readily linked together 
through the properties of cross product: 


1 
E, = yam (V+2 x r,)” 
b 
1 
= 3 (Som) vey. (2% Tomar) + fm @)? 19 
b b 2 


1 1 2 
sMVP+V. ees eg (@ x rj) 


Because of the nullity of P’, that calculation is ultimately reduced to 
Ex = Ey + Erot (1.200) 
where the energy of rotation Eo; is given by the last term of (1.199). To 


make progress in the calculation of that quantity, let us perform the following 
manipulations: 


y\2 2 | |2 y\2 
(2 x x5)" = Q* |x|" — (@-¥4) 
= Q;QX;, Xk p — Q5Q5X} 4X) (1.201) 
/ / / / 
= Q) (xe ork 05s = 11 5X40) 2; 
(we have used the Einstein summation convention for the implicit summation 


over every index appearing twice in one monomial; refer to Appendix 9). 
Through that result, (1.199) yields 


1 
aS 527 IL (1.202) 
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We may recall that the position vectors 
{r,} of the particles are considered here in 
the inertial frame of reference of the solid. 
As a real symmetric tensor, J is orthogonal 
diagonalizable and is then ultimately deter- 
mined by its eigenvalues, which are known as 
principal moments of inertia. Expressions of 
them for many standard bodies can be found 
in relevant literature. 


3The configuration space for the solid is 
then a six-dimensional space. 


where the inertia tensor of the body has been defined by 


. / / / / 
J=)om (xt ork 651i = XoX)5) €; © ej 
b 


=) \m (Ir, 7s —r,@r,) 
b 


This tensor, which is constructed in a symmetric form, merely depends on 
the shape of the body, which is inherently invariable; thus, it is constant.*? The 
form (1.202) of the rotational energy is similar to (1.81), and shows that J is a 
positive definite—that is invertible—matrix. Referring to the inertial frame of 
reference, the angular momentum of the body may also be related to the inertia 
tensor: 


(1.203) 


M = S> mor, x U, 
b 


= S > mori, x (@ x r) (1.204) 
b 


= Smo [ |e)? @ - 2) x5] 
b 
Besides, we may also write 


y | po fy ous . ’ ’ . 
Ir, | 2 — (x, 2) ri, = (x, ott, 0% 7 X}, 92x} ») Ci 


(1.205) 
= (x, ot od = x1 X55) (2 je; 
Thus, definition (1.203) allows us to write (1.204) as: 
M =JQ (1.206) 


Let us now consider what causes the motion of the rigid body. The energy of 
rotation E,-; adds to kinetic energy, hence to the Lagrangian. As to potential 
energy E,, we already know it can only be a function of the positions of the 
constituents {r,}, and even of their mutual distances. As regards a rigid body, 
we have seen that these parameters come down to the pair (R, 8). The body’s 
Lagrangian then takes the following form: 


1 1 
L(R, V; 0, Q) = ay its 52752 — E,(R,6,t) (1.207) 


As compared to the case of a particle, we can see that a rotation effect 
appears; it is formulated by the pair of state variables (0, &). When writing 
(1.207), we have separated that pair from the first one (namely (R, V)) by a 
semicolon in order to denote their mutual independence.*? The generalized 
momentum corresponding to that parameter is written, according to the defini- 
tion (1.25), by deriving the Lagrangian (1.207): 


OL 
dQ 
= Ja2 (1.208) 


Py = 


= M’ 


(we have used (1.206)). The body’s Hamiltonian can then be written on the 
basis of (1.207) and (1.206), by analogy with (1.80): 
‘ / _ |P|* 1 1T y—-|nar 
H (P,R; M’, 60) = —-+ -M JM’ + E, (R, 4,1) (1.209) 
2M 2 
The state parameters of the body can be gathered under a vector looking like 
(1.99): 


X= (1.210) 


P 

R 
MW 

0 


The equations of motion of a rigid body are obtained by applying the 
Lagrange equations (1.31) to each pair of parameters, which yields 








doL ob 
dtdV aR 
(1.211) 
doL OL 
dtdQ 6 
With the Lagrangian (1.207), we get 
dV - _9Ep 
dt OR 
(1.212) 
yi% __ Ep 
dt 00 


We are now going to calculate the right-hand sides of these equations. The 
derivative of potential energy with respect to the position of the centre of mass 
is written as 

JEp _ arp JE» 
dR ; OR or, 





(1.213) 


where dr) /0R is a matrix equalling the identity, since a rigid body is inherently 
undeformable. Thus, we get, with the definition of forces (1.55): 


b (1.214) 
sk 


In order to determine the derivative of potential energy with respect to the 
angular variables @ occurring in (1.212), the simplest way consists of writing 
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4We may recall that the total angular 
momentum is zero just for an isolated sys- 
tem. Here we consider a solid which, on the 
contrary, is affected by its outer environment, 
for example a fluid in motion (for this case, 
refer to Section 6.3.3). 

Note also that (1.148) is valid in the more 
general case of a body which is not necessar- 
ily rigid, but then M’ is no longer governed 
by the simple law (1.206). 


the variation of E, according to the variation of @. To do this, we may integrate 
the first line of (1.191) between two infinitesimally close time points: 


dr’, = d0 xr, (1.215) 


We then perform the following calculation, which is based on definition 
(1.55), as well as (1.215) and the properties of the vector product: 





oe 
dE, = dX at 
= —) Fp: (d0 xr) (1.216) 
b 


--(Dx «r) - d0 
b 


Hence, we get 
JE» 
00 





= as x Fy = Fe (1.217) 
b 


which defines the total moment Fg with respect to the centre of mass. With 
(1.214) and (1.217), the equations of motion (1.212) take the ultimate form 


dV 
M—=F 
dt 
(1.218) 
npn =F 
a 


Unsurprisingly, the first line of this system is identical to equation (1.184), 
provided with the total force exerted on the body (eqn (1.185)). That means 
the body is governed by a law of translation analogous to a simple particle. Its 
rotational motion is determined by the second line of equation (1.218), which 
could have been derived from (1.148), with (1.206), J being constant.** All 
things considered, we may state that the inertia tensor is related to & just as 
mass is related to V and as linear momentum is related to angular momentum, 
as substantiated by (1.208). The moment of forces controls the rotation of the 
body just as the forces control its translation. Integrating equation (1.218) 
yields V and & (remember that J is invertible) which then allows us to 
determine R and @ owing to the second line of (1.182) and (1.189). The whole 
system of equations is also written as 


oo i (1.219) 


Q 


We will deal with a procedure for integrating (1.219) in Chapter 6 (Sec- 
tion 6.3.3). 


Lastly, note that, further on in this book, we will have opportunities to 
consider particular cases in which a fluid flows at least locally or temporarily 
in the same state of rotational motion of rigid body as (1.191). In this case, 
however, equation (1.218) cannot be applied, since the fluid motion will only 
adopt the state of a rigid body motion as a consequence of the particular 
processes taking place within the fluid (refer, in particular, to Chapters 2 and 
3, Section 2.4.3 and 3.2.2). 


1.5.2 Internal and external forces 


We have seen that the particles that have been considered may be macroscopic 
bodies comprising a large number of atoms, and so each particle a can once 
again be divided into sub-particles b. In order to highlight the consequences 
of this fact upon the internal behaviour of such a body, we will now turn our 
attention to systems comprising sub-systems and discuss the effects of these 
sub-constituents on the overall system. Let us consider an isolated system 
comprising N, particles a, which themselves are divided into small sub- 
systems (referred to as sub-particles), subscripted by letter b, and in a total 
amount of £. Sub-particles may be the smallest constituents of the system, 
that is the molecules,*> or else ensembles of molecules making up particles 
which are smaller than the original particles. We may generally assume (as 
experimentally confirmed) that the force experienced by a system component 
can be divided into different parts, each one representing the influence of 
another constituent on it.4° In other words, we assume that each sub-particle b 
receives an individual force Fj,_,, from each other sub-particle b’, the forces 
being additive. The equation of motion (1.56) then becomes, for the elementary 
constituents: 


£ 
dpp 
Vb, = = dX a (1.220) 


This idea is clearly illustrated by the force resulting from the Lennard—Jones 
potential (1.46). In the case where the ‘sub-particles’ are the molecules, this 
force is exerted between two mutually interacting molecules a and fp: 


LJ Eo ro \! ro \” 
Fi =| 2P» eas (1.221) 


Tab Tab 





where €yg is defined as in (1.58). In the case of particles being subject to 
gravity, formula (1.57) also highlights individual forces as given by 
MaMp 
FY 4g = —G——eab (1,229) 
ab 





This idea infers that the force potential too can be split into individual 
contributions involving a universal function of positions: 


Ep ({ra}) = > Ey (a) (1.223) 
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We already are on the margins of statisti- 
cal mechanics, that is the behaviour of large 
systems, which is dealt with in Chapter 2. 
Nevertheless, we have decided to start on this 
subject as from Chapter 1, since the consid- 
erations we are going to develop now do not 
necessarily imply using the statistical tools of 
Chapter 2. 


4©This hypothesis is consistent with the addi- 
tivity of forces, which was demonstrated in 
the previous section. 
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47m the case of a rigid body, as discussed 
in the previous section, the inner stresses are 
zero. Inner forces, however, nearly always 
occur within a seemingly solid body; we will 
calculate them in Chapter 3. 


where Ey is some function. For each particle a, let us now add the equa- 
tion (1.220) of motion of its constituents. The momentum is additive, so we 
get: 





f 

dpa 

Va, a Y> Fy (1.224) 
b’=1 bea 


These forces may be divided into two groups: those exerted by the sub- 


particles b making up particle a on top of each other, and those exerted by the 
constituents of the other particles: 


e 
» Fy 5 = > > Ped + = Yo Fyn 


b’=1 b'éa bea b'ea'#a bea (1.225) 
—= Fu 4 Fo! 
nh a 


where F'”’ and F°*' respectively denote the internal and external forces*’ 


with respect to particle a. Now, since the forces only depend on the distances 
between constituents, those exerted by the sub-particles making up a on top 
of each other would remain unchanged if that system was isolated. According 
to the law of action-reaction, their sum is then zero. Hence, the equation of 
motion of a sub-system becomes: 


Va, Pe = kyo = Yo Fusa (1.226) 


b’ea'#a bea a'#a 





where the force exerted by a’ on a is defined by 


k 


Fasa= > Dd Fyoo (1.227) 


b'ea'#a bea 


We find that the law of motion remains unaltered with respect to the equation 
of a single particle, the external forces F¢*' alone now exerting an influence 
on momentum. Apart from that detail, each sub-system is still governed by 
the Lagrange equations. This does not imply that the initially written Lagrange 
equations are now faulty, but that among the forces actually taking part in 
the motion of a system, the forces exerted among its constituents cancel 
each other out. The external forces, of course, may be written, starting from 
equation (1.55), as the gradient of a potential E.,; ({tq},t), depending on 
the coordinates of all the system particles (excluding the sub-particles), and 
possibly on time for a non-isolated system: 








. dE 
Fev = — a (1.228) 
a 
The equation of motion is now 
d 
Va, + = Fe! (1.229) 


As before, an isolated system (F°*’ = 0) is governed by the generalized 
inertia law as discussed in the previous paragraph. Similarly, it is obvious that 


only the external forces now occur in the Hamilton equation (1.100). It could 
likewise be shown that the derivative of the moment equals the sum of the 
moments of the external forces: 


a 


d 
Va, 





1, Fo" (1.230) 


once again, we get the conservation of angular momentum (1.149) for an 
isolated system. In the case where the external forces come down to gravity, the 
momentum for the whole system is written in a simple way, through definitions 
(1.57) and (1.182): 


Mf =) rp x FY 
b 


= yy x mpg (1.231) 
b 


= MRxg 


For a rigid body, the system (1.218) gives 


dV ; 


(1.232) 
dQ : 
Ie = : r, x Fi" 


1.5.3 Internal energy 


Just like linear and angular momenta, energy takes various forms in various 
frames of reference, as did the kinetic energy of a rigid body in Section 1.5.1. 
Referring to the same notations, we may deal with the total energy of a particle 
which is considered as being made up of sub-particles b. To do this, we use 
the division (1.225) to split the potential energy into two components, one— 
denoted E, in¢ (internal potential)—concerning the interactions among the 
system constituents, whereas the other—denoted E,,; (external potential)— 
represents the possible interactions with an external system; thus, potential 
energy is written as: 


Ep ({ra}) = E pint ({ra}) + Eext (ral, t) (1.233) 


somewhat as in (1.225). Only E,,; can explicitly depend on time if the system 
is not isolated. In the new frame of reference, using the notations of Section 
1.5.1, we get: 
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481 the particular case where the system sub- 
constituents are the molecules, Ep in¢ repre- 
sents the Lennard-Jones potential of forces 
(1.46) and the potential of mutual grav- 
ity forces (1.44) which, however, are much 
lower than them. Both potentials depend on 
the intermolecular distances, then on their 
positions {rq}. If these molecules are poly- 
atomic, their rotational and vibrational ener- 
gies would still have to be added to them. 

If the system sub-constituents are macro- 
scopic particles, possible motions at interme- 
diate scales between those of atoms and par- 
ticles a (turbulent fluctuations within a fluid, 
for instance) would result in an additional 
kinetic energy which could also be treated as 
a form of internal energy, but which is usually 
preferably kept as an independent variable 
(refer to Chapter 4 about this matter). 


1 
B= 2 spl = Ep, int ({r/,}) + Eext {ta}, 0) 
b 


1 
= cy ae (u3 +2up-V+ v?) + Ep,int ({r/,}) + Eext {Ya}, t) (1.234) 
b 


1 
=E+V-P+ says Ep, int ({ra}, t) 


(we have used the fact that potential energy only depends on the distances 
between sub-particles, which are not altered by a change of frame). Let us now 
consider the case in which the sub-particles coincide with the molecules mak- 
ing up the system. The energy of the system in its inertial frame of reference 
is then called internal energy and denoted Ejn;. It lumps the potential energy 
Ey,int Of the system inner forces*® and the relative motions of its constituents 
together in the whole system’s inertial frame of reference: 


1 
Ein: (al) = D | 5mouy + Ep int (Wah) (1.235) 
b 


Velocities {up} here being defined in the inertial frame of reference, and 
the inner forces being unaltered by a change of frame, internal energy, unlike 
kinetic energy, has the form of a Galilean invariant. We find that total energy 
E may be related to Ejn; by: 


1 
E= suv? + Ejint + Eext (1.236) 


Noting that the first term in the right-hand side of (1.236) is the kinetic 
energy of the whole system, we see that internal energy may be considered 
as a form of potential energy; hence it is an energy that should be taken into 
account in the equations of the overall motion of a system being made up of 
sub-systems. The potential energy of a particle can then be written as: 


Epa ({ro}, 0) = Eint,a A¥o}) + Eext ({ro}, 0) 


Applying this argument to each particle a of a system, taking the division 
(1.223) into account and considering that energy is additive, the Lagrangian of 
a system of particles which themselves are made up of molecules in motion is 
ultimately given by 


(1.237) 


1 
L ({ra}, {a}, t) = x sala = x Eint,a ({rp}) — ~ Eext (Ya, t) 
‘ ‘ : (1.238) 


This is the most general form of the Lagrange function of a system of 
discrete interacting particles within the framework of classical mechanics. 

Like the potential of outer forces E,,;, the form of internal energies Ejn;.q 
depends on the positions of its constituents. Since Ejn;,q characterizes a whole 
particle, however, one may consider it may come down to a function of its 
experimentally accessible physical properties which results in specific state 
variables for each particle a; the variables are as yet unknown and will be 


denoted Z,,;. We will provide details about these internal variables in the next 
section and in Chapter 2 (Section 2.3.2): 


Ejint,a = Ein ({Za,:},) (1.239) 


where E;,,; is a so far undetermined function (notation 12a, i he means that the 
curly braces enclose all the parameters Z,,; for each value of i, the particle 
label a remaining fixed). The Lagrangian (1.238) yields the equation of motion 
as 


dpa OE int,a OE ext 
Va, =— _ 
dt Org Org 











(1.240) 
= Re a n* = F, 


Within this context, we must consider that Ejn;,q depends on position rg 
through the internal variables {Za i i (the relevant process will be discussed 
in Chapters 2 and 3). In this form, it appears that the internal energy gives 
rise to the presence of a new inner force. In accordance with the discussion in 
the previous section, this force vanishes for an isolated system, whereas it is 
usually (for a system interacting with the outside) non-zero, since it happens to 
be an effect of the motions of external particles, which influence the position 
of a. In that respect, and although if is fitted with the superscript '"” meaning 
‘internal’, one should be aware it is some kind of external force, since it results 
from processes taking place outside the particle that is involved in them. 

Total energy (1.72) henceforth reads as 


E {ra}, {Ua}, =e, ZMaug at) Bin (2 1) +2 Bex (Tq, t) 
(1.241) 


and the Hamiltonian (1.79) becomes 


2 
H (pads tral) = Pet Bin ({Z Zi} +L Bex at) 
(1.242) 


For an isolated system, the law of evolution of the total kinetic energy (1.74) 
remains unchanged, the power being from now on exerted by the total force 
pint + Fe": 

a a* 


— = 2h Uy tae 


= pin + pet 


(1.243) 
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As regards the total potential energy, it complies with the law 











dE ext _ 3 OE ext Ya 


dt dr, dt 
= - °F uy (1.244) 
a 
—< — pert 


If both kinetic and potential energies change over time, the conservation of 
total energy shows that the total internal energy should change in the same 
proportion, with an opposite sign. In the absence of outer forces, we then get: 


dEint _ dE dE ext 





dt dt dt 
= —Pint (1.245) 


= -) Ee Uy 
a 


All these formulas mean that, within the context of composite systems, there 
are exchanges between the kinetic, potential and internal energies. The signs 
of the relevant flows, that is the powers of forces, are undetermined, but their 
values offset each other. 

We observe, from (1.241), that each particle has its own energy: 


1 
f= 5 Mala + Eins ({Za,i};) + Eext Fa, t) (1.246) 


= Ea + Eint,a + cext.a 


The energy attached to each particle changes in accordance with laws that 
are much like those of a whole system. If the particles move about, during the 
period of time dt, along a set of infinitesimal vectors {drg = ugdt}, calcula- 
tions analogous to (1.243) and (1.244) show that the corresponding variations 
of energy are written as 


dExq = (Fi! +6") - dra 
(1.247) 
dE extq = —F*" - dr, 


These quantites are referred to as works of the internal and external forces. 
By adding them, we find 


dEk.a a dE ext.a = FM -d¥g (1.248) 


Relations (1.247) are analogous to those of an isolated system, although 
an arbitrary particle is a priori an open system. A particle exchanging forces 
with its surroundings is not governed, however, by the law of conservation of 
energy, since it is not an isolated system. Actually, we may write 


dE, — dEk.a + dE int,a + dE ext.a 


ee - (1.249) 
— dE int,a + FV d¥q 


Now, it is noteworthy that formula (1.245) does not allow us to infer 
dE int.a = —Fint - d¥q for each particle of a system, since the internal energy 
depends on the so far unknown state variables 1 Ze ys If such was the case, 
then the energy of each particle would remain constant, according to (1.249), 
which only holds true for an isolated particle (dE, = 0). Thus, the state 
variables account for the interparticle energy transfer. In the next paragraph, 
we will see how the variation dEjn;,q can be written within a simplified 
framework, since we will discuss the general case in Chapter 2 (Section 2.3.2). 
On the other hand, we may write, owing to (1.245): 


>) dE int.a SS = y rE -d¥q (1.250) 
a a 


1.5.4 Pressure and density 


From the arguments in Section 1.5.3, we can infer the form of the force which 
a particle should receive per unit area due to its internal energy Ejnt,q. In the 
absence of other (external) forces, this energy plays the role of a potential from 
which the force being sought arises (refer to eqn (1.240)): 


OE int,a 
Org 





int __ 
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(1.251) 


This force should be understood as resulting from a possible variation of 
its internal energy under the effect of a gentle virtual variation of its position. 
Now, we have seen that the evolution of internal energy takes place through 
the motions of the various particles, which in fine affect their mutual positions, 
that is their respective volumes. If the particle volume is denoted V,, we get: 


pe ee (1.252) 
4 dV, d¥q 








The derivative of volume with respect to a virtual displacement dr, is 
obviously the surface X, of the particle as seen from the virtual point towards 
which drg, or more precisely X_gng, where ng is the unit vector as directed 
by dr,. Hence, the received force is normal to the surface and proportional to 
its area, the factor of proportionality being denoted p, and referred to as the 
particle pressure:*? 


int 
Ld 


Xa 


ee OE inta 
Lee HV, 





(1.253) 


Pressure is defined as a force per unit area, exerted due to the internal energy, 
that is the motion of molecules making up the particles. Given its definition, the 
internal energy and the volume being Galilean invariants, pressure also verifies 
that property. 
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We hope that since pressure p is a scalar 
quantity, it will not be mistaken for the 
momentum p of a particle. Besides, the gen- 
eralized momenta will still be fitted with sub- 
scripts i, j, etc. 
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Let us now introduce the internal energy per unit mass e;n;,q and density pg 


by 
: Eint,a 
Cint,a = as 
. (1.254) 
_ Ma 
Pa = Vi, 
By definition, density is positive. Mass conservativity immediately implies 
dV, d 
ONG he (1.255) 
Va Pa 
Equation (1.253) is then transformed to yield 
0e; 
Pa = Pa (1.256) 


Pa 
Hence, the specific internal energy ejn+,q should be considered with respect 


to both position and density pq, which is then one of the state variables { Za, \. 
mentioned in the previous paragraph: 


Cint,a = @int (Pa) (1.257) 


The volume of a particle, however, depends on the positions of the surround- 
ing particles, and so internal energy happens to be an implicit function of 
the positions of all the particles, in accordance with what was written in the 
previous section: 


Cint,a = @int,a ({rp}) (1.258) 


The way the positions affect the densities will be discussed in Chapter 3 
within the context of continua, then in Chapter 5 in SPH method formalism. 
As in Section 1.5.2, the external force exerted on a particle is then written in 
the form of a sum of contributions from the various particles: 


dE; 
int __ int,a int 
Fit — 1 = ne, (1.259) 


Relation (1.253) shows that the action of a pressure changes the internal 
energy to the extent of —p,dV,. Developing the internal energy according to 
its variable starting from (1.257), we then get 





Hing ay, 
Pa (1.260) 
= —PpadVa 
that is with (1.249): 
dE, = —padV, —¥'™ - drg (1.261) 


This equation shows that the relation of pressure to volume is the same 
as that of force to position. This close relation is formulated by stating that 
pressure is thermodynamically conjugate to volume. As arule, by analogy with 


(1.253), the conjugate variable*? X,, of every variable x, attached to a particle 
a is defined by 


JE. 
ye 
OXq 





(1.262) 


With that formalism, the variation of energy (1.261) is written in the general 
form 





(1.263) 


= Aes 
i 


The quantity Xgdxq is known as generalized work associated with the 
variation of xq. Relation (1.71), which is analogous to (1.262), shows, for 
instance, that momenta p; and positions q; are reciprocally conjugate pairs. 

Let us return to relation (1.261). For an isolated particle (dE, = 0), —pad Va 
is then nothing but the work of internal forces, that is Fin -d¥q. For an 
ensemble of isolated particles (dE = 0), we will then have 


SEP han Yada (1.264) 
a a 


The forces at work within such a system presently depend on the density, 
since internal energy @jn;,q depends on pg. With (1.258), the Hamiltonian 
(1.242) should then be arranged as 


[Pal? 


2ma 





H (pat, {ta}, {oa}, t) =) — + D> maint (0a) +) Eext (ta, t) 


(1.265) 


This is positively a system whose each particle a from now on will have an 
additional parameter (or state variable), namely p,. We are going to see what 
the effects are within the context of the Hamilton equations. Each particle is 
now characterized by the state vector 


V1 i (1.266) 


which supersedes the vector X, as defined by (1.99). Hence, in all such motion- 
related equations as the Hamilton equations (1.90), the partial derivative of the 
Hamiltonian with respect to the position should be replaced by 
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S0By analogy with the forces F; introduced 
in Section 1.3.3, the Xq are sometimes 
referred to as ‘generalized forces’. 
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Besides, the density of a particle changes over time. Since pg is a function 
of the {rp}, its time derivative may be written as 





- dpa 
Va, = —_ 
a, Pa dt 
dpa a¥p 
= —— 1.268 
dX or, at ( ) 





= > OPa ie 
b orp 


Thus, the Hamilton equations are now written as 














: 0H Opp OH 
Va, =— _ 
Pa OYg de d¥q IPH 
‘ 0H 
pe (1.269) 
dPa 
5 <r ee, aH 
: 7 Orb OPp 


Using the relations (1.53), (1.240), (1.254) and (1.256), the definition 
(1.265) of the Hamiltonian makes it possible to write its derivative with respect 
to the state vector Y,: 





Ua 
oH a 
_| —Fa (1.270) 
aXe | vip, 
Pa 


Equation (1.269) then take a matrix form which is analogous to (1.101) 
(refer to Section 1.4.2): 


. 0H 
Va, Ya = >) (@7)ap SY (1.271) 
b 


where a 7 x 7 matrix (@7),, has been introduced for each pair of particles 
(a, b) as given by 


0 
[03] —d,p 3] = 2 
Yq 


(@7)ap = | Sab U3] — [03] 0 (1.272) 


T 
( Pa ) of ( 
orp 


(here we have highlighted the matricial nature of the zero and identity matrices 
03 and I3 by inserting them between square brackets in order to distinguish 
them from the zero vector 0, for example). Unlike the matrix w6 used in Section 
1.4.2 (eqn (1.102)), (@7),,, contains terms which depend on the particles a and 





b. The Hamiltonian’s derivative with respect to time is now written, by analogy 
with (1.103), as: 


dH oH . 
dt “~<dYzq . 


s aH 7 J, oH 
= —<— @ — 
La\ ax.) " AY, 
The conservation of energy, as in Section 1.4.1, is then ensured by the 


property of skew-self-adjunction which immediately appears in the definition 
(1.272), that is 


(1.273) 


(@7)ba = — (@7)1, (1.274) 


As compared with formula (1.94), it is worth noting that the transposition 
involves not only the matrix subscripts, but also the particle labels. 

As in Section 1.4.2, we could lump the state variables of the whole system 
together by defining, by analogy with (1.104): 


{Pa} 
Y= |] {ra} (1.275) 
{Pa} 
A condensed form of the Hamilton equations then appears: 
To) (1.276) 
POY 


with a 7N» x 7Np matrix (NV, being, as previously explained, the number of 
particles) as given by 





0 
(0) —[by,]- a 
a,b 





org 
Qi, =} Ls] [0] [0] (1.277) 
80a 1) 
= E [0] [0] 
Tp a,b 


and the immediate properties of skew-self-adjunction, and hence of conser- 
vation of energy. Note that this proposed formalism has nothing more than 
that in Section 1.4.2, where the forces are exclusively written as a function 
of the positions, since the density itself is a function of the latter via (1.258). 
However, it makes it possible to emphasize the role of pressure as a potential 
of the internal forces. We will see a continuous form of it in Chapter 3 (Section 
3.6.3), which will clarify the role of pressure loads linked to mass conservation. 
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Statistical mechanics 


2.1 Introduction 


Sections 1.5.3 and 1.5.4 in Chapter 1 demonstrate that large systems need to 
be dealt with separately. We will dedicate this chapter to this and consider the 
usual kinematic quantities from a macroscopic point of view. The effects of the 
microscopic matter constituents (the molecules) will then result in additional 
variables (thermodynamical state variables), density being an example. We 
will see that, because of this approach, extra forces expressing the microscopic 
effects on a macroscopic scale should be introduced. 

Since Boltzmann’s pioneering works (for example, one may read the 1964 
US issue), the study of large system behaviour, which is part of statistical 
physics (or thermodynamics), has been plentifully documented and has such 
a broad scope that it cannot be dealt with in one chapter. In order to provide 
a transition from the notions of Chapter 1 (about discrete particle systems) 
to the reflections in Chapters 3 and 4 (about continuous media, particularly 
fluids), however, one has, even incompletely, to consider thermodynamics. 
Since we cannot review all the ‘tricks’ of statistical mechanics, we will merely 
outline its main principles, laying stress, however, on the most important items, 
namely the thermodynamical quantities governing fluid dynamics. The notion 
of energy dissipation will also be a core topic throughout this chapter. We will 
intentionally mainly restrict our discussions to the case of gases, for which 
simple statistical laws can be formulated, assuming that most of the notions 
and laws being dealt with may, at least qualitatively, be extended to the case of 
liquids. 

In this chapter, we will pay attention to a particle a comprising a very high 
number of sub-particles in the form of molecules or atoms (taken as classical 
objects). The values of the mechanical state parameters of each of these 
sub-systems are then barely predictable, and even practically unpredictible 
because of the very high number of degrees of freedom. A statistical approach 
is then the only feasible solution to assess the mechanical future of such 
bodies. Such an approach is made possible by the high number of involved 
molecules, the statistical fluctuations of the average quantities decreasing with 
that number JN, inversely as its square root, in accordance with the central limit 
theorem. 

According to this approach, a particle is henceforth necessarily macro- 
scopic. From now on, the position of a particle is then likened to that of its 
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centre of mass, whereas its velocity is the overall velocity of its constituents 
(refer to Section 1.5.1). In order to prevent confusion between particles (macro- 
scopic systems) and molecules (microscopic objects), we reserve the notations 
Yr, and uy for the former, the latter being fitted with Greek subscripts and tilded 
quantities (for instance Fy, Uy). We will sometimes have to return to the more 
general concepts of Lagrangian or Hamiltonian mechanics, in which case we 
will keep the notations p; and gq; to describe the parameters of the relevant 
system. Sometimes as well, when we consider a given particle, we will merely 
use subscriptless notations for a clearer formulation. 

In this chapter, we will employ the notion of probability densities for a 
molecule and for a whole system, which will make it possible to set up 
Liouville and Boltzmann’s equations from the elements of Chapter 1. The 
notion of entropy will be clearly defined, then we will explain the second law of 
thermodynamics through Boltzmann’s equation for a gas. Our discussion will 
then lead to a definition of the Bolzmann statistical distributions in equilibrium 
and out of equilibrium, then to the concept of heat and work. These elements 
will advantageously be used to set the principle of state equation. The case of 
out-of-equilibrium systems will then be thoroughly explored, introducing the 
notion of kinetic coefficients, then of dissipative forces. We will apply these 
ideas to the modelling of a damped pendulum, then of particle friction. This 
will enable us to complete the equations of Chapter 1, through the dissipative 
Liouville and Hamilton equations (for the macroscopic systems). Lastly, two 
specific techniques for irreversible process modelling will be outlined, namely 
the concept of mirror systems, then the Langevin and Fokker—Planck equa- 
tions. 


2.2 Statistical behaviour of large systems 


This section aims at introducing the fundamentals of the mechanics of large 
systems, or composite systems with many elements. The probability density 
functions are introduced in the so-called phase space, then the Liouville theo- 
rem is demonstrated. We then introduce the concept of entropy and prove that 
it always increases for an isolated system of particles forming a gaseous fluid. 


2.2.1 Probability densities 


Since we investigate systems with a very high number of parameters in this 
chapter, we shall use the notion of probability density for various quanti- 
ties. Although the equations of mechanics (more specifically the Hamilton 
equations) are perfectly deterministic, if the system has a very high number 
of degrees of freedom, we cannot get a thorough knowledge of its initial 
physical state though measurements. In addition, if, for example, we consider 
a collection of a very high number of molecules making up a fluid, the mutual 
collisions they experience gradually alter their respective momenta, and so a 
small initial error increases indefinitely over time.! Accordingly, the accurate 
system state (i.e. the accurate knowledge of both coordinates and momenta of 
all its individual constituents) has no desirable usefulness or meaning. Lastly, 


'For further details about that kind of pro- 
cess, refer to Section 4.2.2 in Chapter 4. 
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2We may recall that the famous, much 
debated classical Laplacian derminism, was 
set out for the first time in 1814 in Laplace’s 
book dealing with the theory of probability. 
Laplace only formulated his idea for better 
emphasizing that it was practically useless: 
‘The curve described by a simple molecule of 
air or vapour is regulated in a manner just as 
certain as the planetary orbits; the only differ- 
ence between them is that which comes from 
our ignorance. Probability is relative, in part 
to this ignorance, in part to our knowledge’ 
(translated from French by T. Pain). 


3More precisely, it should thereby be under- 
stood that the number of molecules occur- 
ring within the r-centred volume dr between 
times ¢ and t + dt equals g (p, fF, t) dpdidr. 
dp should be understood as an element of 
integration ‘volume’ within the momentum 
space, which should strictly be denoted dp. 
Likewise, df is sized like a three-dimensional 
volume. 


even though we could get a perfect knowledge of such a complex system 
as a fluid as regards the detailed motion of all its molecules, simultaneously 
treating such plentiful information would unquestionably be beyond our reach 
and would probably be of little interest. We must then contemplate describing 
its state in a statistical way,” by considering the probability density which is 
associated with the presence of a system at a given point in the phase space. 
In this chapter, we will then investigate the way the probability that the system 
constituents have induced p; and q; values over time; practically, however, 
only the mean value of those quantities, as well as all the mean quantities they 
will enable us to construct, will be attractive for us from a physical point of 
view. This is what should be understood as statistical mechanics. 

We will denote the aforementioned probability density function as 
® ({ pi}, {gi}, t). Accordingly, 


® ({pi}, {qi}. | [apidai (2.1) 


accounts, at time ¢, for the probability for the point representing the system in 
the phase space to occur within the volume of that { p;}, {g;}-centred point and 
be measured as equal to the product of the dp;dq;. 

When the system consists of N,, molecules in relative motion, the proba- 
bility density ® ({po}, {Ta}, t) may, of course, be defined as well. It is, how- 
ever, more convenient to assume the probability p (p, r, t) that an individual 
molecule occurring in F at time t has a momentum p. More precisely, 


9 (p, Ft) dp (2.2) 
accounts for the average number of molecules, in place fF and at time ft being 
considered, having a momentum within the range [p. p + dp]. This function 
should be unsderstood as being defined over the set Qp x Q; = R° of possible 
momenta and positions. The average number of molecules in one point (per 
unit volume) is obtained by integrating that probability density over all the 
possible values of the momentum vector: 


n@r)= ff 9 (B.¥.1) ap 


Dp 


(2.3) 


where {2, denotes the space of all the possible momenta, that is theoretically 
3 or a subset of that space. More generally, the statistical average of a quantity 
A, at a given point in space and a given time point is written as 


im 1 ek aa 
ni) Joy, 
The distribution functions should, of course, be normalized: 
[. edea.tat.nT]dredai =1 
Qp xX Qr i 
(2.5) 


i 9 (B. F, t) dpd¥ = Nn 
Qp x Q, 
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If one considers a fluid particle from a macroscopic point of view, it can be 
said that its velocity ug (t) is defined by a mean velocity p/m of the molecules 
it contains, m being the mass of molecules:* 

1 Ee or ini 
— py (p, ¥, t) dpdt 


™M JQ,xQa 


= [m0 Ea 


where (2, denotes the part of space which is occupied by the particle. That 
holds true as well for every quantity; for instance, the energy of a particle may 
be defined by 


Ug (t) 
(2.6) 


Eq o=[ : E (p, ft) 9 (p, fF, t) dpdt (2.7) 


where E denotes the energy of a molecule. We may mention that since the 
particle has a well determined identity, the relevant quantities, in particular 
velocity, now only depend on time, in accordance with Lagrangian formalism 
(the spatial dependence is implicitly included in the particle label a). Its posi- 
tion rg (¢) may be defined as the centre of the mass of the molecules it contains, 
in accordance with Section 1.5.1. This approach, however, is ambiguous, so a 
remark needs be made regarding the choice of the ‘macroscopic scale’. The 
choice of the characteristic size of those entities which we refer to as ‘particles’ 
is not the only one and, strictly speaking, is defined in a rather vague manner. 
One may think that this choice is appropriate if it does not affect the statistical 
treatment, that is to say if the average quantities are fairly insensitive to the 
choice of particle scale.° As a last resort, however, one had better stick to the 
definition (2.4) of the statistical quantities, based on function g, which shows 
how important it is for macroscopically describing a fluid. We will resume 
these arguments in Chapter 3, particularly in Section 3.5. 

In any case, two scales, and hence two categories of parameters describing 
the fluid, are to be distinguished: on the one hand those molecules described 
by the ({B.}. {i hs on the other hand those particles described by the 

{Pq i {ra}) (or, as well, the {X,}, using again the notation (1.99)). Using once 
again the generalized notations ({p;}, {qi}), their averages could be defined 
({P;}, {Q;}) in the same way. 


2.2.2 Liouville’s theorem. Boltzmann’s equation 


In the first place, we will consider a quite general Hamiltonian system as 
defined by its generalized coordinates (refer to Section 1.4.2). In the course of 
time, the point representing the system state evolves in the phase space along 
with the Hamilton equations which represent the respective rates of change 
of the p; and qg;. According to the selected initial condition, we then obtain 
a set of trajectories representing a phase portrait of the system (Fig. 1.4, in 
Section 1.4.4 of Chapter 1, illustrates an example of it for the simple pen- 
dulum). We may think that the vector having components ());, gi) represents 
the velocity vector of an ‘abstract continuous medium’ in every point along 


“It will be assumed hereinafter that the 
molecules are identical. In particular, they all 
have the same mass, though a more general 
approach could be set up without further dif- 
ficulties. 


5This ‘macroscopic’ point of view is some- 
times known as coarse-graining in scientific 
literature. 
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Fig. 2.1 Flow in the phase space, with con- 
servation of volume (Liouville’s theorem). 


6 Aside from the fact that, as must be 
repeated, we are in a space of very high 
dimension; nevertheless, this has no effect on 
the next mathematical developments. 





a trajectory. This is what is known as the phase space flow. If we mentally 
follow the motion of the points included in a small given volume V of the 
phase space, (Fig. 2.1), then we can see that the total ‘mass’ included in that 
volume corresponds to the probability that the system has a state corresponding 
to a point in that volume. Thus, the probability ® for the presence in the 
phase space formally plays the part of a density. If we follow the volume V 
as it evolves dynamically, the total probability for the system to lie in V is, of 
course, kept over time, and so we can observe an abstract ‘fluid’ whose mass 
is conserved, just as for a genuine fluid.© Going slightly further into Chapter 
3 (Section 3.2.3), we may apply the continuity equation (3.43) to that velocity 
and density field and write 


1d® Opi OGi 
—_— — —|]=0 2.8 
® dt a oa 





The term under the summation symbol denotes the (2NV-dimensional) “diver- 
gence’ of the abstract ‘velocity’ field ({p;}, {g;}). Through the Hamilton equa- 
tion (1.89), we quickly get: 


( a°H a°H ) 
® dt ~~ \opidgi = OG: Opi (2.9) 
=0 


This equation demonstrates that the probability density of the whole system 
in the phase space remains unchanged over the course of time; this is Liou- 
ville’s theorem: 


® (t) = cst (2.10) 
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It should be emphasized that this property merely results from the equations 
of motion and that it is caused by the symplectic nature of the Hamilton 
equations, which was only half seen in Section 1.4.2. Using the matrix for- 
mulation (1.92), indeed, the calculations (2.8) and (2.9) can be rearranged by 
advantageously applying the tensor calculation rules (refer to eqn (A.68) in 
Appendix 1). We then use the fact that the symplectic matrix w2 is constant 
and find 


1d® a 
See a Be 
® dt DX, 3 


0 ( =) 
s bl fe 
OX; OX; 


i 


(2.11) 


0°H 
iia dX aX, 0X, 


=0 


The latter result is due to the fact that the twofold contracted product of two 
matrices equals zero when one matrix is skew-symmetric whereas the other 
one is symmetric. Thus, the property of skew-symmetry (1.94) of the matrix 
@2 is at the origin of that result. Liouville’s theorem is then closely related to 
the conservation of energy for an isolated system. 

If the probability (i.e. the ‘density’) is conserved, then the conservation of 
the ‘mass’ ensures that of the ‘volume’. In other words, the abstract ‘fluid’ 
which we have imagined is incompressible. We can then conclude that a given 
volume V of the phase space moves about as per the dynamics of the Hamilton 
equations, while keeping its measurement (Fig. 2.1). Actually, this property 
does not suffice to set up the symplectic nature of the geometry resulting from 
the Hamilton equations. The calculation (2.9), indeed, exhibits a result which 
is stronger than the conservation of volume’ in the phase space, that is the 
conservation of the area® projected by that volume onto every plane (pj, qi), 
which, by definition, determines the symplectic nature of the equations. We 
may recall that the calculation (2.9) is valid for every system based on the 
Hamiltonian formalism and not merely for a collection of molecules. In order 
to illustrate this result, let us resume the case of the simple pendulum as 
introduced in Section 1.4.4. As stated, that pendulum is defined by parameters 
(q,q)= (9, 6), whose evolution over time is given by (1.167) when taking the 
approximation of the small motions into account. The system evolves as per 
equation (1.175), and so the evolution of the volume in the phase space is given 
by the determinant of the matrix? + (r+). Hence we will have!° 


V 
— = det Wt (r*) 
Vo (2.12) 
=1 
From a geometrical point of view, this result may be interpreted as follows. 
Let us recall that, in the approximation of the pendulum’s small oscillations, 


7We have used the word ‘volume’ to denote 
a hypervolume in a space with an arbitrary 
number of dimensions. Since this is a two- 
dimensional phase space for the pendulum 
case, it is obviously a surface. 


8This result is a theorem which was formu- 
lated by Poincaré. 


Since this system is linear, this matrix is the 
Jacobian of the transformation yielding the 
state of the system as a function of its initial 
state. 


10 This is another early insight into Chapter 3 
(eqn (3.22)). 
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the phase trajectories are circles as shown in Fig. 1.4. The fact that the vol- 
umes remain constant in them is evidenced by nearly parallel trajectories in 
the vicinity of the phase origins. For larger oscillations, however, the linear 
approximation (1.167) is no longer valid. Nevertheless, the volumes in the 
phase space are preserved owing to the Hamilton equations, but the phase 
trajectories are no longer parallel. 

Within the scope of an ensemble of molecules, we will now try to apply 
the principle as given by equation (2.12), by analogy with Rief (1965). To that 
purpose, we will consider an ensemble of N,,, molecules whose coordinates 
and momenta at time point t/ = t + dt are denoted Fr, and py, and related to 
their values at time point ¢ by relations derived from (1.2) and (1.56): 


Bl = B, + Ba ({p}, 1) ar 
“ (2.13) 


The volume in the phase space is then the product of quantities drydp, 
Each of these quantites evolves according to the determinant of the Jacobian 
function Jyg of the transformation (Dz. rg) —> (pi, i) (i.e. X, — X,, intro- 
ducing a notion which is analogous to (1.99)). Through (2.13), this matrix is 
rearranged as: 











ap ~/ L 
Px Iydyg Pe = hae 
a "6% a 
=, | @Pp rp rp 
Joep = | 7 2 (2.14) 
or, dt Ory 
se = TH5bop) = = T3508 


The full Jacobian matrix of the transformation of the molecular system 
({Bg}. {r}) > ({pL}. {%}) then has a (2Nn x 2Nm-sized) determinant 
which is written as 














fa. 
({Pe}. {ts}) 
oF oF 
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Ory org 
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(2.15) 
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0 “2 0 Ls 








The Nj, x Nj matrices of size 3 x 3 occurring in the bottom left-hand part 
of J are proportional to dt, and so the Jacobian only differs from one by a 6N7,- 
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order term in dt. Since the time increment df is arbitrarily small, the invariance 
of volume is then exact. More precisely, we can see that the determinant in the 
Jacobian Jag is governed by the same property: 


Jap = det Jap 
2 (Bus Fy) 
3 (Dg. Fs) 
x 
ee (2.16) 
aXp 
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oy 30a I36u 


Jap then equals 1 when 6 = a. Thus, the volumes associated with the 
parameters of each molecule remain constant within the phase space in addi- 
tion to the volume associated with the set of degrees of freedom. This result is 
consistent with the symplectic nature of the equations. 

We will now consider an individual molecule and try to describe the micro- 
scopic evolution of the unknown function g given by eqn (2.2). A particular 
case occurs: it is a gas which is rarefied to such an extent that the molecules 
do not interact nor collide (it is known as a perfect (or ideal) gas). One may 
consider that the molecular interactions are very weak within a gas, except 
when one or several of them come very close to each other. In the absence of 
collisions, the interaction potential may then be considered as being zero. Each 
of the molecules is then an isolated system satisfying Liouville’s theorem (2.9) 
as applied to the individual probability density o (p, r, t), that is dp/dt = 0 
or, in an expanded form: 
dp op dr op dp 
af oe de op ae” ee 

With the definition (1.2) of velocity and the equation of motion (1.56), this 
equation also gives 


dp dp ~ dD ~ 
a 2 2.1 
a + OF U+ 35 0 (2.18) 


where F is the force received from a possible external system (e.g. the Earth’s 
gravity) by a molecule lying in fF. This equation is the simplest form of the 
Boltzmann equation,!! which is applicable to a perfect gas (i.e. without any 
collision). 

In a true gas, as we said earlier, the collisions between particles affect 
their respective momenta, hence function g. Equation (2.18) should then be 
modified; we are now going to discuss the way it is modified. Each collision 
between two molecules!” 6 and y may be characterized by a set of four 
momenta, namely those, denoted Ps and P,. of both molecules before the 
collision, as well as those characterizing them after the collision, which are 


'1 The left-hand side of the equation is some- 
times referred to as the Liouville operator 
applied to distribution g. 


2We will ignore those collisions which 
involve more than two molecules. 


68 Statistical mechanics 


Fig. 2.2 Collision of two molecules. 


Kix - 
be gr 
iy a 
i rd 
“. gr 
i 
ee 
S77 
cy 
AA 
ao Ss, 
i” 
7 MS 
7 N 
7 N 
7 \ 
7 , 
7 N 
7 \ 
ad BN 
7 N 
2 N 
7 
Py 
=f 
Py 


denoted Pp and P, (refer to Fig. 2.2). If the fluid is a gas, it may also be thought 
that the interactions are restricted to pairs of comparatively adjacent molecules. 
Immediately prior to their collision, that is when their mutual interaction can 
no longer be ignored, they make up an isolated system, then verifying the law 
of conservation of total momentum (Section 1.4.3): 


Pp +P, =P, +B, (2.19) 


The average number of such collisions is proportional to the number of 
pairs of molecules with initial momenta p p and P,> as yielded by the product 
9 (Bg. F. t) v (p,.¥, t) dpgdp,. More precisely, there is an unknown (posi- 


tive) function w (Pg, Py; Dz. By) such that this number equals 


w (By. By; By. BY) e90dBpdd, dB ,dp, (2.20) 


where yg = g (Dp. r, t) and gy, = 9 (p,. r, t) have been noted. We already 
notice that, because the laws of mechanics are reversible over time, 
the ‘reverse’ collisions in the course of time, turning (—B5. -i,) into 


(—Dg, —p,), occcur in equal numbers, which implies 


w (Bg. By; Bp. By) = w (—Bp. -B,; -Bg. -B, ) (2.21) 


Here we must use a space symmetry which has not been employed yet 
in our discussions. It is the invariance through central symmetry about an 
arbitrary point that transforms every vector into its opposite. If we accept that 
the laws of mechanics are invariant through this kind of transformation, then 
the probability of a collision is not changed by central symmetry. Thus, we 
may write 


w (—Bs, —B,; By, —B,) = w (Bp. 8, By. By ) (2.22) 
that is combining the last two equalities: 


w (Bp. By: By. B,) = w (By. BL: Bp. B,) (2.23) 
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We also need to mention another property of w, which will be of use later 
on: 


By. By: By. BL) = w (B,. Bp: BY. Bp 
0 (Bs.8,:85.8;) <u (6y.Bp85.B)) 220 


This relation only holds true because the molecules are identical, and so if 
their respective characteristics are exchanged, the probabilities remain unaf- 
fected. 

We are now going to count the collisions increasing or reducing the number 
of molecules lying!? in fF at time ¢ and having a momentum within the range 
[p. p + dp]. This is because a collision is liable to modify the momentum of 
B so that it leaves that range. The number of such ‘losses’ per unit volume 
is yielded by the integral of quantity (2.20) over all the possible momenta of 
the impacting molecule y and over all the pairs of possible momenta resulting 
from the collision, that is 


| #(.6,:8).6,) ovyab,aipaB, 2.25) 


with y = ¢ (p, f, r). Integration is performed over all the values taken by p,, 
DP, and By that is a priori over 3, a nine-dimensional space. Actually, inte- 
gration sould be performed over a six-dimensional sub-variety Q of that space, 
since the vector relation (2.19) prescribes three relations among Py, ; Py and P, 
for each value of vector p. Contrary to this process, some collisions change the 
momentum of a molecule so that it comes within the range [p, p + dp]. These 
collisions are ‘gains’ reckoned through the quantity 


: w (By. BY: BBY) 40} dB, dBpab, (2.26) 


with Pp =o (F, Pp. t) and gy), = 9 (, Bis t). Thus, the evolution dy/dt of y 
caused by the collisional processes is yielded by the difference of integrals 
(2.26) and (2.25), which then should be added into the right-hand side of 
(2.18). Hence, using the relation (2.23), the full Boltzmann’s equation for a 
gas is given by 

dp Op ~ dD =~ 

ah ae aD F=C() (2.27) 


a collision integral being given by 
Cy) = - w (6, B,; By. B,) (vse, — 9) dB, dBdB, (2.28) 


Equation (2.27), which is valid at every point in space and time, theoretically 
yields the evolution of g. It is an integro-differential equation, because it 
involves an integral depending on the unknown function ¢ on the right-hand 
side. For a non-gaseous fluid, the problem should be addressed in a different 
way; since the particle interactions are not restricted to the collision phases, 
their proximity induces a markedly different behaviour. We should then con- 
sider Boltzmann’s equation, in this written form, as a convenient model which 
will allow us to highlight a number of important collective phenomena. 


3 Once gain, we mean those molecules 
occurring within the range [F, f + df]. 
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Fig. 2.3 Three possible configurations for a 
collective motion of molecules. Configura- 
tions (a) and (b) are statistically equivalent, 
whereas (c) is highly unlikely. 


l4The latter is taken as equal to 
1.3806503 x 10723 kg.m2s~2K7~! in the 
standard system of units, but some authors 
take it to equal unity, which comes down to 
ascribing a unit of energy to the temperature, 
as can be seen in Section 2.3.1. 


15 Strictly speaking, and as noted in Sec- 
tion 2.2.1, here the probability density for 
the system presence would have to be non- 
dimensional, which requires us to reduce it 
to a factor which, as evidenced by quantum 
mechanics, equals h”, where n is the num- 
ber of degrees of freedom and h is Planck’s 
constant. 


2.2.3 Entropy 


Having in mind the statistical behaviour of systems with a very high number 
of degrees of freedom, we now have to consider sizes which are more macro- 
scopic than the molecular-scaled ones; accordingly, we must change our point 
of view. Statistically, indeed, one system may exhibit different microscopic 
states which, however, correspond to one macroscopic state. In Fig. 2.3, for 
example, the configurations (a) and (b) may be considered as statistically 
identical. Thus, we are led to view a macrocopic system as an entity which a 
probability density which is denoted ®. The states (a) and (b) in 2.3 correspond 
to the same value of ®, whereas (c), which is intuitively much rarer from a 
statistical point of view, corresponds to a much lower value of ®. The number 
of microscopic configurations corresponding to a macroscopic state with a 
probability ® is denoted N (®). Since the number of molecules making up 
the system is very high, the quantity ® varies a lot from one macroscopic state 
to another; thus, one can more conveniently work with a quantity which is 
known as entropy and defined by 

S=kginN (®) (2.29) 
where kg is referred to as Boltzmann constant.'* It can be readily understood 
that entropy!> is additive for non-interacting systems, since the probabilities 
are multiplicative for two statistically independent systems. ® is obviously 
equal to the N (®) /Ntor Tatio, where N;o; 1s the total number of possible 
microscopic states; thus, (2.29) can be rearranged as 





(2.30) 


We are going to try to relate entropy to the function ¢ characterizing a given 
molecule, still in the case of a relatively undense gas. To do this, we have to 
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characterize the overall state of a large system as a function of its constituents’ 
individual states’ data. 

Let us consider an isolated system which is made up of N,, identical 
molecules, each of them being able to occur in a number of possible states 
(p, ry For an easier approach, we will assume the possible states of the 
individual molecules are not distributed over a continuum, but are liable to 
@O gO 


occupy values which are close to discrete points!® (6 ) in the phase 


space. This is tantamount to dividing the phase space of an individual molecule 
into dpdr-sized elementary volumes centred on each of the points (6°. oy), 
Each of these small volumes is once again split into k small, infinitesimal sub- 
volumes which, by convention, are identically equal to unity, so that dpdr = k. 
Each sub-volume defines a configuration corresponding to the i-th state. We 
now will use that schematic formalism to reckon the microscopic states (i.e. 
all the individual states of the molecules) corresponding to a system’s given 
macroscopic state. For each possible state i of a molecule, corresponding to 


one of the phase space small elementary volumes lying about (a; zp) ); the 
number of molecules being in this state is denoted N;. A macroscopic state of 


the system clearly corresponds to the data {N;} of the set of numbers N; (the 
sum equalling N,,,). We must first note that 


9 (6°. 7, t) dpdt = N; (2.31) 
Besides, it is obvious that 


9 (5°, 7, t) = (2.32) 

The number of possible microscopic configurations corresponding to the 
presence of N; molecules in state i equals k’ as divided by N;!, because all 
the (identical) molecules being in a given state i may be arbitrarily permuted. 
Thus, the probability for the system to be in the macroscopic state correspond- 
ing to the datum of the {N;} equals 





N(®)= Vlas (2.33) 


Through definition (2.29), we can then formulate the entropy as 


S=kp Y- (Nj Ink —InNj!) 
1 


(2.34) 


k 

kp uM (in os 1) 
(we have used the fact that the ‘occupation numbers’ Nj; are very high, which 
allows us to come nearer to In N;! through N; (In N; — 1)). In this form, it 
already happens that the contributions from energy levels for which Nj is 
(comparatively) small contribute towards reducing entropy. Now, relatively 
moderate values of some N; are only possible if other N;, on the contrary, 
are very high, since the total number of molecules is set. Thus, entropy may 


!6This approach is only necessary in quan- 
tum mechanics, but makes our present 
approach easier. 
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!7Many authors, particularly in the popular 
scientific works, speak about ‘disorder’. We 
believe the word ‘homogeneity’ is more rel- 
evant here. This is because the case of a gas 
in thermodynamic equilibrium (refer to Sec- 
tion 2.3.1) corresponds to a macroscopically 
highly homogeneous state, whereas the disor- 
der is intuitively maximal at the microscopic 
scale. 

I8This is theoretically impossible if high val- 
ues of occupation numbers are kept. We will 
just imagine that the state number is high 
enough to make this approximation valid, 
which is consistent with quantum reality. 


be viewed as a measurement of the system’s macroscopic homogeneity.!’ By 
making the state number tend towards infinity!® in (2.34), the discrete sum can 
be approximated with an integral. With (2.31) and (2.32), we get: 


S=—kp | y (1 — Ing) dpdt (2.35) 
Qp x Q, 


Let us now calculate the temporal derivative of entropy. Note that, for every 
arbitrary function w and every variable 0, we have: 


. lyd—-ny)|= a” Iny (2.36) 
a0 00 ‘ 
Hence, with Ww = g and 6 =f, we get 
ds 0 Bead 
as / °° in gdpat (2.37) 
dt 2pxQp 


The derivative of g is given to us by Boltzmann’s equation (2.27). One can 
easily understand that the last two terms on the left-hand side do not play any 
part in (2.37). Actually, resuming (2.35) with w = g and @ =f: 


dp . ae 
- (= . i) In gdpar 
Qpxa, \ Or 
0 ee 
ay (= (el = Ing)] i) aa 
Qpxa, \Or 


S 0 a \, ones 
=f (J, gle — mona ap 
0 


The integral in the centre of the second line of (2.38) is, indeed, turned into 
an area integral at the ‘boundary’ of the domain of integration, according to the 
Gauss theorem (refer to Appendix 1, eqn (A.73)). Now, if it happens that such 
a boundary is driven away towards infinity and, clearly enough, no particle can 
lie at infinity nor have an infinite velocity; then, g vanishes there. 

For the same reasons, with 0 = p: 


/ (2 : F) In gdpdr 

Q)x2, \ IP 

/ (= [y (1 —Ing)] F) apa 
az [ly (1 —Ing)]- 

Q)x2, \ OP 


a 0 - _ 
fe ([, gle -mona) dr 


0 


(2.38) 


(2.39) 
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Thus, the single contribution to variation of entropy of the system is given 
by the collision integral C (g) of (2.27): 


senate, J, (be. %) (oe, — ee) 


x Ingdp, dp,dp,,dpdr 


(2.40) 


where Q p = Qpy X Q denotes the set of quadruplets (5. P,> Dp. é,) satisfying 


the relation (2.19) for pg = p, that is p+ p, = Pp + Bp: We now have to 
make some changes in the integral of the right-hand side of (2.40). First of all, 
we notice that the change of variable Py S p and P, S p, can be performed 
because relation (2.19) is then still satisfied. Relation (2.23) then yields: 


ae es, meife mef Poot 
_ w(B.B,: By. B,) (v0, — e¢/) 
I, ( y?> BB By (oo, y 
x In gdp, dp,dp,,dp 


= |, » (Bs. 8): 8.8,) (opo4 — eer) nod, aap, diy 
Pp 
(2.41) 


[ w (6. D,; Bg. b,) (o¢, = eye) In gdp, dP pp, dp 
Pp 


a w (6. Dye. B,) (o9, . ey) 


x (Ing —In vhs) dp, dp,dp,,dp 
(the latter equality can be obtained by averaging the expression achieved in 
the third line with the initial integral). Besides, we may rearrange (2.41) by 


replacing the variables by p S p,, and Py = P, (which is still consistent with 
(2.19)) to get 


a et tt 
w (8, By: Bp. BY) (vp, - ey) 
i ( 5 By. B,) (ony, y 


x In gdp, dp,dp,,dp 

I seal. aah ror 

2 I Ww (p,. Pp; P,> Ps) (oo ra vy) 
x (In ~y — In ey) dp, dp,dp,,dp 


= aL w (p, Py; P;. P,) (oe, — 90) 


Pp 


(2.42) 


x (In gy —In ) dp, dp,dp,,dp 
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\9That is what L. Boltzmann called it, H 
being the notation he used to denote entropy. 


(we have used (2.24)). Adding (2.41) and (2.42), then returning to (2.40), we 


find 
ea — Ef (BB, BeBy) (ves — o0) 


(2.43) 
x In aot 1Prabp4B, dat 


y 


Bry 


Now, the logarithm is an increasing function, and so (x — y) (ny — Inx) is 
always negative. Thus, the equation which we have just obtained teaches us 
that 

fd > 2.44 
ae (2.44) 

This result, which is known as the!? H-theorem, shows that the entropy of 
an isolated system should increase over the course of time. For a non-gaseous 
fluid, the previous arguments do not apply as strictly as for a gas, but the 
main result persists: entropy increases, giving the evolution of the system an 
irreversible nature. One could predict the existence of an irreversibly changing 
quantity by returning to the literal expression of Boltzmann’s equation. Men- 
tally changing the time sign, the molecule velocities and momenta do change 
sign, which, of course, changes the sign of the left-hand side in (2.27), whereas 
the collision integral (2.28) remains unchanged. Thus, Boltzmann’s equation 
belongs to the class of kinetic equations. 

It must be stated that the property of increasing entropy holds true for every 
system (specifically every particle) that can be viewed as isolated. However, the 
entropy of an arbitrary particle being part of an ensemble can be defined, but 
nothing will then ensure it is increasing; only the entropy of the whole system 
certainly increases. Entropy of a part of a more global system may temporarily 
decrease provided that some entropy is transferred to other parts, so that the 
total entropy keeps rising. Besides, entropy cannot increase indefinitely and, 
for a system being left to itself, should then tend towards a maximal value 
corresponding to a so-called state of thermodynamical equilibrium. 

The purely statistical result which we have just discussed has major effects. 
Definition (2.29), indeed, shows that, unlike the microscopic probability ®, 
which is constant according to Liouville’s theorem (2.10), the macoscopic 
probability ® varies over time. We will review the reasons for the process, 
as well as some of its consequences, in the following Section. 

Some mechanisms evolve sufficiently slowly to allow us to consider each 
part of the system isolated, since its entropy remains constant over the course 
of time: 

dS 
Go (0) (2.45) 

In this case, it is referred to as an isentropic mechanism. We will study the 
conditions for isentropicity in Chapter 3 (Section 3.3.1). Taking into account 
our last remark about Boltzmann’s equation’ irreversibility, all those processes 
in which the molecular collisions play a negligible part may be considered 


as isentropic. Relation (2.45), of course, is also valid at thermodynamical 
equilibrium. 


2.3. Thermodynamical quantities 


We start here by looking for the probability density function of a system near 
equilibrium, leading to the Boltzmann probability distribution. The latter is 
used to compute the pressure and internal energy of a perfect fluid. We also 
define the concepts of heat and work, and prove the second law of thermo- 
dynamics. We then deduce a state equation for perfect fluids. The notions of 
sound speed and mean free path are defined. 


2.3.1 Boltzmann distribution 


What was said above shows that, in addition to the conservation laws of 
classical mechanics as reviewed in Chapter | (Section 1.4), there is a quantity 
which irremediably increases over the time for an isolated system, namely 
entropy. 

First of all, we must recall that this phenomenon is caused by collisions. 
In the absence of collisions, entropy would be a conservative quantity. The 
mechanism bringing about the increase of entropy can be briefly described 
as follows. The intermolecular impacts account for intermolecular transfers of 
momentum (and then of kinetic energy) without any change in total momentum 
and energy. In the course of time, the changes of velocity as experienced by 
the molecules because of the impacts induce great disorder in the velocity dis- 
tribution, distributing the velocity vectors as disparately as possible among all 
the molecules (refer to Fig. 2.3). Entropy measures that disorder.”° Definition 
(2.29), indeed, explains that entropy is higher when the system is in a more 
probable macroscopic state. Now, as we have seen it, configurations (a) and 
(b) in Fig. 2.3 are much more frequent than configuration (c). To be convinced, 
it suffices to consider the simple model of a system being determined by N 
parameters which can take N determined values. There are NV! configurations 
in which all the parameters take different values, whereas there are only N 
configurations in which all the parameters take the same value. In a fluid, 
consisting of a very high number of molecules, the ratio of the two kinds of 
configuration is huge. In other words, as time elapses, a system tends to adopt 
a microscopic configuration coresponding to the most probable macroscopic 
state. Simultaneously, the energy of the system constituents is homogeneously 
distributed (on an average) among its various molecular degrees of freedom.”! 

Let us consider an isolated system, which may consist of only one particle or 
be extended to a whole fluid, gathering a collection of macroscopic particles. 
The system is assumed to be in its state of thermodynamical equilibrium; then 
its entropy does not vary. Such a state occurs when the right-hand side of equa- 
tion (2.43) vanishes, that is when the product of the individual probabilities is 
left unchanged by the collisions, that is PP = Py, or else: 


0 (Bp. #5) » (B,.#,) = 9 (B.F) @ (B,. 7) (2.46) 
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20 According to the margin note in Sec- 
tion 2.2.3, it is a microscopic disorder 
corresponding to an extensive macroscopic 
homogeneity. 


21 This is known as energy equipartition. 
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22Which include, as explained in Sec- 
tion 1.5.3, the potential of their mutual 
interactions, as well as the vibrational and 
rotational energy of each molecule. 


23 This is referred to as an elastic collision. 


241 some Galilean frame of reference. 


(the dependence on t has been omitted here, since a state of equilibrium is 
assumed). It should now be recalled that all four involved momenta satisfy 
the conservation laws to be reviewed. The first, which has already been dis- 
cussed, is the conservation of momentum Py + P, =p+p,. We must also 
make sure, however, that the impact also conserves the energy of the couple 
of molecules being considered as an isolated sub-system. The energy of the 
pair of molecules E (p, r); according to Chapter 1, is the sum of kinetic 
energy Ex (p), potential energy E.y; (7) of external forces (e.g. gravity) and 
their internal energies”* Ewe. It is considered that the potential interaction 
energy is only non-zero within short distances beween the two molecules, and 
that the possible internal rotational and vibrational energy is unchanged upon 
collision.2? The mass m of a molecule is naturally conserved. As regards the 
angular momentum, its conservation is automatically provided if the force F 
derived from that potential is central, since the terms in the form rg x Fy are 
then identically zero. At equilibrium, we then have the following relations: 


0 (Bp.#) 0 (B,.#,) = 0 @.¥) o(6,,¥,) 
p,+p, =p+pP, (2.47) 


E (By. ,) + E (B,.#,) = £(@,#) + E(B, %) 


Thus, function g should transform sums of momenta and energy into prod- 
ucts of these very quantities. This is only possible if it occurs as an exponential 
law of the two variables p and E, whose more general form is yielded by 


eh i _a-pt+e 
#8) = eo (B8) + Cox ar 


(2.48) 


= Oexp | —2 J 
kpT 
where ©, T and a are two unknown scalars and one unknown vector. The 
potential E p includes the internal energy of the molecules (rotation, vibration), 
their possible interaction energies (Lennard—Jones potential) and the potential 
of external forces (refer to Chapter 1, Section 1.5.3). It can be observed that, at 
equilibrium, the fluid is necessarily globally at rest,”* that is perfectly isotropic, 
and so the vector a should be zero; indeed, no direction of molecule momentum 
is given prevalence. In such a case, the probability density is reduced to a mere 


function of energy: 


E (p,7 
yo (p. F) = © exp =e) (2.49) 


This law can be found again by expressing the fact that the thermodynamical 
equilibrium corresponds to a maximal value of entropy, according to (2.45). To 
that purpose, we try to maximize the integral (2.35), which can be done through 


the Lagrange equation (1.23), by substituting g (1 — In@), which is taken as a 
function of the variable gy, for the Lagrangian L. One should remember, how- 
ever, that this extremum has to be sought under constraints. One the one hand, 
the probability density should meet the normalization condition as yielded by 
the second line of (2.5). Moreover, the sum of energies of the molecules being 
included in the relevant particle should equal the whole energy of the particle, 
that is according to (2.7). We then have to seek the extremum of an integral by 
satisfying two constraints which themselves are given by integrals. To do this, 
we use the Lagrange multiplier technique as set out in Section 1.2.4, which 
here consists in seeking an extremum of the following quantity: 


S+A ( [ gdpdr — Ne] +B ( [ Egdpdt — e) (2.50) 
Qp xQ, Qp x Q, 


where A and B are the multipliers associated with the constraints (2.5) and 
(2.7). Since the number of molecules and the total energy are set, we then seek 
an extremum of the following integral: 


i A (g) dpdr 
Qpx Qy 


A) =9|[ke (l—Ing) +A+ BE| 


(2.51) 


where A acts as a ‘Lagrangian’. It does not depend on the derivatives of g, and 
the associated Lagrange equation is then reduced to (0A/0@) (g = go) = 0, 
that is 


—kglngo) + A+ BE =0 (2.52) 
We ultimately get 


(6.7) <ex A+BE 
0 \P; F) = exp i 


E 
= Oexp kat 


which coincides with (2.48) if we let*> A +kgln© and B = —1/T. This 
is the so-called Maxwell—Boltzmann distribution. One should remember it is 
the distribution of a system in a state of thermodynamical equilibrium, that 
is a stationary solution of the Boltzmann’s equation for a gas, then satisfying 
dgo/dt = OanddS/dt = 0. 

To make progress in our arguments, we will from now on consider the case 
without an external field nor an internal molecular internal energy and without 
molecular interactions, that is without collisions (perfect gas). Energy is then 


(2.53) 


reduced to its kinetic component, that is E=Ek= \B|* /2m (according to 
(1.78)). The normalization factor © is then obtained by writing that the total 
probability is equal to one, according to (2.5): 
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25 4 is identified as the opposite of entropy at 
equilibrium, as discussed in Section 2.4.2. 
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Nm =f 90 (Bi) aba 
Qp x Q, 


_ lal) os 
=ev{ oo (EL dp 


Pp 


(2.54) 





To calculate the integral, we observe that the integrand is isotropic, that 
is it only depends on the norm |pl. Sphere-integrating the three-dimensional 


volume element dp gives 47 |p|? d |p. Consequently, we have the following 
general relation, which is valid for every integer k and every real a: 


2 Toe 2 
[ ae Fl ges ax [ ep ea sl 
R3 0 


‘ ee (2.55) 
na 2k+2,—y2 
= GBR [ yee ay 
A mathematical induction then readily yields 
+00 ! 
as. (2k)!,./ 7 


Thus, (2.55) yields 


2k al? gy — (ZI? _ Ck +2)! 257 
i . (=) 2(k + 1)! (4aye eM 


For k = 0 anda = 1/ (2mkpgT), the formula (2.54) becomes 
Nm = OV QamkpT)*? (2.58) 


(V = N,,/n is the total volume of the supposedly homogeneous fluid, and so 
n (F, t) =n =cte). Hence: 


n 
© = ———__ 
(Q2amkpT)?/? 

p 


V (2akgT)° m5 


We can estimate the pressure by considering a wall which would be 
immersed in a fluid and would experience impacts from molecules running 
against it. According to Newton’s equation (1.56), a molecule with a momen- 
tum p will transmit to the wall with a normal component n a force f equalling 
its variation of momentum during the required impact time dt. When bouncing 
off the wall, the molecule will fly away with a momentum whose component 
normal to the wall will have changed sign; that makes it possible to write the 
variation of normal momentum as p(t + dt)-n—p(t)-n= 2p(t)-n. The 
elementary normal force exerted by that molecule is then written as 


(2.59) 


z 2p - 
f-n= Pp’? 





(2.60) 


~---- 


- 





The time taken by the molecule to follow that trajectory is given by its 
distance dé from the wall: 

de 
|| cos 6 
mdt 


p-n 
where 6 is the angle its trajectory makes with the wall (refer to Fig. 2.4). Hence, 
we have 


dt = 
(2.61) 


fan, ND 
e 2 (p-n) 
f-n = ——— 2.62 
mdt ( ) 
To find the total force as experienced by the wall, the integration should 
be made over all the possible momenta of those molecules occurring in the 
volume dfd&X, where d& is the elementary area of the wall portion being 
considered, multiplying by the probability density: 


2d& i ie oe 
f-n= [. (p-n)o(p, r) dp (2.63) 
Dp 





m 


Qt denotes the set of momenta of the molecules running towards the wall, 
that is such that p-n > 0. Pressure is derived therefrom as the ratio of that 
integral to the area dX. The integration may be taken over 2, by symmetry, 
provided that the factor of 2 is deleted. Lastly, since p - n equals the component 
Px of p normal to the wall, an argument of isotropy allows us to write 


p= sf, ( (b-n)’ 9 (p.¥) ap 


= 55 f,, le @.H ap 


(2.64) 
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Fig. 2.4 Schematic diagram for statistically 
calculating the pressure. 
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because |p|” = pe + P, + Pe This is a rather general argument which 


amounts to stating that the molecule energy variation \p|° /2m equals the 
quantity — pdV, in accordance with Section 1.5.4 in Chapter 1. Formula (2.64) 
shows that the pressure is positive and will be advantageously utilized in 
Section 2.3.3. 

Let us now consider the internal energy and try to assess it in the same 
manner. Since this fluid is assumed to be globally at rest, the average kinetic 
energy of the molecules is likened to Ejn+ (eqn (1.235) in the absence of 
external forces). Now, according to (2.4), that energy is obtained by calculating 
the integral 


ze 1 oe ay ee ae 
Ein = (é:) = -f Ex (B) Go (p. F) dp 
Pp 
1 a0 wo 
= Sarees Il 0 (B. F) dp (2.65) 
~ 2 

= mB: |p|” exp - le dp 
2nm , 2mkgT 


With (2.55) for k = 1, we ultimately find 








(2.66) 


Quantity T then happens to be proportional to the average kinetic energy of a 
molecule, and is then positive. That quantity is called the medium temperature 
and is measured in Kelvins. 

The rms (root mean square) molecular velocity is a statistically interesting 
quantity as given by 


~ 2\1/2 
a = ((a)’) 





—— 


i (2 (2.67) 





m 


3kpT 


m 





One should remember that our last considerations are only valid for a perfect 
gas at equilibrium. If the gas is out of equilibrium, for example if it is subject 
to a velocity which varies in space due to external loads (external fields, 
domain boundary conditions, etc.), the above results can be matched through 
the following crucial finding. The collision processes returning the system to 
its state of equilibrium have a characteristic time scale on the order of 


tin = (2.68) 


where £ is the mean free path, that is the average distance between collisions. 
Given the usual values of these quantities in the ordinary fluids, this char- 


acteristic time is much shorter than the time during which the macroscopic 
quantities happen to be modified. Likewise, the spatial scale characterizing the 
variations of the macroscopic quantities is very large with respect to the typical 
intermolecular distance. It can then be assumed, in many cases, that each 
fluid particle a is permanently close to the state of local equilibrium, which, 
apart from a few details, allows us to keep the distribution of probability of 
equilibrium. It should be specified, indeed, that out of the global equilibrium, 
the statistical properties of the microscopic motion of molecules no longer 
have any reason for complying with a law of isotropy, and so the factor a- p 
of (2.48) should be kept. This is because if the fluid particle locally moves at 
a velocity uy, then the molecules in its frame of reference move about at the 
velocity p/m — ug; hence, their individual kinetic energies now equal 
ms 2 ~|2 

” (2 - us) = sm —u,-pt er (2.69) 
instead of |p| /2m. The particle velocity u, is likened to the vector a, whereas 
the parameter mu2 /2 occurs as extra energy which can logically be absorbed 
into the normalization coefficient ©. For reasons to be explained in Chapter 
3 (Section 3.5.3), it is more convenient, however, to keep this term. The 
distribution function within a particle a is then reduced to: 


1 ~ 2 fm 
y (p, r, t) = @exp [nad eel (2.70) 
keg 

This is what is called the non-equilibrium Maxwell—Boltzmann distribution, 
generalizing (2.49). The temperature of particle a has been denoted T,; this 
quantity can now vary in both time and space, just like ug, since the fluid is 
out of equilibrium. The distribution (2.70) then does not verify dg/dt = 0, 
as explained in Section 3.5.3. For this reason, applying the formula (2.35) 
is useless for explicitly calculating the entropy, since it involves an integral 
on space (here being reduced to the extent of a particle). Theoretically, the 
distribution (2.70) would make it possible to calculate all the desired average 
quantities. However, it is only strictly applicable to gases, as explained earlier 
(for further details, refer to Rief, 1965). As to relation (2.67), it is still valid 
for an out-of-equilibrium gas, but, of course, it is concerned with the root 
mean square value of the molecule velocity in the particle’s inertial frame of 
reference: 


2E int a 
=4/ ——— 2.71 
As (2.71) 


That quantity occurs, as expected, as a Galilean invariant. 
Although not all the above results apply to the non-gaseous fluids, they will 
subsequently be used for determining other essential results. 
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26We consider, here and after in the present 
chapter, that the fluid is made of one single 
chemical substance. In other circumstances, 
one should also take account of the mass frac- 
tions of the various substances. 


2.3.2. Heat and work 


We will temporarily return to the case of a particle a. It is noteworthy that 
its entropy S, depends on other characterizing thermodynamical quantities. 
Actually, if a particle is at local equilibrium, its entropy is kept. Since it is 
also additive, S, may then be nothing but an additive quantity of well-known 
conservative quantities. We have identified seven quantities in Section 1.4: Eg, 
P,- Ma. Entropy, however, is obviously a Galilean invariant, since it results 
from the application of mechanics equations to an ensemble of molecules, 
regardless of the work frame of reference. Thus, only internal energy (refer 
to Section 1.5.3) may act among the conservative quantities which entropy 
depends on: 


Sa = Sa (Bini) (2.72) 


For an isolated particle at equilibrium, the conservation of internal energy 
then leads to the conservation of entropy, which is evidence of a thermodynam- 
ical equilibrium, as expected. Entropy per unit mass o,, which is also known 
as specific entropy, can be defined as: 


S 
Og = — (2.73) 
Ma 
Using the definition (1.254), (2.72) can then be rearranged as: 
Oqg =O (Cinta) (2.74) 


Internal energy can be expressed with respect to oq by inverting this relation. 
However, one should consider the relation (1.257), which states that internal 
energy per unit mass @jn;,q also depends on density. We ultimately get the 
general relation 


Cint,a = Cint (Pa, Fa) (2.75) 


Specific entropy oy is the second (and last) of the state variables ons \. 
mentioned in Section 1.5.3, that is ae \. = (Pa, Oa). For an isentropic pro- 
cess, since entropy oq is constant, ejn+,q only depends on pg, and equa- 


tion (1.258) of Section 1.5.4 is recovered. By writing down the differential 








of (2.75), we get the variation of a particle internal energy as*° 
de; de; 
deinta = ( Su dpa t+ ( sat) doq (2.76) 
OPa oO 00 p 


(the subscripts after the parentheses mean that the partial derivatives are 
considered while keeping the other variable constant). Returning to the true 
internal energy Ejn;.q of the particle, we may also write, with (1.254), (1.255) 
and (2.73): 








0e; 0e; 
dE ina = -( 2) dVq +( cut) as; (2.77) 
a o p 


As the disorder becomes established, the increase of entropy should alter the 
internal energy. Actually, since the molecules move about in a more and more 
disparate manner, the variations of their velocities grow and internal energy 


should a priori rise. We will investigate the reasons for this; we will first 
scrutinize the possible causes of the changes in the total energy of a particle 
interacting with an external medium. To do this, we consider a given particle 
and from now on omit its label a for the sake of clarity. The discussions 
about entropy, as developed in Section 2.2.3, show that the energy of an 
open thermodynamical system varies according to the distribution of energy 
of its constituents, the energy being the sum of a (global) kinetic energy and 
an internal energy corresponding to the kinetic and potential energies of the 
constituents (molecules) in the inertial frame of reference. In order to get a 
deeper insight into these notions, let us resume the formalism of Section 2.2.3, 
where the state parameters are discretized, but within a slightly modified 
context as regards energy alone. To that purpose, we divide all the possible 
values taken by energy into small segments which are centred on values E;. 
Since the Maxwell—Boltzman probability density g is a function of energy 
alone (eqn (2.49)), the number N; of molecules being in that state of energy is 
given by 





E; 
Ni = exp (- ar) (2.78) 


the total number N,, = >> N; of molecules being kept. The total energy of 


L 
the particle can be written using a formula which is analogous to (2.65), that is 


B= |, bo(é)aé 


(2.79) 
= > N; Ej; 
i 
The variation of energy is then given by 
dE =) NidE; +) EidN; (2.80) 
i i 


The first term of (2.80) corresponds to a variation of the individual energies 
making up the system. Hence it can be nothing but a variation caused by 
the internal force power, as per Section 1.5.3. Now, Section 1.5.4 explained 
that this work results from the action of pressure and is written as —pdV, 
according to (1.261). This result is confirmed by the calculation having led to 
equation (2.64). This work will be denoted 6W. The second term comes in 
addition to (1.261) and represents a possible redistribution of energies among 
all the molecules. Then it characterizes the collective disorder and is referred 
to as amount of received heat, denoted 6 Q: 


5W =) > NidE; = —pdV 


l 


(2.81) 
5Q=)) EN; 
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27We may recall that the discussion is 
focused on identical molecules. Otherwise, 
the reactions liable to occur between differ- 
ent kinds of molecules would give rise to 
another term in the previous calculations, that 
term being related to the notion of chemical 
potential (refer, for instance, to Landau and 
Lifshitz, 1980). 


Resuming the total variation of energy as calculated in (2.80), we ultimately 
get: 


dE =—pdV +50 (2.82) 


This relation is the first law of thermodynamics. As expected, the energy of 
a non-isolated particle is then not constant, but changes provided that some 
work and/or heat is exchanged with its immediate surroundings.”” From what 
was said before, heat happens to be a variation of the number of molecules 
exhibiting each energy state, the energy levels remaining constant. In order to 
relate that magnitude to those quantities introduced in the previous paragraph, 
let us write the variation of entropy as a function of the dN;. To that purpose, 
we note that the total number of molecules is constant, which gives 


yo dNj =dNm =0 (2.83) 
i 


Afterwards, the property (2.34) enables us to write 


dS=k > [an (ms +1) + Nain =| 
cape Pi tie 
i N; i N; 


L 


= kp) > (InkdN; — In NjdNj + Nid Ink) (2.84) 


l 


~~ —kp > In N;dN; 
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In the case of a perfect gas at equilibrium, using again the Maxwell— 
Boltzmann distribution (2.78), we have In N; = —Ej;/kgT, and (2.84 ) yields 


1 

dS = = 2s E;dN; 
é (2.85) 

_ 6@ 

-— 7 


In the more general case of any fluid being non necessarily at equilib- 
rium, relation (2.85) does not hold true any longer, since the intermolecular 
interaction processes (particularly the collisions) contribute to an increase in 
entropy. Besides, if the collisions are non-elastic (refer to Section 2.3.1), a 
part of the molecule energy can be converted into internal molecular energy 
(vibration, rotation) during collisions. These phenomena are then irreversible 
and inevitably increase the entropy in relation to equation (2.85). Thus, we 
may write the more general inequality 


6 
> $2 
T 


That property constitutes the second law of Thermodynamics. Thus, the 
variation of entropy involves heat exchanges and is associated with a redis- 
tribution of the molecules among the various available energy states, which is 
a disorder appearance process, as discussed in Section 2.3.1. The redistribution 
of energy which occurs along with the increase in entropy is then closely linked 


dS (2.86) 


to temperature, that is to the kinetic energy of the molecular motion, according 
to (2.67). 

Relations (2.82) and (2.85) show that, in the case of a reversible process, the 
variation of energy caused by the variation of entropy is given by 50 = TdS, 
whereas that relation becomes an inequality in the irreversible case. Hence we 
write: 


SOrev =TdS 
8 Qirr < TdS 


(2.87) 


Among the various components of energy, only internal energy (2.77) 
explicitly depends on entropy. We can then infer that, in equation (2.77), the 
term which is proportional to dS should be likened to 7. With equation (1.256), 


we can then write 
pe 0 (=) 
dp Je 








(2.88) 
T= (=) 
00 w 
which generalizes (1.256), or else: 
Fo dE int 
BE NOV Js 
(2.89) 
T= a) 
which generalizes (1.253). Equation (2.77) now reads as 
dEjin = —pdV+TdS (2.90) 
Combining that relation with (2.82) and utilizing (2.86), we get: 
dE + dEext =dE— dE int 
=6Q0-TdS (2.91) 


<0 


If the system is isolated or subject to a constant external potential (dE ..,; = 
0), then kinetic energy changes by an amount 5Q — TdS, which equals zero 
for a reversible process, according to (2.85). In the case of an irreversible 
process, kinetic energy decreases as internal energy increases. The energy of an 
isolated system is then conserved while distributing itself in a disordered way 
among the molecules 6 making it up. Thus, the internal energy should increase 
over the course of time, and so the overall kinetic energy of the system should 
decrease to conserve the total energy. The increase of entropy then happens to 
be a mechanism converting the overall kinetic energy of a particle into internal 
energy during the return to a state of equilibrium. Accordingly, there is a flux 
of energy from E; to Ejn;, possessing a determined sign, unlike the general 
mechanism of energetic equilibrium being contemplated in Section 1.5.4, 
which is only caused by the pressure loads. The two contributions from dE 
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in equation (2.82) are then of quite different natures. We will resume this 
discussion in Section 2.4. In the case of a reversible process, dS = 0 for an 
isolated system, and the amount of heat vanishes as well. 

We will now use again the notation A, to refer to every quantity A with 
respect to particle a. If a particle is not isolated, its entropy varies by an 
undetermined sign. Thus, the particles making up a system may experience 
energy variations T,dS, of arbirary sign; only the entropy of the (supposedly 
isolated) total system certainly increases. Let us consider two particles a and 
b making up an isolated system at thermodynamical equilibrium; thus, their 
total mutual entropy is maximal. It is then constant, and so the internal energy 
is maximal too according to (2.72). Hence we have: 


p _ d (Sa +S») 
- - (2.92) 
= dSa (Eta) i dSp (Eint,b) , 
7 dt dt 


The total internal energy Ejnt = Eint,a + Eint,p being conserved, however, 
we have dEjnt.q = —dEjnt,p. Then, according to (2.92) and (2.89), we can 
write 
— dSa dE int,a dSp dEint,b 

dE int, dt dEintp dt 


= i = t. dE int,a 

“AT, TT, dt 
which leads to T, = 7). More generally, temperature is then constant within 
a medium at equilibrium. When, on the contrary, two particles have different 


temperatures, they do not make up a system at equilibrium; their state variables 
evolve over time and their total entropy increases. The preceding calculation 


then shows that 

1 1 \ dE; 

—-—)—™ +0 (2.94) 
T, Tp dt 


0 





(2.93) 








If, for example, Ty > Tp, dEint,a/dt < 0: there is a flux of internal energy 
from a to b which, according to (2.89) is written as dEjnt.q = TadSq. Both 
energy and entropy of particle a increase, whereas it is the opposite for b. In the 
absence of any other external influence, this process lasts until the two particles 
have the same temperature. The system comprising the two particles is then 
at thermodynamical equilibrium and both its internal energy and its entropy 
have reached their maximal values. This argument first shows that irreversible 
phenomena tend to make the quantities homogeneous in space over the time; 
this is an excessively irreversible mechanism which we will discuss again in 
Chapters 3 and 4. 

In the following, we will contemplate constant temperature systems, that is 
without heat exchanges (6Q = 0), and (2.91) becomes 


dEta + dEext.a = —TadSq <0 (2.95) 


A particle at thermodynamical equilibrium (dS = 0) will then have a constant 
energy. For a system of particles, it is noteworthy that the work of the internal 
forces still obeys the relation (1.248), which also yields 


F™ . dry = —TydSq (2.96) 
With (1.250), we also get 


dEint = > aE mt = > Tad Sa (2.97) 
a a 


For an isolated particle, we then have dEjnt.q = TadSq. Since the entropy 
naturally tends to increase, dS, should be positive and tends to make the 
internal energy increase to the detriment of the macroscopic kinetic energy, as 
we have already explained it. At the thermodynamical equilibrium, dS, = 0 
means that the internal energy remains unchanged. 


2.3.3 State equation 


We will keep discussing the thermodynamical properties of a large system; 
once again the particle labels a, b, and so on will be ignored. Pressure, as 
introduced in Section 1.5.4, probably depends on the root mean square velocity 
of the molecules as given by (2.71), that is on temperature; we will investigate 
the process. Internal energy ejn+, as we have seen, depends on entropy o and 
density o. The variables could be changed and ej,; could be expressed with 
respect to p and ~, or we could even, by inverting that relationship, seek the 
pressure in the form 


P =P (eint; P) (2.98) 


In the case of an isentropic mechanism, we have seen that the internal energy 
only depends on p, which allows us to write 


€int = int (P) 


P(p) 


Such a relation as (2.98) or (2.99) is known as the state equation of the 
fluid being studied.78 We will look for such a law under some hypotheses. For 
an isolated system being subject to an irreversible transformation, energy is 
constant, and so the relations (2.82) and (2.87) give us pdV = Td5S, that is 

T = 2.100 

Pt (2.100) 

In order to determine the dependence of entropy on volume, let us discuss the 

macroscopic probability density ® of the particle making up the system being 

investigated. We saw in Section 2.3.1 that the molecule distribution function 

is linked to energy E. For a gas without interactions, the potential energy 

being zero, this function may only depend on the molecule positions (since 

the kinetic energy and the internal energy do not depend on it). Through a 

simple probabilistic reasoning, we then may state that ® is proportional to 
v—Nm . Using definition (2.29), we find: 


(2.99) 


P 
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28Equation (2.99) is of the ‘barotropic’ type. 
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2° The steady turbulent flows will be similarly 
dealt with (on an average) in Chapter 4. 


30Tt has become obvious that we are gradu- 
ally coming closer to the formalism of con- 
tinuous media, to be discussed in Chapter 3. 


qs, dIn(@j)V—-%") 


= —KB 
dv av (2.101) 
= Nmkp 
V 
where ®po is a constant. Ultimately, (2.100) leads to 
kpT 
yang so (2.102) 
m 


(with, as explained earlier, n = N,,/V and p = mN,,/V). This state equation 
yields a positive pressure, as expected. We need to emphasize that this form is 
only valid for a perfect gas, that is without interactions between its molecules. 
We find that the root mean square molecular velocity, as given by (2.71), then 
becomes 


3 
aj (2.103) 


p 


Thus, pressure is a possible measurement of the molecular energy, as sug- 
gested by the discussions in the previous two sections, for instance by the 
equations (2.64) and (2.82). Formula (2.103) also confirms the invariance of 
pressure by Galilean transformation. 

Formula (2.102) can also be derived from equations (2.64), (2.65) and 
(2.66). This result may also be found from the virial theorem (1.87) applied to 
a fairly large ensemble of molecules 6 making up a particle a, as we are about 
to see. Assuming that the system will not significantly vary over a given period 
of time, the statistical average (2.4) may, indeed, be likened to a temporal 
average~’ analogous to the left-hand side of (1.87) (divided by the number 
Nm of molecules). Besides, it may be thought that the discrete sum occurring 
in the right-hand side of (1.87) is equivalent, in this case, to a volume integral: 





(&) =-— [ (es)-am (2.104) 


Q denoting the domain constituting the particle.*° In the case of a perfect gas 
(i.e. in the absence of collisions), the integral is reduced to a surface integral 
along the boundary of the particle, and the average force (i, comes down (per 
unit area) to the pressure loads — pn exerted along the domain boundaries. 
If the contemplated particle is small enough, it may be considered that its 
pressure is uniform. From definition (1.253), we can then write: 





~\ Pp : 
(é) = ae gr nar (2.105) 
dQ 


Through Gauss’ theorem, the surface integral is reduced to 


fr-nar= | divr dQ 
Q 


aQ 
(2.106) 
= / 3dQ 
Q 


=3V 


Putting together (2.65), (2.66), (2.105) and (2.106), we find again the rela- 
tion (2.102). 

Many equations of state are more suitable than the perfect gas simplistic 
law (2.102). Van der Wals (1873) suggests, for example, an alternative which 
is based on the idea that each molecule occupies a non-zero volume. More 
generally, one may intuitively feel that pressure should be an increasing func- 
tion of density. For some fluids, the following procedure can be applied. Let us 
consider the quantity 

K=- ae (2.107) 
dp 
known as the fluid incompressibility modulus. That modulus, indeed, measures 
the effect of density on pressure, that is it measures a change in volume. For a 
fluid with a rather stable density,*! this coefficient is then slowly variable too, 
and so it can be expanded into a first-order Taylor series in p: 


K =Ky+ yp +0(p’) (2.108) 


0 
Ko = (02) 
dp p=0 


(=) 
vy =(—— 
op p=0 


Only keeping the below first-order terms, the relation (2.108) is also written 
as 


with 


(2.109) 


Op 
p——yp—Ky=0 (2.110) 
dp 


It is a differential equation with respect to p (¢), whose solution is written 
as 
Ko 


= (2.111) 
Ky 


p(p) = Coe” 


where C is a constant. It can be noticed that pressure vanishes for a reference 


density po as given by 
1 
Ko \v 
=(— 2.112 
Po = (ce) ( ) 
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3! The conditions for incompressibility of a 
fluid will be discussed in Section 3.4.3 of 
Chapter 3. The next arguments are valid as 
long as the relative volume deviations do not 
exceed approx. 10%. 
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Density is then necessarily higher than p9. A common practice consists of 
putting c= (Ko/po)!/?. Inserting that relation and (2.112) into (2.111), we 
ultimately get the Tait (1888) state equation (see also Murnaghan, 1944): 





2 y 
poc p 
P(p) = (4) -1] (2.113) 
Y PO 
which yields, as expected, a positive pressure. Note that this equation yields 
a yd 
2a o( 2) (2.114) 
dp 0 


Still within the frame of an isotropic transformation, the relation (2.88) 
allows us to derive the internal energy of pressure (2.113), according to the 
density: 


Cint = Cte + i ade 


2 y-l 
Sg 4 ——— (4) +y-)-y» 
vy (vy —-1) | \po p 


where eg denotes the internal energy for p = po. The latter equation also 
allows us to express the internal energy as a function of pressure, through 
(2.113): 


(2.115) 


y-l 


ce ( oF - 1) 
Cint (P) = eo + vyie=l Po _ (2.116) 
+-9 (28 +1) = 
poc 


The physical significance of the presently introduced quantity c will appear 
in Chapter 3 (Section 3.4.3), and we will provide several values of it for 
common fluids (Table 3.2). We can, however, already achieve an interesting 
result in this respect. Relation (2.103) suggests, indeed, that (p/p)!/? is a 
magnitude of velocity u, characterizing the motion of molecules within the 
inertial frame of reference of the particle being studied. In such conditions, 
(2.113) shows that c accounts for another assessment of that quantity and that 
the order of magnitude of pressure is 





RIe 


p~ pe? (2:17) 


For most fluids, y is of the order of several units. It is considered that y = 7 
is a satisfactory value for water. From a physical point of view, the action of 
the state equation is as follows: when molecules come closer to each other to 
such an extent that density is locally increased, the growth of law (2.113) also 
results in a higher pressure. Pressure loads are then generated and drive the 
molecules away, which returns the fluid to a state where density remains close 
to its reference value ~o9. This phenomenon is all the more strong as c is higher, 
and is further increased by the comparatively high value of the superscript y. 
The fluid is then hardly compressible, according to the hypotheses. 


2.4 Dissipative systems 


In order to treat the case of macroscopic systems, we introduce the idea of 
kinetic coefficients, satisfying Onsager’s symmetry conditions. This concept 
leads to dissipative forces, since macroscopic energy is no longer conserved, as 
is proved. We apply these developments to the pendulum case, then to particle 
systems. The symmetry properties of space are used to write the more general 
mathematical form of particle friction. 


2.4.1 Kinetic coefficients 


The irreversible nature of the dynamics of large systems, as evidenced above, 
now incites us to contemplate the modelling of those processes accompanying 
that irreversibility. The remark made at the end of Section 2.2.3 allows us 
to see that the collective molecular motion affects the macroscopic motion 
(i.e. the average motion after Boltzmann). In other words, the macroscopic 
irreversibility of large systems should lead to the occurrence of processes 
which can be watched on a macroscopic scale, though they are caused by the 
microscopic motions. For additional features about the concepts developed in 
this section, the reader may refer to Espafiol (2003). 

We have highlighted the irreversibility of large system physics, which 
prompts us to conduct, as a first step, a deeper investigation into the recovery 
of the thermodynamical equilibrium. We first of all will examine some of 
the notions prevailing in the behaviour of a system tending to recover that 
equilibrium (e.g. a particle, but without using the label a). 

As in Section 1.4.2, we will initially gather all the parameters ({p;}, {gi}) 
characterizing the system under one notation X = {x;}, where the subscript i 
ranges from | to2N = 6N,,). At thermodynamical equilibrium, these parame- 
ters*? take values being denoted oe If the system is slightly out of equilibrium, 
entropy tends to increase in order to return it to equilibrium, and so the quan- 
tities & = x; — x change over time. Since the system is fully characterized 
by the x; (and hence by the &;), the variation rates & of these quantites depend 
upon the é; themselves, through the Hamilton equations. However, we consider 
the more general situation in which those equations determining the &; are 
unknown. The latter, of course, are zero at equilibrium. Besides, since the 
system is generally slowly evolving towards equilibrium, the & are low and 
can then be linearized with a good approximation: 


& = f ({}) 


aye (2.118) 
j 


This relation defines a matrix A (the ‘minus’ sign is used just as a conven- 
tion). In a matrix form, if € = X — Xo denotes the (2N-dimensioned) vector 
consisting of all the {&;}, one will write 


&=—-—AE (2.119) 
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to any quantity, provided that it is liable to 
change over time, that is by preventing the 
conservative quantities. 
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Besides, since entropy increased during that process, its variations according 
to the €; are undoubtedly important for the description of the return to equilib- 
rium. Still under the assumption of slow variations, we will expand entropy to 
the second order about its equilibrium value So and write 


1 
S= Sot+ S big 73 S > Byki; 
j bd (2.120) 


= So + bg — 587BE 


which defines a vector b and another matrix B, which can still be chosen as 
symmetrical. Then we find 


as 
—=b-B 2.121 
aE g ( ) 
Since entropy is constant at equilibrium (€ = 0), the vector b should be zero. 
We then introduce the quantities &; making up a vector as given by 


. as as 
gg ox (2.122) 
= BE 


(deriving with respect to either € or X will give the same result). It can be 
noticed that, apart from one factor, these quantities are thermodynamically 
conjugate to the &;, as understood from Section 1.5.4 in Chapter 1. This is 
because (2.95) makes it possible to write 

ld (Ex T Eext) 

2 = — 2.123 

T 0& ( ) 
to be compared with (1.262). Since equation (2.122) is linear, that conjugation 
relation is reciprocal. Ultimately, entropy is written as: 


1 
S = S — 58" BE 
; (2.124) 
== ke 
0-58 
Matrix B can then be seen as substantially positive-definite, and hence 
invertible, since entropy increases towards its equilibrium value Sp. The param- 


eter rate of variation can then be expressed in a linear way as a function of the 
conjugate parameters, using (2.119) and (2.122) : 


&=-AB"'E 
=-CE 
ag" 

ag 


The matrix coefficients Cj; given by 


(2.125) 


C= AB! (2.126) 


are known as kinetic coefficients with respect to the process being considered 
and do not depend on parameters &;. The rates of variation of the conjugate 
quantities obviously obey the same kind of law: 


= =Bé 
= —Dé (2.127) 
= —BCE 
with 
D=BA (2.128) 


From the elements above, we will now turn our attention to such statistical 
correlations as 


gi; (, 0”) = (& YE (¢)) (2.129) 


where t’ and t” are two arbitrary time points. The statistical average, which 
is denoted here by brackets, is defined over the whole system, that is by a 
formula analogous to (2.4); however, g is substituted for by the distribution of 
macroscopic probability ® of the whole system, since we are only interested 
in macroscopic states; thus, in this section for every quantity A, we will have: 


(A) = [ A(&) © (6) dé (2.130) 
E 


where {2¢ denotes the domain containing the values which the vector § may 
take. In a matrix form, (2.129) is written as 


g(t’, t”) = (& (r') @ & (¢”)) (2.131) 
The distribution function is given by (2.30). The relation (2.124) then yields 





= @exp (-=,878«) (2.132) 
B 


with © = exp(S/kg)/Nior (note it is closely related to the Maxwell— 
Boltzmann distribution (2.70) which characterizes a molecule; we will further 
discuss that point in the next section). Thus, coming back to the definition 
(2.130), the average value of a quantity A is written as 


1 
(A) = ef A (&) exp (-=-#78«) dé (2133) 
& 


Let us now work on the correlation tensor g from what has been written 
above. Since the laws of mechanics are time-invariant, these quantities will 
obviously only depend on t = ¢’ — t”, and then we have, through a translation 
of —t over the time: 
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33There is no sum over subscript i in the 
following formula. 


g (t) = (& (t) @ & (0)) 
= (E (0) @& (t))" 
= (& (-1) @& (0))" 


=" (-1) 


(2.134) 


In addition, according to an important law, the equations governing the 
motion of molecules do not vary through a time direction change. It does 
not mean, however, that parameters €; remain unaffected. Two cases occur, 
indeed, when swapping the time trajectory sign: the quantities &; may remain 
unchanged or their sign may change. The latter case happens particularly 
if & denotes a momentum component, the former if &; denotes a position 
component. Thus, we will generally write 


§ (-t) = 4&i © (2.135) 


with €; = +1. Hence we get gj; (—t) = €;€;@;i (¢), that is 


= - T 
(1) ® EO) =(E @EO) (2.136) 


where é is the vector of components”? €;é;. Deriving with respect to time and 
utilizing (2.125), we get: 


= - T 
(ICE (1 @ € (0) = ([CE ] BEO) (2.137) 
with © = €; G;. For t = 0, that yields 
C(z@8) =(Ze@é) Cc’ (2.138) 


where vectors € and & are considered at tf = 0 (we have used the fact that 
matrix C is statistically constant, since it does not depend upon &). Since 
the time point ¢ = O is arbitrarily chosen, relation (2.138) is valid at every 
point in time. We will now calculate the averages appearing in it through the 
distribution of probability of state of the system; with (2.122) and (2.133), we 
get: 


1 
(S es) = 08 | & @ & exp (-z. 878) as (2.139) 
& 


For calculating the second side of that equality, we will use a procedure as 
proposed by Landau and Lifshitz (1980). Let us introduce the following vector 
function: 


1 
re =0 [ gexr]- ey" BE-CEn] az 2.140) 
§ 


Integrating over the &; — (&;) rather than the &; is of no importance, since it 
is just a translation over an infinite domain of integration. We then simply get: 


1 
f((é)) =0 —~~—&"B )a 
(8) =0 [, Sex(—5,87BE) a8 a 


= () 


Let us now differentiate (2.140) with respect to (&) : 


of e 
eS ay AE B(é — 
© bs [eel (§ — (&))] 


0 
(2.142) 
x exp Ee (& — ())" B(é — | dé 
For (&) = 0, we get 
of © 1 

2%) = =| £ ® (BE) exp (-=.#78«) dé 

0 (8) kp Joe 2kp 
; (2.143) 

= — (€@&) 

B 


(using (2.122)). However, (2.141) shows that df/d (&) equals the identity 
matrix. Hence: 


(§ @ E) =kghy (2.144) 
Lastly, returning to (2.138), we find 
EjCij = €jCji (2.145) 


Matrix C is then either symmetric or antisymmetric in blocks, depending on 
whether the e; has the same sign or not. This result of symmetry of the kinetic 
coefficients C;; is known as Onsager’s theorem. Lastly, note that the relation 
(2.144), fitted with (2.122) and (2.126), also yields 


A (E @&) =kgC (2.146) 
We put henceforth 


1 
Qij = = iy (2.147) 


Matrix @ is then symmetric. By misuse of language, it is sometimes called 
matrix of kinetic coefficients instead of C. 

We are going to further discuss the case where all the e; are negative, as 
happens with the momentum components. We then have C = Ta, and matrix 
C is symmetric. Since energy only depends of momenta via kinetic energy, 
(2.123) is also written as 


1 OEx 
T 0g 
10H 
T ax 


DG) 


(2.148) 
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34 Hereinafter, the factor T is used by mere 
convention. 


With this equation, relation (2.125) is written as 


é =-Ta& 


ss (2.149) 
= a 


where H = E is energy. This equation gives the evolution of the isolated 
system (i.e. in the absence of external forces) upon its return to the ther- 
modynamical equilibrium. The right-hand side then represents new forces 
accompanying the return to equibrium, that is inherently irreversible forces. 
In the general case of an ordinary system, these forces are exerted in addition 
to the internal and external forces, as set out in the next sections. 

A major consequence of Onsager’s theorem (2.145) is that relation (2.125) 





may also be written as** 
: 1oF 
=-= 2.150 
$ T 08 ( ) 
with 
T 
F+—8'CE 
2 
= see (2.151) 
1 


—_(7R)!r = 
=, US) a (TS) 


(we have successively used used the relations (2.122), (2.126) and (2.128), 
as well as the properties of symmetry of matrices C and B and the definition 
(2.147)). In the relation consisting of the first line of (2.151), the antisymmetric 
components of C and D play no part, whereas the symmetric components 
make up a positive definite sub-matrix. To demonstrate it, we can observe that 
function F immediately gives the variation of entropy of the system, owing to 
(2.122) and (2.125): 


dS _as . 
jf =f sk 
dt ag 
mT ¢ 
=-TS§ (2.152) 
=TE'CE 
—2F 


Matrix a is then positive definite. Relation (2.95) specifies that 2F also 
corresponds to the dissipation of the macroscopic energy Ex + Eext: 
d(Ex+ Best) __ 48 
dt dt (2.153) 
=-—2F 
From a macroscopic point of view, the forces occurring in the right-hand 


side of (2.149) are then dissipative, unlike the conservative forces as introduced 
in Chapter 1. In addition, it should be pointed out that, in Chapter 1, it appeared 


that the property of conservation of energy directly stemmed from the invariant 
nature of the laws of mechanics with respect to time. Thus, the inherently 
irreversible process of increase of entropy logically involves to some extent 
a non-compliance with the conservation of energy.*> We will provide further 
details about this mechanism in the next Sections. 

The calculations we have made in this section regard, as we have said, 
the microscopic quantities X = ({p;}, {gi}). Identical developments could be 
made with the macroscopic quantities (X) = ({P;}, {Q;}), that is averaged 
quantities as per Boltzmann (refer to the end of Section 2.2.1). All the results 
which we achieved in this paragraph would then remain unchanged, except for 
one detail: since mean parameters are considered, it happens that the kinetic 
coefficients depend on the mean generalized positions, as in the calculation 
made in Section 1.3.3 to determine the kinetic energy (1.62) of a compound 
object: 


aij = Oj; {Qk}) (2.154) 


2.4.2 Dissipative forces 


In order to go deeper into the conclusions of the previous section, let us now 
resume the Hamilton equations (1.89). We will show that they fall within the 
general scope we have just described, in the case of a system without internal 
forces. In this case, the Hamiltonian H equals the macroscopic energy Ex + 
Eex;. Using relation (2.95), the Hamilton equations are also written as: 


: as 
pi = T— 

oi (2.155) 
1 ah , 
ae ODi 


(here we substitute an indicial formalism for the tensor form of equations, for 
better highlighting the separation of the parameters into two groups: momenta 
and coordinates, i.e. € = ({p;}, {qi}) = X). These equations are then written 
like (2.125), with two series of &;: 


Ep; = Pi, bg; = qi 


as as (2.156) 
Pi — = 


G) 
| 
| 

G) 
| 
| 


We have the case where the sign of the first series of parameters changes 
through a time reversal (momenta, €», = —1), whereas the second series is 
unchanged (positions, €g, = 1). We notice that where the parameters character- 
ize a molecule (i.e. ({ pi}, {gi}) = (Dy, Ty); their thermodynamicaly conjugate 
quantities are given by 
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a microscopic scale, energy is actually con- 
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oR, Tap, — mT 


ty 


J (2.157) 
OS 1 dE: went 





ei. F Oy © % 

The momenta then occur as the conjugate quantities of the coordinates, in 
compliance with what has already been stated in Sections 1.4.1 and 1.5.4 in 
Chapter 1. The probability density (2.132) is then written as 


OG 


= 1 2 
® (§) = Oexp -aD (By Ep, + Fa =| 


(2.158) 





1 
= @exp| ——_ oe 
oo 2keT & ( “0 


In the case of a field of external forces with such a central harmonic potential 
as (1.44), the forces take a form analogous to (1.57) and we find once again the 
Maxwell—Boltzmann distribution (2.49) for the whole system. 

Let us resume the general case. Equations (2.155) are then rearranged as 


Pi = — a Cpiq; 2a; 
7 








(2.159) 
ia > Cai p; Ep; 
j 
with 
Cpipj = Caig; = 9 
: : (2.160) 
Coigg = —Caipj = T5ij 
The increase of entropy is then given by (2.152) : 
dS ; : 
ae 2 (Sp .8); ale Bq:&qi) 
i 
qi. Pi. (2.161) 
= Pi + is) 
dX (2! Pi Coigi 


l 
=0 


(we have advantageously utilized (2.156), (2.159) and (2.160)). This is due 
to the fact that matrix C is not symmetric positive definite here, because of 
the negative «. Within a microscopic context, where the parameters repre- 
sent the molecules, entropy is then a conserved quantity, which is consistent 
with the fact that it represents a purely macroscopic quantity, as defined from 
average probability densities, in accordance with (2.29). As demonstrated by 
that calculation, the increase of entropy cannot be accurately modelled from 
the Hamilton equations, which is quite normal. We must remember, indeed, 
that the latter lead to Liouville’s theorem, then to the Hamilton equation 
without collisions (2.18), which conserves entropy. As regards the collisions, 


they alter the molecule velocities; thus, on a macroscopic scale, they generate 
dissipative forces which consequently cannot fall within the scope of the 
previously discussed Hamilton equations. 

Let us now consider the case of a particle (i.e. ({pi}, {gi}) = (Py. Va)) for 
which the irreversible effects would be ignored. Equations (2.157) and (2.159) 
are then identically applied and yield 


. 1 
Pa = T > Coan Fo" 
b 
i (2.162) 
Tq a Fe dX Cy, p,Ua 


where the Cy,p, and Cp y, are 3 x 3 matrices. Taking the definitions (1.99) 
and (1.100) in Section 1.4.2 into account, these equations are also written in 
the form of a matrix: 


. 1 03 C oH 
X=s Path | —_ 2.163 
| ae dX le. 03 ) 0Xq ( ) 


This corresponds to equation (1.101), if we put 
Cp,r, = —Crap, = TSavls (2.164) 


Taking (2.147) into account, the matrix w of those kinetic coefficients occur- 
ring in (2.163) is then likened to —@.5. The conservation of entropy (2.161) is 
then still valid. Since the matrix « = —@¢ is asymmetric, indeed, it cannot be 
positive definite. 

In order to build a model reflecting the second law of thermodynamics, we 
must adopt another approach. As is well known, we may consider that the 
transition from the microscopic level (molecules) to the macroscopic level 
(thermodynamical system) takes place by looking at the mean values. As 
suggested in Section 2.4.1, the kinetic energy is then dissipated via new forces. 
Besides, the discussions in Chapter | have illustrated the conservation of 
energy as an effect of the fact that the elementary forces originate from a 
potential function. We then have to acknowledge that the dissipative forces 
are not yielded by a potential function. The calculation (1.253) asserts that the 
pressure loads, being conservative, are orthogonal to the surface onto which 
they are exerted. The presently introduced forces cannot be studied via a 
potential because they exert friction forces which are non-orthogonal to the 
surface on which they act.*° 

Taking the previous observations into account, the friction forces can be 
investigated within the frame of the formalism we have just introduced, by 
reasoning as follows. In the very broad case of a system being defined by its 
generalized parameters, we will henceforth consider the average (i.e. macro- 
scopic parameters ({P;}, {Q;}) (refer to the end of Section 2.2.1), with relations 
analogous to (2.156) and (2.157). In particular, we have 


&p, = P; 
‘ (2.165) 


p= Fei 
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37Here can be noticed one of the unpleasant 
consequences of not having made the units 
of both momenta and coordinates homoge- 
neous: the Cp, p; are not homogeneous with 


the CP,Q;- 


38 As a first approximation, the linearity of 
these terms is also suggested by the exam- 
ination of the Boltzmann equation with the 
collision terms (refer, for example, to Landau 
and Lifshitz, 1980). We will discuss that mat- 
ter again in Chapter 3. 


because, in the case of molecules, (2.157) yields =p, = Pilg. We must from 
now on add additional forces to the right-hand side in the Hamilton equa- 
tion (2.155). However, the second set of equations making up the definition of 
the generalized momenta should not be modified. Only the first set of equations 
(equations of motion) will be changed. The calculation (2.161) shows that 
the conservation of entropy results from the absence of diagonal terms in the 
matrix of the kinetic coefficients (2.159), that is of non-zero terms C p, P; 37 As 
in the previous section, the dissipative forces will then be seen as linear terms*® 
with respect to the quantities Gp: 


P; ==) Cro, 20, — > CrP, Bp, 
J J 


os 1 : 
=T -= Cp.p.O; 
10, T : P,P; Qj 


(2.166) 





now with non-zero coefficients Cp, P;> which modifies the Hamilton equations. 

This is because the generalized friction forces, which will hereinafter be 
diss + 4 diss ph; : 7 aaa 7 

denoted F; (the superscript highlights their dissipative nature), appear 

on the right-hand side: 


, 1 : 
ps a = > Cp, P; Qj; (2.167) 
Jj 


We will note aj; = Cp, P; /T, these parameters serving as kinetic coeffi- 
cients for the friction phenomenon, in accordance with the general relation 
(2.147). The matrix a of coefficients a; is then N x N-dimensional. In the 
equation governing Q;, no new term appears with respect to the non-dissipative 
case, which means that the Co,g j is zero. Lastly, the matrix C will from now 
on be written as 


_ a On 
C=T ia 7 (2.168) 


As shown by formula (2.154), we must consider that the kinetic coefficients 
depend on the average generalized coordinates {Q,}. With (2.165) and (2.168), 
we can write (2.167) as follows: 


F fis — — Sa; {Ox}) 9; (2.169) 
J 


consistently with (2.149). The a;; verifies Onsager’s theorem (2.145): 
a ji = aij (2.170) 


because the €,, have the same sign. The dissipative forces depend on the 
generalized momenta, as expected. They can be arranged in a form analogous 
to (2.150): 


diss __ 


OF 


— 2.171 
dQ; ‘ 


where F is a quadratic form as given by 
1 a 
t=] 2, oj ({Ox}) iO; (2.172) 
ij 


by analogy with (2.151). As regards Lagrange’s equation of motion (1.65), it 
becomes 


dP; 











Vi, = Cp ae 
te (2.173) 
380; ad; 


the (conservative) forces Ff°"* playing the part of the forces derived from a 
potential, which were introduced in Chapter 1. 

Let us now resume the calculation (2.161) of the evolution of entropy with 
the dissipative forces. Only the contribution — & pé Pp, Now persists and yields: 


dS 1 . 
Wp eee 
i 


1 ar 
= a pee 0; 


l 
1 OF . 
=F dX 90,2" 
2F 
rr 
owing to the quadratic nature of F, and in accordance with (2.152). This 
formula indicates that w is positive definite, and so F is strictly positive in 
the presence of dissipative forces, making entropy increase as expected. That 
increase is accompanied, of course, by a decrease of the macroscopic energy, 
as mentioned in Section 2.4.1. The calculation as given at the beginning of 
Section 1.4.1 is, indeed, modified, which leads to 
d (Ex + Eext) a 
dt - 


(2.174) 


6 23 dL 
d (PGi + P;Qi) — a 


l 


=-) 0. (2.175) 
= 00; I ; 


= » pe 0; 
i 


which shows that the power of the generalized friction forces accounts for the 
loss of energy. Because of the quadratic nature of F, we may infer 
d (Ex + Eext) _ 
dt 


and the macroscopic energy decreases over time in accordance with (2.153). 
The friction forces being introduced here are then seemingly non-compliant 





oR (2.176) 
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39 The calculation of the friction force exerted 
by a fluid on a rigid body will be examined in 
Chapter 3, Section 3.4.3. 


40The Galilean invariance (Section 1.2.1) is 
at the core of this argument. 


with the law of conservation of energy. This is because the formalism we 
use in this section does not involve any internal energy, since it theoretically 
recovers the dissipated macroscopic energy. Formula (2.174) shows, indeed, 
that the right-hand side of (2.176) corresponds, in accordance with (2.152), to 
—TdS/dt, that is to the flux of internal energy coming from the macroscopic 
energy under the action of the irreversible processes. We will discuss, in the 
next section, the case of a particle system in which the evolution of the internal 
energy will make it possible to formally recover the conservation of total 
energy. 

An elementary example of the application of these principles can be given 
in the case of the pendulum as set out in Section 1.4.4. The friction which 
ambient air*? necessarily imparts to it accounts for a resistance force taking, 
by analogy with (2.169), the form F4'’’ = —6. Thus, the equation of motion 
(1.153) now takes the following form: 


me?6 = —mgt sind — a6 (2.177) 


Since we have here only one degree of freedom, the positive definite matrix 
aj; is reduced to a scalar a > 0 serving as a single kinetic coefficient. The 
amount of energy dissipated in the course of time can easily be derived from 
(2.177) by means of a calculation generalizing (1.159), but it suffices to call 
upon the equations (2.172) and (2.176) to immediately get: 


dE 
dt 
This is a damped or dissipative pendulum, which is more realistic than the 


simple model of Section 1.4.4. We will discuss some of its consequences in 
Chapter 4 (Section 4.2.1). 


= —aé” (2.178) 


2.4.3 Particle friction 


In order to utilize the arguments of the previous section in the case of a 
particle system, we apply the achieved results to the case in which the average 
parameters represent the particle positions and momenta, that is ({P;}, {Q;}) = 
({p,}, {a}). We can observe, however, that the fricion forces do not depend on 
the absolute velocities, but upon velocity discrepancies among particles, since 
no friction occurs in an ensemble of particles moving about with a uniform 
velocity.*° Thus, the friction force received by particle a is written as: 


Fa ({up}) = —)_eap ({tc}) Wad (2.179) 
b#a 
with 
Ugh = Ug — Up (2.180) 


Quantities «,, are now three-dimensional positive definite matrices serving 
as the kinetic coefficients. The subscripts a and b do not represent their 
matrix subscripts, but labels attached to the particles, as in Section 1.4.1, 
equation (1.80). Onsager’s symmetry here imposes two relations : 


Map = Mab (2.181) 
Hab = Lha 


The first line of (2.181) strictly results from the discussion in Section 2.4.1, 
whereas the second line has a simple interpretation. Since the friction forces 
result from macroscopic complications of some microscopic phenomena, they 
originate from mechanisms which obey the law of conservation of momentum. 
Now, unlike energy, the latter is always additive, and so the macroscopic 
resultant Rees of these phenomena should verify that principle too. Thus, 
the kinetic matrices agp verify the relation agpUgp = —OpqUpa, ie., since 
Upa = —Ughb, Mab = Opa, in accordance with (2.181). It can then be seen that 
the dissipation force is written as a sum of individual contributions, like (1.259) 


for the conservative forces:*! 
=) (2.182) 
b 
with a local law of action and reaction: 
ae 
Fe. = —apah 
x (2.183) 
_ iss 
= =F 


In particular, F“/8S, = 0, which is consistent with the fact that the sum 
(2.179) only extends over those particles b which differ from a. The depen- 
dence of kinetic matrices agp upon positions {r,} can only imply particles 
a and b involved in the friction process being studied, which means that 
ab = Cab (Ta, Yp). Besides, it is obvious, for reasons of translational spatial 
invariance, that these two position vectors can only act through the inter- 
particle vector rgp = fq — rp. Thus, the friction force can be formulated in 
a form which is similar to (2.171): 
OF 


Fis = —gp (Fab) Ugh = ——— (2.184) 
Ug 


where 


1 
F= pa Mate (Fab) Uab (2.185) 
a D 


has been defined.42 


The definite positiveness of the kinetic matrices then provides for the posi- 
tiveness of F. The equation of motion (1.240) becomes henceforth 





Was Ps = Fi" 4 pees he 
=> (Fine + FSS) + FS" (2.186) 
b 


OE int,a OF 0 Eext 
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41 The summation may be formally extended 
to all the particles b, since Ugq = 0. 


The symmetry of quantities «gp in relation 
to subscripts a and b plays a major role in this 
arrangement. 
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The dissipative force power is calculated from (2.184) and (2.185): 


diss 
x, Fy “Ug = ae Gab (Tab) Wab * Ua 
a a#b 


1 
= ae U2 ,@ab (Fab) Wab (2.187) 


2 
a#b 
=-—F 


(we have split the third line term into a couple of identical contributions, then 
changed the dummy subscripts in one of these resulting two terms; lastly, we 
have taken advantage of the properties of symmetry of the various quantities). 
Relation (2.187) differs from (2.176) by a factor of 2, which is due to the fact 
that (2.179) is based on velocity differences, not on such absolute velocities as 
in (2.169). An analogous calculation will obviously change (2.174) for 


dS F 
oe ne 2.188 
dt T ( ) 


We also may introduce the macroscopic dissipation of particle a, verifying 





dS, 1 
Ta a a 2 » uw) ab (Tap) Uap 
bAa 
see, (2.189) 
= Fy 


With (2.189), the internal energy balance (2.97) will, of course, become: 


dEint dis: 
it = Rt uy = F (2.190) 


a 


Equation (2.190) shows that the total internal energy increases, under the 
effect of the irreversible processes, by an amount F > 0. We may also write 
the variation of internal energy of a given particle as: 


dE int,a 


1 
Fn = 7 Da Nab ab (ar) Wa = Fa (2.191) 


b#a 


The law of evolution of total energy (for an isolated system) may be applied 
as in (2.175), except that the internal energy evolves as per formula (2.90). 
Using (1.247), (2.186), (2.90) and (2.188), we get: 


dE dwfl_, 
ae = at - q ata =e Eint,a ail Fext.a 


dg dEint a dE ext a 
= . : : 2.192 
> (me oe ) (2.192) 

















dt dt 


dV, dS, 


=0 


’ ’ ; dV, d§ 
= i | (ee ate res ae Fe") ‘ty = Be a eg a Ee . w.| 
a 


(the last terms cancel each other owing to (1.264) and (2.189)). The macro- 
scopic friction forces then represent a model reflecting the flux of macroscopic 
energy towards internal energy, under the action of processes accounting for 
the increase of entropy. 

Relation (1.243) is obviously still valid here, all the forces Fi” + F@*! + 
pe taking part in the variation of kinetic energy through their respective 
powers: 


dE, . 
7; = EP iy a ~~ Re Stig ats a pee Ud 
a a a 


= pin = pet _F 


(2.193) 


Thus, the kinetic energy loses the amount F which is recovered by the 
internal energy, according to what was said above. 

Let us go deeper into the form which the kinetic matrices should take. We 
have seen that the friction forces verify the action and reaction principle which 
is closely related to the momentum additivity. Since the angular momentum 
has the same property, it should immediately be inferred that the friction forces 
should verify the law of conservation of total motion, that is that the moment 
of the forces should change its sign when the particle labels are swapped: 


be Yq X (@abUab) = — + X (@palba) (2.194) 
a#b a#b 
or else, using the previously established properties of symmetry: 
Y "rab X (arab) = 0 (2.195) 
a#b 


This is only possible if wgpUgp is aligned with rgp, hence if there is a scalar 
quantity Bap which is symmetric with respect to subscripts a and b such that 
CabUgh = Bab¥ap. Moreover, 6g, should be a scalar linearly depending on ugp, 
that is a value in the form Bap = Yap - Ugh, Where y,, is an asymmetric vector 
with respect to the subscripts a and b, depending on rgp like agp. The latter 
argument corresponds to 


ab Cab) = Tab ® Yab (Tap) 
(2.196) 


Yba (Tap) =—Vab (Yap) 


and yields 


= ~ (Vig? Unb) Ran (2.197) 
b#a 
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Formula (2.197) does not yet possess all the required properties for a phys- 
ically sound particle friction law. In particular, the matrices wp as given by 
(2.196) do not satisfy the first property of (2.181). For a deeper insight into 
this question, let us now temporarily consider a set of particles making up an 
isolated system, that is at thermodynamical equilibrium. Both its total linear 
and angular momentum are conserved, whereas its entropy is maximal. Let 
us refer to the inertial frame of reference, so that energy only comes down to 
internal energy (Section 1.5.3). We should then maximize the entropy of the 
whole system as 


S= S (Eint) 
= S(E — Ex) 


3, 
[P.| 
=S{E- —— 
(e-y e 
a 
The calculation of minimum, however, should be carried out under the 
constraints of conservation of momenta (Section 1.4.3): 


> be=F 
a 


> ta X py =M 
a 


To that purpose, we will use the Lagrange multiplier technique as introduced 
in Section 1.2.4, which here consists of minimizing not S (Ejn;) but the value 


(2.198) 


(2.199) 


S({p,}, 4, B) =S (« - dX 2) 


(2.200) 
+A- (xe. -F) —B. (re. «,-M) 


where A and B are unknown auxiliary vectors representing the multipliers 
associated with the constraints (2.199). In accordance with what was said at 
the end of Section 1.2.4, we may recall that the value occurring in the right- 
hand side duly equals S, since the additive terms are zero according to (2.199). 
Besides, deriving (2.200) with respect to A and B will restore both desired 
constraints (2.199). In that form, S is a function of the particle momenta; 
deriving with respect to p, gives 
as dS p, 


oY hh 2.201 
i: df, °° ee 





Since the system is isolated, there is no heat exchange with the outside, 
and thend E = —pdV + TdS, which yields 0S/0E = 1/T. By cancelling the 
expression (2.201), we find that the velocity of each particle is written as 


u, = ©! =T(A+Bxr,) (2.202) 


Ma 


This is a motion of a rigid body, according to equation (1.191). Now, energy 
is constant at equilibrium, then dissipation vanishes. We can conclude that 
no friction should occur within the velocity field (2.202), which is consistent 
with intuition (friction has completed its dissipative work by homogenizing 
the velocities to achieve the rigid rotation state).47 Thus, another condition 
should be prescribed on the friction forces, namely force vanishing for a 
global rotation of the particle system, that is for a velocity distribution in the 
form ug = V + Q x rg, where V (= TA) and Q (= TB) are arbitrary vectors, 
which gives Ugp = & X Yap (eqn (1.193)). That condition will be satisfied it, 
and only if 


V2, [Yan (2X rav)| ran = 0 (2.203) 
b#a 


Using the mathematical properties of the mixed product and the ten- 
sors, the term under the summation symbol is rearranged in the form 
[rab ® (tab X Ygp)| &. Condition (2.203) can then only be used again if the 
Yap are aligned with rap, so that there are coefficients yyy = Ypq each of 
which depends on rgj, and such that y,, = YabYab. Besides, for reasons of 
isotropy, Yap can only depend on the distance rg,. Thus, the kinetic matrices 
are ultimately written as 


Gab (Tab) = Yab (ab) ab @ Vab (2.204) 
which yields 
Fa? = — > vab ab) ab * Fab) Fab (2.205) 
b#a 


and the first symmetry of (2.181) is satisfied. Henceforth, the dissipation 
function is written as 


1 
F=5 dX Vab (Tab) (Mab * Fab)” (2.206) 
a D 


A zero dissipation in the case of a rigid rotation (Ugp - Trap = 0, after (1.194)) 
is found again. It can be seen, however, that the friction force Rs exerted 
by 5 on a is aligned with rgpy, contrary to the intuition that it would have 
to be aligned with ugp (as will be explained when we deal with continuous 
media in Chapter 3). The latter case would correspond to kinetic matrices 
which would be proportional to identity, but it would not satisfy the law of 
conservation of angular momentum. It should be pointed out that dissipation 
occurs, through the equations (2.185) and (2.206), as a quadratic function of 
the velocity differences, as in the previous paragraph. Coefficients yg, should 
be strictly positive in order to provide the definite positiveness of the kinetic 
matrices &,,. They may depend on such local thermodynamical properties of 
the particles as their temperatures. 
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BThis is only possible, of course, if there is 
no external influence, that is especially in the 
absence of walls imposing a friction condi- 
tion (refer to Chapter 3). 


“4 That dependence will appear through the 
notion of viscosity, a quantity to be defined 
in Chapter 3. 
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2.5 Further considerations on dissipation 


We further develop the ideas of the last section to deduce a more general 
form of Hamilton equations, for the case of non-conservative systems, on 
the basis of entropy. This is illustrated with the dissipative pendulum case. 
The idea of mirror systems is then introduced to build an elegant framework 
for irreversible processes. Eventually, we investigate the effects of thermody- 
namical fluctuations through the Langevin and Fokker—Planck equations, in a 
stochastic formalism. 


2.5.1 Dissipative Hamilton equations 


We want to apply the concepts of Section 1.4.2 in Chapter | to the more 
general case of a system which is subject to conservative and dissipative forces. 
The number of degrees of freedom being equal to 2N, we will denote those 
kinetic matrices defined in Section 2.4.1 as Coy and a2,,, echoing in this way 
the matrix Q2y introduced in Section 1.4.2. (1.105) can then be generalized 
by summing the dissipative forces (2.149), remembering that € = X — Xo 
represents the deviation of the system parameters at equilibrium, which gives 
& =X. We get 

X= Qoy = + Con - 


~ a (2.207) 


oH 
= (Qoy — aN) aX 


where X is defined as in (1.104), but from averages ({P;}, {Q;}) (Espafiol, 
2007). As set out in Chapter 1, the first term in the right-hand side corresponds 
to forces satisfying the law of conservation of energy. As stated above, the 
second term can be seen as forces verifying the entropy growth principle. 
Ottinger and Grmela (1997) show it is the most general formulation allowing 
us to satisfy these two principles, 22, being asymmetric whereas Czy and a2y 
are symmetric positive-definite. The meanings of these matrices are quite dif- 
ferent, the former reflecting a reversible dynamics whereas the latter represent 
a mechanism which is irreversible on a macroscopic scale. 

We may recall that the initially contemplated molecule system is governed 
by the Hamilton equations (Section 1.4.2) and Liouville’s theorem (Sec- 
tion 2.2.2), which express the conservation of energy and volume in the phase 
space (or of the probability density), on a microscopic scale. Nevertheless, if 
we contemplate particle systems which no longer obey the conservation of 
macroscopic energy, and whose macroscopic probability densities vary, then 
these two theorems become wrong on that scale. A ‘macroscopic’ phase space 
may be associated with the parameters ({P;}, {Q;}), and the system may be 
described in it using amended Hamilton equations, in order to take into account 
the dissipative effect induced by the statistical viewpoint on a macroscopic 
scale. Thus, we return to the Hamilton equations, providing them with the 
above calculated friction forces, in order to update the arguments given in 
Section 1.4.1. The calculation (1.88) becomes: 
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OL : : OF 
an = Fears Youn — (A+ 55 Jaa, (2.208) 


i 


(note that, by dividing that equation by dt and considering the case of an 
isolated system (0L/dt = 0), (2.175) would immediately be recovered with 
H = Ex + Eext). The Hamilton equations (1.89) are presently rearranged in 
the following macroscopic form: 


dH aL 
ott 
dH. 
cm (2.209) 


0H . OF 


0: | «8G; 


They are then unchanged, except for the equations of motion (the third set 
of equations), according to the dissipative Lagrange equation (2.173). We may 
notice that the dissipative forces (2.169) (or (2.171)) are also written as 








oF 
dQ; 





0H 
= —) 7 aij (OW a5 (2.210) 
i ; 


By analogy with (1.105), the system (2.209) may also be written in a matrix 
form: 


. . OH 
X= yy —_ (2.211) 
ax 


where Q5y isa2N x 2N matrix as given by: 


= —a ({Qx}) —Iy 
Qoy = = Qon — aN (2.212) 
Iy On 


where a is the N x N matrix whose coefficients are the aj;;, #2 = Coy /T 
being defined as in (2.168). As expected, equations (2.211) and (2.212) are 
identical to (2.207). The non-conservation of the macroscopic energy explicitly 
appears in this formulation. Matrix Q2),, indeed, does not obey the property of 
skew-symmetry (1.94), since that would come down to the skew-symmetry 
of w. With the relation (2.170), the matrix a would then be zero and could not 
be positive definite (we made a similar observation in Section 2.4.2 in the case 
of a particle system). Thus, the calculation (1.107) is altered to give 


dH dH\'’— dH 
ge Qo) — 
dt ax ax 


oH 0H 
= — Dap oii (Qe) a5 (2.213) 
i,j L J 
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=—) aij (Ox) 0:0; 
i,j 
=-—2F 
(we have used the second equation of the system (2.209)). The energy dissi- 
pation rate (2.176) is, indeed found again. Here, however, dissipation seems to 
be applied to the total energy, and not to the mere macroscopic energy. This 
is because we have omitted the internal energy and its dependence on entropy. 


We will then more accurately reformulate the preceding principles, referring 
to the notations of Section 1.5.4. From now on, the Hamiltonian is written as 


[Pal 


2ma 


A ({Pa}. {Va}, {ea}, {oa}, t) = a 
+ Y> maeint.a(Pa» Oa) (2.214) 
=e > Eext (fa, t) 


The state vector (1.266) now possesses an additional state variable, namely 
the specific entropy, and we will differentiate it using the notation Zy: 


ee (2.215) 


Relations (2.73) and (2.88) show that the derivative of the Hamiltonian 
(2.214) with respect to entropy equals 


oH 


00a 





= maT, (2.216) 


Thus, the energy with respect to the state vector, that is (1.270), becomes 
Ua 


int ext 
=F, _ Ey 


= (2.217) 
OZa VaPa 


Pa 
Mala 





and the Hamilton equations (1.269) should be altered. To that purpose, we 
note that the spatial derivatives of entropy should be added to the term (1.267). 
Afterwards, we must add the dissipative forces to the equation of motion (with 
respect to p,). Lastly, we use (2.189) to write an equation for the temporal 
derivative 6, of entropy, by adding a term caused by the motion of particles, 
as we did for density in (1.268). Taking (2.216) and (2.217) into account, we 
find 
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: 0H dep 0H do, 0H 
Va, i= »( Pb ap b ) 
b 











Org OYa OPp OFg 00h 
a 1 piss OF 
Mala 00a 
... 0H 
t= op, (2.218) 
—— 00g OH 
pa oe, Opp 


b 





aoe dou 8H 1 palsy OH 
: dr, Op, Mala “ Op, 


This system takes the following matrix form, which is analogous to (1.271), 
but includes the dissipative forces like (2.207): 


; dH 
Va, Zq = »- (@8) ab va (2.219) 
b 


where a 8 x 8 matrix has been defined by 











a 
(el tet —2 =H, 
Org 
dab [13] [03] 0 0 
(@8)ab = ao, \7 (2.220) 
(~) 0” 0 0 
orp 
BI 07 0 0 
with 
00a Sab di 
= = Féiss 2091 
et orp Mala ¢ ( ) 


This matrix may be compared to (@7),,, as defined by (1.272) for the case 
without any variation of entropy. Owing to the fact that 6, vanishes if a 4 b, 
the term F¢'** may be substituted for F4'**, and so that matrix verifies the 
property (@g)pq = — (@s)1,, which implies the conservation of total energy, 
the lost kinetic energy being recovered in the form of internal energy. 

Let us now consider what Liouville’s theorem becomes in that formal- 
ism, first returning to the generalized notations. As explained at the end of 
Section 2.2.2, the macroscopic probability changes over time along with 
entropy. The calculation (2.9), applied to the macroscopic system’s probability 
density, now gives 


1d® a°H a°F a°H 
= > ( ae ) (2.222) 
i 





® dt dPi0Q; 9P,dO; 9Q;0P; 
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= =a am 5d; (2.223) 


that is taking the form (2.172) of F into account: 


1d® OQ; j ({Qx}) QO; 
dt aa aP; 
(2.224) 
= agdenie 8 = 


ij 


dP;0P; 


(we may recall that the derivatives with respect to P; are made with a constant 
Q; in the phase space). Through formula (1.77) we can conclude: 





a" =T (2.225) 
OP)AP; . 
which yields 
1d® 
® dt a 


where the matrices are here of the N-th order, N being the number of particles. 
Now, the trace of the product of two positive definite matrices is strictly 
positive. Thus, ® increases over time. The variation of volume V in the 
macroscopic phase space (refer to eqn (1.255), as well as eqn (3.20) of Chapter 


3, for the analogy with the real continua), is given by 


1 dV 1d® 
ae (2.227) 
V dt ® dt 


We may recall that, in the absence of dissipative terms, equation (2.9) shows 
that the probability density ® in the phase space, acting as a density, remains 
constant, and so the ‘volumes’ V are constant in it, as illustrated by Fig. 2.1. 
In contrast, the dissipative term reduces the volumes V in the macroscopic 
quantity phase space so much faster as the dissipation of energy is higher, 
which is the dissipative Liouville theorem. This is because as the system takes 
more and more disordered—that is more and more probable—configurations, 
the number NV (@) of microscopic configurations corresponding to the current 
macroscopic configuration increases, which increases entropy (eqn (2.29)) and 
probability 2 (eqn (2.30)). 

In order to illustrate this result, let us resume the case of the simple dissipa- 
tive pendulum as set out at the end of Section 2.4.2. In the case of the small 
oscillations (sin@ * 0, voir § 1.4.4), the equation of motion (2.177) can be 
solved analytically, since it becomes linear: 


me-6 = —mgl — 06 (2.228) 
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We can observe that the system’s equations are then written, in a non- 
dimensional form (refer to definition (1.174)), as: 


x 25 Cy . o) xt (2.229) 


This arrangement may be compared with (2.212). A solution in the follow- 
ing form is sought 


6 = O exp (iwt + ~) (2.230) 


By injecting (2.230) into (2.228), we get the following characteristic equa- 
tion: 


2. @ &§ 


We will consider the case where the friction is comparatively moderate, i.e. 
verifies 


a <2m,/ 903 =2A (2.232) 


where A is defined by (1.162). In this case, the solution* of (2.231) is written 


as 
ee a ee oe 
OVE ioe) Tne (2.233) 


=a, +i 


which defines @, and w2, both of them being positive. In the frictionless 
case (a = 0), we find w; = wo, in accordance with (1.154). Referring to the 
notations in Section 1.4.4 (eqns (1.160) and (1.162)), the system’s components 
in the phase space are the following: 


D = —A06 exp (—@2f) sin (i@1t + ¢) 
(2.234) 
q = % exp (—a@2t) cos (iwit + ¢) 


which gives again (1.168) in the frictionless case (w2 = 0, @1 = wo). Thus, 
we find a dampened oscillatory motion.*© The first line of (1.175) is still valid, 
with a transformation matrix which is now given by 


ee: 
wt (1+) = exp (-2rt) Cc. a ) (2.235) 


o| sintt cost? 





provided that t* = @ t is put, which gives again (1.173) in the frictionless 
case. 

The fact that the volumes of the macroscopic phase space decrease over 
time is illustrated by the calculation of the determinant in (2.235), from the 
equation (2.12) and the definition (2.233) of wo: 


45 There are, of course, two solutions, which 
only differ from one another by the sign 
before the radical, determinating the pendu- 
lum’s direction of rotation. Here we will arbi- 
trarily adopt the positive sign. 


461f the relation (2.232) was not satisfied, it 
would be easily demonstrated that the motion 
is so dampened that it cannot exhibit oscilla- 
tions. 
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Fig. 2.5 Shapes of the phase portrait of the 
non-dissipative (a) and dissipative (b) linear 
pendulum. 


46 











XK 
an 2 9 
wt | 
(a) (b) 
y 
— = det Wt (r*) 
Vo 
= exp (—2w21) (2.236) 


which gives again (2.12) in the non-dissipative case being studied in Sec- 
tion 2.2.2. That result can be made more explicit using the equations (1.163), 
(2.226) and (2.227). The matrices w and T here include one coefficient each, 
which gives the decrease of the volumes in the phase space as 


V dt (2.237) 


Integrating that equation with respect to time, we find 


Vv at 
lIn— = 


eT (2.238) 
0 


which is equivalent to (2.236). Figure 2.5 shows the shape of the phase portrait 
near the origin without (a) and with (b) dissipation, highlighting the mech- 
anism of phase volume reduction in the dissipative case. The non-dissipative 
case is a close-up view of Fig. 1.4 near the origin. The irreversible nature of the 
dissipative motion is illustrated by the phase trajectory tendency to inexorably 
head for the origin, corresponding to a ‘final’ situation of rest. 

As a rule, one could wonder why the macroscopic approach modifies the 
evolution of the volumes within the phase space of a mechanical system. Figure 
2.6 illustrates this process: as time elapses, since the molecule energy is dis- 
tributed among a higher and higher number of values, the system additionally 
becomes homogeneous on a macroscopic scale. The parameters characterizing 
the particles are then distributed in a increasingly homogeneous way, and so 
the macroscopic phase trajectories come closer to each other. Although the 
actual volume of the phases remains constant, its shape is increasingly spread 
into outgrowths, and its average after Boltzmann decreases. That figure may be 
compared with 2.1. We must conclude from that analysis that the dissipative 
processes homogenize the parameters on a macroscopic scale; we will provide 
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further details on that mechanism*’ in Chapters 3 and 4. It should be pointed 
out that this homogenizing nature is intuitively consistent with the principle of 
an irreversible phenomenon over time. 

In the case of a particle system, formula (2.226) should be rearranged. The 
dependence of the particle friction forces on the differences among velocities 
Ugp (instead of Oi) amounts to substituting ah — Tgp for Tay. With (1.82), 
we get 


ld 1 
@ ap = Sotr et (<r = ras) 


a#b 


1 
= Ye ( ~ by») an] 


a#Xb ma 

tr Xap 
=> THs > 0 
a#Xb ma 


This form proves more clearly that the dissipative nature of the system (pos- 
itiveness of the kinetic matrices a,j) does induce a reduction of the volumes 
in the macroscopic phase space. By choosing (2.204), we find: 


(2.239) 





BV > Ve ata 26 (2.240) 


aX#b ma 

since the masses are always positive (refer to Section 1.3.1). 

As can be seen, whereas the macroscopic point of view makes it possible to 
become unhindered by the complex individual motions of a large number of 
molecules, it adds an element into the equations of motion—namely the dissi- 
pative forces—and infringes the law of conservation of energy, as well as the 
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Fig. 2.6 Evolution in the phase space: while 
the volume corresponding to the microscopic 
(molecular) motion remains constant, in con- 
strast the volume associated with the (macro- 
scopic) average motion (here a thick dotted 
line) decreases over time (volume shrinkage). 


“7 The homogenization process taking place 
along with the increase of entropy was men- 
tioned at the end of Section 2.3.2 as regards 
temperature. 
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48Here we borrow ideas from Basdevant, 
(2005), while keeping an eye on the discrete 
turbulence model of Section 6.5.2, which is 
built in a particle formalism. 


law of conservation of volumes within the phase space, on a macroscopic scale. 
Let us remember, however, that these values are still conserved on a micro- 
scopic scale, and that their loss results from the applied statistical approach, 
revealing a flux of energy from the macroscopic scale to the molecule scale. 


2.5.2 Mirror systems 


Due to the discussions in the previous paragraphs, we may consider that a 
dissipative system consists of two sub-systems, one of which, representing the 
macroscopic point of view, would give energy to the other one, representing 
the microscopic point of view. Such an approach can be formalized using the 
notion of mirror systems.*® To that purpose, we consider an isolated system of 
average generalized coordinates { Q;} (it is called a basic system and represents 
the average—i.e. macroscopic—quantities), and a mirror coordinate Q* is 
associated to each Q;. We consider the following Lagrangian: 


1 8 
L = 5) mi0i OF — Ep (Ox) (2.241) 


where the {m;} are positive constant values. If the mirror coordinates {or} 
represent the macroscopic system, we may generally consider that there is 
a linear relation which turns each basic velocity QO, into its mirror velocity 
DF That relation, for instance, may be an overall average whose coefficients 
may depend on the positions, as when we established the formula (1.83) in 
Section 1.3.3: 


OF = So mjAij ({Qx}) Oj (2.242) 


J 


This relation may be considered a definition of the A;;, about which we 
will also assume they make a symmetric positive definite tensor A. We can 
then rearrange the Lagrangian in a form which only involves the basic system 
parameters: 


1 . . 
=e djmimAij ({Qx}) O10; — Ep ((Qx}) (2.243) 
i,j 


The generalized momentum of that system can easily be derived therefrom: 


OL " 
P; = — = S 5 mim; Aij ({Qx}) Qj 
00; j (2.244) 
= m; OF 


Therefore, the generalized velocities of the mirror system do provide the 
generalized momenta of the basic system. Note that the relation (2.242) 
between velocities defines an identical relation between the variations of coor- 
dinates dQ? and dQ ;; thus, we can write 


ao% 
dQ; 





= mjmj; Ai; {Qx}) (2.245) 
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Thus, the mirror coordinates can be expressed as a function of the basic 
coordinates. It will then be possible for every function {Q;} to be expressed in 
accordance with the { O; is In particular, the derivatives of an arbitrary quantity 
C can be expressed in relation to the mirror coordinates: 

ac ac 90% 


aQr 00; 20; 





(2.246) 


= e mj; Ajj Ox} 2S oo, 


We may also invert the relation (2.244) by putting B = A7!. The symmetric 
positive definite matrix B will define a relation making it possible to switch 
from the mirror system to the basic system; its components will then preferably 
be expressed as a function of the { ~ 


0; = dX ee, ; mm DP ( O%}) (2.247) 


Returning to the definition (2.243), we then find a third formulation of the 
Lagrangian, now regarding the mirror system velocities, by also expressing the 
potential in accordance with the {OF }: 


1 ae 
= 5 Bi ({Qk}) OF OF — Ep ({OF}) (2.248) 
Ladi 


It should be kept in mind that the system does not consist of the two sets 
of data (basic parameters, mirror parameters), but can be seen as consisting 
of either basic parameters or mirror parameters, it being possible to express 
the Lagrangian as a function of either set of parameters. Formula (2.248) now 
gives, by analogy with (2.244), the generalized mirror momenta: 

OL 
Pe =— 
dQ? 

Equations (2.244) and (2.249) result in some kind of duality between the 
two systems. Returning to (2.242) and (2.247), one may also write: 


OF = > Aij (Qx}) Pr 
i, 


= De Bij ({ Qk }) Q% 


The Lagrange equations characterizing the system motions may equally be 
written in both component systems: 
dP; OL 
Vi, *=F= 
dt dQ; 


dP* aL 
— F — 





= mj Qi (2.249) 


(2.250) 








(2.251) 


dt‘ age 
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Based on formulas (2.243), (2.244), (2.248) and (2.249), we find: 


JEp 
dQ; 





_  dQ* 
Vi, mj ae = 2m me 5 Opa 


(2.252) 





dQj _ OB jx dEp 
mj = sD gro Gk — 50% 


We note that in addition to the conservative forces, which we are familiar 
with, appear forces depending on the generalized velocities; they then occur 
as friction forces, in agreement with the idea of an energy flux from a system 
towards its mirror system. These forces, however, oddly occur as quadratic 
forms of the velocities, whereas they were linear forms in Section 2.4.3. It 
will be explained in Chapter 3 (Section 3.6.4), however, that such a formalism 
is useful for a representation of scattering through a variational principle, 
whereas Chapter 6 (Section 6.5.2) will show it provides a neat approach to 
particle turbulence within the context of the SPH method. 

Let us turn to the system energy. As usual, it is defined by 


E=) > PQ:-L 
= PYOt-L (2.253) 


=Ex+ Ey 


with, on completion of calculations and taking all the forms we have intro- 
duced for the Lagrangian into account: 


5 om 0:0} 


1 . ° 
=5 Y > mim Aij ({Qx}) Qi Oj (2.254) 


ij 


Ex 


1 se “3 
5 >| Bi ({Qz}) OF O* 
i 


The positiveness of matrices A and B ensures that of E, about which we 
also can state that it is constant, without having to demonstrate it once again, 
because this contemplated system fulfils all the conditions implied by the 
demonstration of the conservation of energy (1.73). Moreover, we can define 
an altered ‘energy’ as follows: 


1 
= 5 mii? + Ep ({O%}) (2.255) 


This quantity, which could represent the mirror system energy, is not con- 
served, as evidenced by the following calculation, which is based on (2.244) 
and (2.252): 
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yg fi dE, dQ% 
dt te dQ* dt 
dP; dE, 
= Y oO al = + oe) (2.256) 
_ JA jk JEp _ dEp y¥* 
7 5 mim B10 +O (55 ao) oF 


a 


Thus, the mirror system either gains or loses energy, according to the sign of 
dE*/dt. This loss (gain) is made to the advantage (to the detriment) of the 
basic system. In this respect, the basic system and the mirror system can be 
seen as two parts of one set. There is then a transfer of energy between the two 
systems which, for instance, may represent the loss of macroscopic energy 
(dissipation) to the advantage of thermal agitation in a continuous medium, 
while ensuring the conservation of total energy. The very formal nature of that 
approach, however, should be pointed out. We note that the quadratic nature of 
the friction forces leads, in that formalism, to a cubic dependence of dissipation 
with respect to the generalized velocities, as shown by (2.256). 

The above formalism can easily be adapted to the case of a particle system, 
with notations which speak for themselves. The relations between basic system 
and mirror system are written as:*? 


P, = YS mamp Aas ({rc}) Up 
b 


Bap ({r* 
_ yp Belted), 
MaMp 
: (2.257) 


us = >> Aap ({Fc}) Bi 
b 


Pz = >— Bas ({re}) up 


where the momenta are given by 


P, = mau* 
ae (2.258) 


* 
Du = Maa 


In the formulation (2.257), the quantities Ag, and Bg, are elements of 
two Np, x Np-dimensional mutually inverse tensors (V, being the number of 
particles). An important remark should be made here: unlike the notations in 
Sections 1.4.1 and 2.4.3, the sub-scripts a and b do represent here the (scalar) 
components of these two tensors. The Lagrangian is written as: 


1 
= 5 Mala Wy — Ep 
a 


“The general nature of the following 
approach could be extended to the case where 
matrices Agy and Bg, are substituted for the 
coefficients Ag, and Bg,. This complexity, 
however, will be useless for what we intend 
to do with it. 
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1 
= 5D) mamp Aap ((te}) Wa» Up — Ep (2.259) 
a,b 
=r 5D Bap ({ ie -U; — Ey 
a,b 


Note that the first line of (2.257) and the second line of (2.259) correspond 
to the general form (1.81), with 


Aab ({tc}) = mamp Aap ({rc}) 13 (2.260) 


We may recall that, according to Section 1.4.1, the ordinary case is featured 
by Ago = Madaplz, which corresponds to the particular case Agpy = dap/Ma.- 
The equations of motion occur in an analogous form to (1.83), but now with 
forces depending upon the velocities, as in (2.252): 


du* 1 dApe OE 
Va, Mg— = 5 DM bme— (Uy « We) — 
b,c a 














dt Org 
4 ap _ aE (2.261) 
Ug es aL us . p 

neat pe or® or® 


Once again, the forces occurring in (2.261) exhibit a quadratic dependence 
on velocities, whereas the particle friction forces (2.183) as defined in Sec- 
tion 2.4.3 have been built on the basis of a linear dependence. The model we 
disclose here is thus only valid when the linear terms of the friction forces 
are either zero or negligible. This model actually amounts to contemplating 
kinetic coefficients og, linearly depending on the velocities. The suitability of 
that quadratic formulation will appear within the context of Section 6.5.2. 

As regards energy, it is defined by 


E=) py: Wa — 
a 

= DP uy — 
a 


and is reduced to analogous to (2.259), ‘+’ signs being substituted for the ‘—’ 
signs. Lastly, the energy flux between the two systems is written as 


“( mati zs t») 
ED mome (240 


2 Tbe 

JEp JEp sé 

+(e 7 we) ui 
a 


Thus, it exhibits a cubic dependence on the velocities, as in (2.256). 


(2.262) 





-u,) (Up - U,) (2.263) 
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2.5.3. Thermodynamical fluctuations 


In this section, we will turn to the effect of the statistical fluctuations on the 
motion of a fluid or solid particle. It may happen, indeed, that some fluctuations 
have an individual effect on top of the average pressure (Section 1.5.4) and 
friction (Section 2.4.3) forces. This happens, for example, when a small-sized 
body is subject to the molecular agitation in a fluid; this is known as a Brownian 
motion (e.g. refer to*? Einstein, 1956). We also contemplate arguments which 
will be useful for modelling the effect of the turbulent fluctuations in a fluid, as 
dealt with in Chapter 4, though the notations are then slightly different (refer 
to Section 4.6.3). For more information about the following developments, the 
reader may refer to Espafiol and Ottinger (1993), or Ellero et al. (2003). 

In order to get clear ideas, let us consider the general case of a particle a 
which is subject to collisions caused by the erratic motion of the molecules. 
By analogy with Section 2.2.1, we denote by @, (Py. Ya, t) (or, more simply, 
Ya (Pa. ¥a)) the probability for the particle to have parameters (p,,¥a) at 
time point t. Between time points ¢ and t + dt, there is some probability for 
its momentum p, and its position rg to change by an amount dp, and an 
amount dr, respectively; this probability will be denoted w (Py. Ta; Py, 5¥q). 
Probability yg is then reduced by an amount w (p,, Ta; 5Pg. 68a) Pa (Pa. Fa) 
during the short lapse of time df; that holds true for all the possible values of 
dp, and drq. Conversely, during that lapse of time, g, may increase whenever 
these quantities change by dp, and dr, and take the values (Py. Tq) for the 
particle having parameters (Py — dpa. Va — d¥q). The total variation of g, over 
dt is then given by 


d@a = [ / dw (Py, Ta; 5g, Sta) ddp,dsra (2.264) 
2, JQ, 
where 
dw =w (py — 6Pq. Fa — 58a; Sys 58a) 
X Pa (Pa — Pas Fa — 5¥a) (2.265) 
—w (P.. Ta; 5Pa, 5¥q) Pa (Py. F;) 
has been defined. 


If 5p, and dr, are high, then, dw is necessarily very low, since the particle 
can only experience slight variations of its parameters because it has a much 
greater mass than the surrounding molecules. Only the contributions from the 
small values of 5p, and dr, can then be kept in the integral (2.264). A first- 
order expansion yields>! 


dw (Pa. Ta; dpa, 5a) Pa (Py. ra) 
Org 

dw (Pa. Ya; OPg, 5Ya) Qa (Py. Ta) 
Pa 





ow © — brq- 
(2.266) 





5Pq . 


The first satisfactory explanation of the 
Brownian motion was given, indeed, by A. 
Einstein, and was the subject matter of one of 
his famous papers in 1905. 


5! There is no summation symbol above the 
subscripts a in the following, though they are 
repeated in many terms (they are not dummy 
sub-scripts). 


122 Statistical mechanics 


Thus, equation (2.264) gives (omitting the dependence of w and ¢, on p, 
and rq for brevity): 


w (5 , or, 
dg, = — Lf r= = bw (BP, SFa) #a 
Yq 


dw (Spy, 58a) Ga 
OPu 


~% (of, fw w (dp,, 58a) sry.) 
Ta 
- (0 Lhe w (5pq, oa Sette 


The two dual integrals between brackets define the average quantities in a 
statistical averaging 


+ 6p, - dbp, d5rg 


(2.267) 








/ [ Ww (Spy. 5¥a) drgdébp,dérq = (5¥a) = Pa it 
nl a 

(2.268) 
[ i w (dpq, dra) 5p,d5p,d5rq = (5p,) = Fadt 


This way, we find the evolution of the probability density g, over time in 
the following form 





OQa 0 

tas * (Yaa) a ee “(Ya F,) = =0 (2.269) 
ot Ora OP 

The previous paragraphs have shown that the force experienced by particle 

a can be split up into a conservative force (internal force, or pressure load, 

depending on all the positions), a dissipative force (friction force, depending 

on all the velocities, i.e. on momenta) and an external force (only depending 
on the position of the particle being studied): 


F, = F™ ({r,}) + Fs ({p,}) + Fo" (ra) (2.270) 


Since the first one does not depend on ug, and the derivation with respect to 
Yq is made under a fixed ug, we get the transport equation gq as 
da Oa . Oa 


ie a 7 ap, 











(Fin f F;*') + i (ga¥'**) =0 (2.271) 
a 


We can see that the equation is analogous to a Boltzmann equation (2.27), 
accompanied by a dissipative force. The latter term reflects, on a macroscopic 
scale, the integral of collisions (2.28) which is the cause of the dissipative 
processes. In that form, equation (2.271), which could be referred to as a dissi- 
pative Boltzmann equation, only models average processes, and hence cannot 
reflect the fluctuations being discussed. Now Section 2.4.1 has shown that 
the effect of such fluctuations involves a statistical correlation matrix which 
is linked to the dissipative forces by equation (2.146). Thus, the statistical 
correlations (the second-order moments) of the velocities do determine the 
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efforts caused by the erratic motion of the molecules. It seems that the Taylor 
expansion (2.266) should then be extended further than the first-order. The 
second-order term is written as 


1 
2 


A? w (Pg. Fa; SPgs 58a) Ya (Pas Fa) 
ops 





Sp, 5p, (2272) 


The momenta correlation tensor (6p, ® 5p.) should then be of the first-order 
in dt to exert an influence over the particle average motion, which suggests that 
the statistical velocity fluctuations dug as caused by the impacts exerted by the 
molecules are proportional to dr!/?: 


bUg = VZadté, (t) (2.273) 


where Z, is unknown and &, (tf) represents a ‘random’ signal which greatly 
fluctuates over time and reflects the erratic nature of the motion as determined 
by the molecular impacts. This stochastic approach implies that the infinites- 
imal time dt be judiciously chosen. It should, indeed, be substantially longer 
than the characteristic time t,, of the molecular motion so that the latter can be 
considered as a random signal. It should also be sufficiently short as compared 
to the characteristic time of the average particle evolution, as denoted Tr here; 
its definition will be specified later on: 


™T™m <K dt< TR (2.274) 


The signal &, (¢) then has a zero average, since the average effect of the 
molecular impacts vanishes for reasons of statistical isotropy. Besides, Z, may 
also be chosen so that the autocorrelation tensor of the stochastic signal &, (t) 
be equal to one: 


(é,) = 0 
(é, ®&,) = 


For example, independent standard normal distributions may be adopted for 
the components of &,. 

The molecular motion keeps the memory of its past over times on the order 
of T,. Subsequently, because of the collisions, the molecules will completely 
forget their past trajectories. We can therefore consider, if we take two time 
points ¢’ and ¢” which are sufficiently far from each other, that the signal &, (t’) 
is fully decorrelated from & , (2 4 y which can be written as°2 


tmKt'—t", (8 (t') @&, (t")) = 8 (¢ -#") dtl (2.276) 


(2.275) 


where the Dirac distribution 6 is defined in Appendix 10. In the particular case 
t' — t” = 0, (2.276) gives once again the second line of (2.275). 

Being provided with that model, let us return to the equation about g,. With 
the second-order term as given by (2.272), the right-hand side in equation 
(2.267) is increased by the amount 





a 
- (Za@a) 
OPa 


52 It is then called white noise. 
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53We will subsequently explain that those 
terms strictly above the second-order in the 
Taylor expansion (2.267) are negligible. 


The dynamic equations might be written in 
the form of a matrix as in the expansions of 
Section 2.5.1 (refer, for example, to Espafiol, 
2007; Vasquez-Quesada et al., 2009). 


>The following formula reveals that this 
force is not properly defined for too small 
time increments. This ‘force’ shall conse- 
quently be treated with the utmost care in the 
next calculations. As throughout this book, it 
is a physicist’s viewpoint. The proper mathe- 
matical foundations of the Brownian motion 
theory have been laid, in particular by Ito 
(e.g. refer to Gardiner, 1985). 


with a matrix Z, as defined by 


La = i. / W (Pa: Yq; Spy; 5¥a) Spy ® bp, ddp,dsra 
2, JQp 














(2.277) 
= (5p, ® 5p,) 
With the relations (2.273) and (2.275), we find 
Za = m2Za (&q ® 4) dt 
(2.278) 
= m2 Z,dtly 
Equation (2.271) then takes the final form>? 
Oa OQa Oa int ext 
at Org” * Op, (R" + 
5 (2.279) 
ne <a : (vari _ mM cet) —0 
Pa 2 Og 


It is called the Fokker—Planck equation (Pitaevskii and Lifshitz, 1981; Rief, 
1965). In addition to the dissipative forces resulting from the mean particle 
velocity, then comes a new force reflecting the effect of the multiple impacts 
exerted on the relevant particle by the molecules. Equation (2.279) shows that 
these forces are similar to dissipative forces. We will show that these two types 
of forces are actually related. The equation of motion of a macroscopic particle 
is now written as>4 


dug 





Va, Ma — Ree a pers a Ee fe 


(2.280) 


The stochastic force determining a variation of velocity as given by (2.273) 
is written as F5’°° = $p,,/dt, i.e. 


Z, 
Fe =i) 7, fa (t) 


Owing to both that relation and (2.276), the stochastic force autocorrelation 
tensor may be written as 


(2.281) 





2 
m-Za 
t 


(rs (") og (7) = "27" g, () 8, () 


= m2Z,6(t' —t")Is 


(2.282) 


We now refer to the inertial frame of reference of the ambient fluid; so, 
the velocity of the latter is locally zero. The dissipative force exerted onto the 
particle can be formed from the model of the expression (2.179) as seen in Sec- 
tion 2.4.3. However, here we consider the effect of the average friction caused 
by the action of molecules, not of the other particles; thus, the contributions 
from all those particles acting upon the particle a can be lumped together into 
one term: 


FS — —m Gata (2.283) 
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where mG, serves as a kinetic matrix w. In an arbitrary frame of reference, 
u, would have to be substituted for by ug — (uy) in (2.283), (Ug) being the 
mean velocity of the molecules acting upon particle a. Equation (2.283) is 
then formally similar to (2.169) rather than (2.179). Anyway, the Onsager’s 
symmetry theorem (2.170) results in 


G,=G! (2.284) 


Moreover, Gy is necessarily symmetric positive-definite, that is invertible. 
With the model (2.283), the equation of motion (2.280) is rearranged as 


d . 
= = Fi" — mgGatg + F (t) + Fe! (2.285) 





Va, Mq 


where we have highlighted the fast time-dependence of the stochastic force. 
The other terms are liable to vary, but much more slowly, with a characteristic 
time Tr. With the condition (2.274), we may then assume within an excellent 
approximation that the parameters F!””’, F°’ and G, in equation (2.285) are 
constant over the time interval dt, and seek a solution by introducing the 
auxiliary vector variable 








Va = ul exp (Gat) (2.286) 
Differentiating (2.286) then introducing into (2.285), we find 
dv du , 
Ma 7 =Mg ( ae + Guts exp (G,t) 
(2.287) 


, vi 
= [Fit + FY () + Fe] exp Gat) 


The solution of that equation is written as 
Le fis T 

Va (t) = vo + — [Fe + Fyree (t’) + Fe" exp (Gat’) dt’ (2.288) 
aJ0 


where vo = v, (t = 0). Whence 


Ug (t) = a exp (—Ggf) 
t 


+— [ exp[G, (r' —9)]- [Fin + Fe (1!) + Fe] ae (2.289) 


Ma JO 


= ul exp (—Gat) + —G;" [Is — exp (-Gat)] (Fi + re) 
Ma 
t 
get exp [Ga (r’ _ t)| . pice (t’) dt' 


Ma JO 


with ia = u, (t = 0), the particle’s initial velocity. The stochastic force varies 
so quickly over the time that we may consider that the average of the last 
integral of that solution vanishes. Thus, the mean velocity obeys the law 


(u,) (1) =u) exp (—Gut) + —G," [Is — exp (-G,0)]- (Fit! +85") 
Ma 


(2.290) 


125 


126 Statistical mechanics 


That result manifestly shows that the characteristic time of the average 
particle evolution can be assessed through 


1 
IGa| 





TR (2.291) 


Before making further calculations, it is important to recall that this solution 
is only valid if dt < Tp, so that the parameters in the equation of motion can 
be regarded as constant. Then, by expanding (2.290) to the first-order in dt/Tp, 
we get: 


1 . 
dt <Tr, (Ug) (dt) = uw? (I3 — Gadt) + — (ee + re) dt 
m 

, “ (2.292) 

= u? iene (Fin +4 Res +¥;") dt 

Ma 
Unsurprisingly, we can find that the particle’s mean velocity is determined 
by the internal, dissipative and external forces, from its initial velocity. The 
solution (2.290), however, remains exact at every point of time in the particular 
case where parameters F’”’, F¢*’ and G, are given as constant at every point 
of time. Examining the particular case where Tr < tf is then interesting: 


1 | 
Tr<t, (Wa) = —G;!- (Fin a i) (2.293) 
Ma 


This velocity is constant over time. Thus, the particle asymptotically tends 
towards a state of equilibrium with the relaxation time Tr, by the end of which 
the initial condition uw is forgotten. The dissipative forces are then zero, since 
the particle is moving about at the ambient velocity of the fluid consisting of 
molecules. 

Subtracting the mean velocity (2.290) from the solution (2.289), we get the 
fluctuation of velocity as caused by the molecular impacts: 


UW, (t) = Ua (t) — (Ua) (1) 
1 ft (2.294) 
= — | exp[G, (t’ —1)]- FY” (t') dt’ 
Ma 0 
Since the statistical correlations of molecular velocities play a major role in 
this process, calculating the correlation tensor of the particle velocity fluctua- 
tion might be attractive: 


1 t t 
(w, @u,) (0 =— / / {exp [Ga (#’ —1)] @ exp [Ga (t” —2)]} 
aa ae (2.295) 
: {Fier (t') Q ne (t!")} dt'dt” 


(the meaning of the : symbol can be found in the Appendix A). With the model 
(2.281) and the property (2.282), we get 
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(ui, @ u;,) (0) 


= [ [ {exp [Ga (t’ — 1)] ® exp [Ga (t” — 1) ]} 


: Zgd (t” — 1’) Igdt'dt” 


=7, [ {exp [Ga (t’ — t)] @ exp[Gu (¢’ — 1)]} : Inde! (2.296) 


t 
= Za | exp [2G, (¢' — t)] dz’ 
0 


Za vw 
= 5 Ge ' [Is — exp (—2Gat)] 


In the case where the parameters are constant over time, this tensor asymp- 
totically tends towards the following limiting value: 


Z 
Tr<t, (w, @u/,) * 5 Ga (2.297) 


(a link may be established between this formula and (2.146).) Now, we have 
seen that the particle is at thermodynamical equilibrium for high values of 
t, and the arguments in Section 2.3.2 bias us towards stating that its kinetic 
energy equals the internal energy of the surrounding fluid, that is Eing = Ex.a. 
Besides, at thermodynamical equilibrium, the fluctuations of the particle veloc- 
ity are necessarily isotropic, and the relation (2.297) leads to assert that Gy is 
proportional to the identity tensor, that is 


1 
Gz = —L (2.298) 
TR 
according to (2.291). With (2.297) and (2.298), as well as the relation (A.35) 
in Appendix 1, we then have 


Eint = Ex.a 


=5Ma (u, - u/,) 


= + matt (uw! @ ui) 
5 a a (2.299) 
MgZ ee 

— a Z tr (G; ') 

= 3TRMaZa 


4 


Energy Ejnt is given by the formula (2.66), the fluid temperature being equal 
to that of the particle at thermodynamical equilibrium (T = T,). By making it 
identical to (2.299), we get a formula giving the relaxation time Tr: 
_ 2kpla 


MaZa 





TR (2.300) 
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It is time to pause for a comment about this significant result, which is 
known as the first fluctuation-dissipation theorem (refer to Pottier, 2007 or 
Rief, 1965). This result reveals that both friction force and stochastic force 
are the consequences of one process, namely the molecular motion. It should 
be kept in mind, however, that this theorem results from the application of 
the law (2.296) for sufficiently long times. This is theoretically only possible 
if the internal and external forces, as well as time Tr, are constant, which 
only happens with a fluid which is globally at thermodynamical equilibrium. 
It is noteworthy that the fluctuation-dissipation theorem relates the asymptotic 
energy (at equilibrium, i.e. for Tr < t) to the friction force exerted upon the 
return of the system to equilibrium, that is during the first instants (dt < Tp). 

The terms above the second-order in the Taylor expansion (2.266) still have 
to be investigated. The ratio of the (mn + 1)-th order term to the n-th order 
term is of the order of magnitude of |5p,| /|pq|- |5Pq| ~ m™aVZadt can be 
assessed through the assessments (2.277) and (2.278), whereas (2.300) gives 
IP. ~ maV ZaTp. Thus: 


[spol [ae 


Pp | Tr (2.301) 
a 


These terms are then negligible as compared with the previously considered 
first and second order terms and very quickly decrease with n, according to 
condition (2.274) (Pottier, 2007; Gardiner, 1985). With (2.283) and (2.298), 
the Fokker—Planck equation (2.279) ultimately takes the folowing shape: 


OQq OQq Oa ; : 
. . Fu Fs") 
at + ar, Ug + Op, ( a +g 


0 1 1 0Za@a 
~ OUg . (Fvom, + 2 au, ) =0 

The last term, which occurs as a second derivative, can be formally likened 
to a scattering of information Z,@¢, within the phase space (refer to Chapter 3, 
Section 3.4.2). The stochastic forces then induce a scattering of the volumes in 
the phase space, as in Fig. 2.6. 

Let us now return to the velocity correlations. With equation (2.300), we can 
henceforth write (2.296) as 


TrZa 2t 
(u, @u,,) (t) = 5 — exp (-=)| I; (2.303) 
R 


In the case t = dt « Tr, we find again (2.278). With (2.303), the fluctuation 
(2.294) can be written as: 











(2.302) 








; TrZa 2t 
u, (t) = oe 1 — exp Gale (t) (2.304) 


It can be observed that the random fluctuation of velocity equals zero at 
the initial time, because we have decided to solve the problem with a deter- 
mined initial velocity uw? . The solution (2.289) can ultimately be arranged as 
follows: 
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t 0 
Uy (t) =exp Tr u, 


TR t int ext 
at 1 — exp (-=)| (Fi +¥;, ) (2.305) 


TRZa 1 2t ? 
+ Fr [ ea) kee 


At the short points of times, this law becomes 


1 ‘ 
dt <TR, Uy (dt) =u) + — (Fin i i) dt 
; ° (2.306) 
= Twat + /Zadté, (t) 
R 


Thus, the velocity variation dug = Ug (dt) — uw? can be written, by making 
wW identical to Ug, as: 


i fs 1 —— 
ioe E (i " i) _ | dt + /Zadté, (t) (2.307) 


which is quite exactly (2.285), with the formulas (2.281) and (2.300). This is 
then called the Langevin equation. 

Lastly, we will turn to the correlations of velocities at different points of 
time. A calculation analogous to (2.296) yields, taking (2.300) into account: 


weve =f fe — 
u, Ww, Sy xD 


t2) — ft’ 





(2.308) 


x exp Zq6 (e — g) pdt dar 





The Dirac distribution, as in (2.296), deletes one of the integrals, the other 
one ranging from 0 to min (¢’, t’”): 








min(¢’,t’”) 24) — po — 4" 
(F005 09) = 20 exp inn, 
° . (2.309) 
TrZa th +t" 2 min (¢’, 1”) 
= ——exp[— exp —————_ - 1|I 
2 TR TR 
Note that, in the particular case where t’ = t” = ft, we get 
TrZ 2t 
(u’, @ u/,) () = 8°“ | 1—exp(-—) | (2.310) 
2 TR 


in accordance with (2.296) and (2.300). The expression of the tensor, denoted 
D, (¢’ st" ) of correlation of the differences of velocities at two points of time 
can be derived from the equality (2.309): 


129 


130. Statistical mechanics 


Dy (0,0) = (Luh (0”) — 4 (')] ® [wa @) — uh (0')]) 
(a (0) @ uy, (0) + (a (1) Bug (e')) 2.31) 
— (uh (#”) @ ug (7) = (we (¢') @ ws (2) 


" 


Using the relation 2min(¢’,1”)— 1’ —t 
(2.309) and (2.311) give 


1 d! NP 
1 
2 [exo ( r) exp ( ra 
le _ t'| 


With the condition (2.274), we get the following approximation: 


=— ie - t'|, the equations 





Dy (t’,t") =TrZa 13 (2.312) 


tet” <Tr, Du (t',t") © Za |t" —t'|L (2.313) 


The fact that these correlations only depend on the time deviation |t” — 1’ | is 
a consequence of the stochastic process invariance through a translation over 
time. The fact that all the correlation tensors are proportional to the identity 
tensor results from the isotropy of that process. 

For completing this chapter, we will establish some results regarding the 
energy of a particle being subject to a stochastic bias. Multiplying the equation 
of motion (2.307) by ug, then taking the average of the result, we get an 
equation giving the average variation of kinetic energy of a particle: 


(dE,) = | (ea + Fe") pycse | dt + maV/Zadt (&, (t)- ui, (t)) 
(2.314) 


(we have used (2.281) and the fact that only the fluctuation of velocity is 
statistically correlated to the stochastic signal). For calculating the last term 
of (2.314), we establish a calculation analogous to (2.296) from the relations 
(2.276) and (2.281): 


(é, (1) @ uy, (1) 


1 — ’ 


eas ox t — [ba (t) @ FY" (t (t aie 


fF fx ee tiles (2.315) 


1 t/ 
= VZ.dt | exp 
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That integral is only non-zero if the time point ¢ occurs within the segment 
[0, i'l; For t’ = t, we therefore get 











6(¢—t") dtl; 


(é, (1) @u,, (1) =0 (2.316) 


2.5 Further considerations on dissipation 


This result means that the fluctuating velocity is statistically independent 
of the stochastic force. It is well-founded, because u/, (t) can only depend on 
the values of F%/°° (t’ ) at the preceding time points (t’ < t), which values are 
decorrelated by &, (t) according to (2.282). The trace of (2.316) then gives 
(&, (t)- ui, (t)) = 0, and equation (2.314) becomes 


(dE) 2 (Ex) 
dt TR 


A parallel should be established between this equation and (2.193). It can 
be found that the stochastic forces do not dissipate the energy. It should be 
recalled, however, that they originate from the same process as the friction 
forces, which here dissipate the energy with a relaxation time Tr, as evidenced 
by the equation which we have just established. It should be emphasized, 
however, that (2.317) does not yield the Lagrangian derivative of (E;), since 
the average does not commute with the derivative. We will establish a number 
of significant results for that subject, against the background of a continuous 
model of turbulent flows, in Chapter 4, particularly in Section 4.6.3. In antic- 
ipation of this forthcoming chapter, the temporal derivative of the fluctuating 
energy of a particle is usefully written from the trace of (2.310): 


d {1 (te P) 3mgZaq ke 2t 
—|{=m = -— 
de \ a7" 2 “Pla, 


ie 3mqZaq 
“—~ o 
3kpTq 
es 
(the second line only holds true for t < Tr, and the last one results from the 
fluctuation-dissipation theorem (2.300)). It is noteworthy that the amplitude Z, 
of the fluctuations directly determines the decrease of energy of the fluctuating 
velocity. 








= (Fi + i) ag= (2.317) 
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!The name of Adhémar Barré de Saint- 
Venant should in principle accompany that 


of Navier, for he derived a rigorous proof of 


these equations two years before Stokes; his 
name, however, was given recognition under 
different circumstances (in particular in the 
context of the shallow water equations, see 


Section 8.3.2). 


Continuous media 
and viscous fluids 


3.1 Introduction 


The first two chapters have gradually provided us with elements allowing 
us to apprehend the fluids through a discrete approach to their spatial dis- 
cretization. We first considered an array of macroscopic particles (Chapter 1), 
before regarding a fluid as a set of particles behaving like very large systems 
which, in turn, obey statistical laws; that made it possible to introduce the 
notion of dissipation of energy (Chapter 2). The logical continuation of our 
investigations is the concept of continuous medium, for which it is possible 
to consider the particles which are sufficiently small to be likened to material 
points continuously adjacent in space, yet still large enough to be governed by 
the thermodynamical laws. 

The continua have been extensively studied since the works by Augustin- 
Louis Cauchy in the 1830s. Although the study of fluids can be derived from 
them through Cauchy’s equations together with an appropriate behaviour law, 
Leonhard Euler could already formulate the equation of motion of a fluid in the 
absence of viscosity as far back as 1755. In fact, the Navier-Stokes equations 
were given a compound name as a tribute to both Louis Marie Henri Navier, 
who discovered them from heuristic considerations in 1823, and Sir Georges 
Gabriel Stokes, who produced a definite evidence thereof from the theory of 
elasticity over 20 years later.! 

The continuum theory will be disclosed here with the reservations we 
had already formulated in the introduction to Chapter 2, that is that a fairly 
thorough account is impossible within one chapter. This is why we will go 
straight to the essential points, laying stress on such mathematical notions 
as the balances in continuous formalism and the flux of physical quantities. 
Links with both preceding chapters will be regularly set up in view of globally 
logical explanations without forgetting, before the second part of this book, 
the discrete modelling of the fluids using particle-oriented notions connected 
to the discussions in the first two chapters. 

At the beginning of this chapter, we will prepare suitable tools for inves- 
tigating the continuum kinematics (Lagrangian derivative, strain rate tensor, 
etc.), which will lead to the continuity equation. The notion of flux, which 
is underlying throughout that account, will be set forth within the frame of 
the scalar transfer-diffusion equation, then of Cauchy’s equation, from the 
definition of the Cauchy stress tensor. Through an analysis of the energy 


balances to be made in connection with Chapters | and 2, the law governing 
the behaviour of a viscous fluid will subsequently be formulated; this will 
lead to the Navier-Stokes equations. Afterwards, the similarity laws and the 
role of pressure in the notion of incompressibility will be reviewed, then we 
will briefly set out surface tension theory. We will subsequently temporarily 
return to the statistical notions of Chapter 2 for explaining how the equations 
of the fluid can be recovered from the Boltzmann equation. Last, we will 
discuss some elements regarding the variational principles for the fluids from 
the arguments of Chapter | extended to the continuous formalism. 

Readers unfamiliar with the tensorial notations are invited to refer to 
Appendix 1. 


3.2 Continuum kinematics 


We start our study of continuous media with the definition of fields, then of 
advection. The strain tensor is introduced as the basic concept for studying the 
media deformation, leading to dilatation rate, scalar rate-of-strain and vorticity. 
The method of integral balance is stated, then applied to the density, leading to 
the continuity equation. It is finally applied to scalar fields. 


3.2.1 Mesoscopic particles and continuous fields 


Owing to the notations in Chapter 2, we have learnt to go without particle sub- 
scripts, which provides an easy transition to the continuum formalism through 
the notion of field. In order to work out a relevant continuum formalism, we 
must first note that this very notion is nothing but a model, since a genuine 
medium is made up of distant molecules with quite variable and sometimes 
very high velocities, even within a medium globally at rest (in a given frame 
of reference). To achieve a suitable formalism for getting quantities slowly and 
steadily varying in space, we may proceed as in the beginning of Chapter 2 
(Section 2.2.1), and define all the necessary quantities” using the probabilistic 
averaging operator (2.4). There is, however, another less rigorous but more 
intuitive point of view which we will briefly describe. 

To that purpose, we consider elementary spatial entities which are large 
enough with respect to the intermolecular distance to allow a statistical aver- 
aging of all the useful quantities (velocity, mass, etc.). Statistical physics 
(Landau and Lifshitz, 1980) then shows that when such an element includes 
a sufficiently large number of molecules, the mean velocity varies little if its 
size is enlarged even further.* It should be kept in mind, however, that these 
elements should remain small enough* to allow us to take them as material 
points on the observer’s scale; so, they may be interpreted as particles, in the 
meaning defined in Section 1.3.1 and all the results obtained so far can be 
applied to them. Thus, we may consider a velocity field u(r) which can be 
considered as being defined at every point r (coinciding with the centre of mass 
of each particle at the point of time being considered). In addition, it appears 
from what has just been said that the field being defined this way is continuous 
and derivable (in most cases). Likewise, by adding up the masses of molecules 
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2We will adopt an analogous approach for the 
theory of turbulence (Chapter 4). 


3We may recall that, throughout this book, 
we refer to a classical description of the 
molecules. When we desire to describe the 
molecules by means of quantum mechanics, 
the contemplated approach to the definition 
of the continuous media quantities is required 
for properly describing the velocities. Actu- 
ally, considering too small elements of 
volume would come down to locating 
the contemplated molecules in space; thus, 
according to the Heisenberg’s uncertainty 
principle, too little information would be 
available about their velocities to calculate an 
average. These arguments are based on a rig- 
orous theory in statistical mechanics (Landau 
and Lifshitz, 1980). 


4*The typical size of these small elements is 
on the order of 1074 m. The efficiency of 
this method implies that this characteristic 
distance is still larger than the particles’ mean 
free path. This condition may be invalid in 
such cases as, for example, the theory of rar- 
efied gases or in microfluidics. It is then nec- 
essary to return to a probabilistically average 
approach, as mentioned earlier. 


SExcept, for instance, when a shock wave 
occurs in a compressible fluid. The regularity 
properties of the solutions of viscous fluid 
equations have been extensively investigated. 
Refer to the fundamental paper by Leray 
(1934). 
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6This often called the ‘initial configuration’. 


included within a particle, then dividing by its volume, a regular density field 
p(r) is defined. It is also possible to define this way all kinds of extensive 
or intensive fields, as well as such purely statistical quantities as pressure or 
internal energy e;,,; (1) (refer to Sections 1.5.3 and 1.5.4), subsequently counted 
per unit mass (@jn; = Ejn;/m, m being the mass of a mesoscopic particle). 

The resulting fields may be integrated over a domain Q to get integral 
quantities. For example, the total mass, kinetic energy, linear momentum and 
angular momentum of the domain & will be defined by means of the following 
integrals: 


m= | pd 
Q 
Ex= [ perdQ 
Q 
(3.1) 
B=} pudQ 
Q 


M= [ prx uo 
Q 


by analogy with (1.180), (1.49), (1.133) and (1.147), respectively. Further- 
more, we have defined the kinetic energy per unit mass from the model of 
the specific internal energy as defined in Section 1.5.4: 


ey = i? (3.2) 
"2 

In this chapter (and the next), because of the continuous nature of the fields 
being discussed, we will never refer to the label of a particle a, the latter being 
only identified by its position r, which is a continuous function of time. A 
distinction should be made, however, between the coordinates of a particle 
at a given time point and the components of a stationary point in the space. 
These are Lagrange’s and Eulers’ respective points of view: we will state 
that a particle being at a reference time point® in the point x of space with 
components {x;} = (x, y, z) has a location r (x, f) at time point t. The velocity 

of a particle is then, in accordance with (1.2): 


dr or (x,t) 
SS 
dt ot 
and represents the momentum per unit mass. The Jacobian tensor of the 


space transformation allowing us to switch from the initial configuration to 
an arbitrary configuration is denoted as 





(3.3) 


_ or 3.4 

J= Ox (3.4) 

Let us now consider a scalar field A. Each particle being located in r(x, f) 
at a given time point, every field can be considered as a function of time 
A(x, t) = A(r (x, t)). When a particle is moving about, the value of A char- 
acterizing that particle then changes for two reasons: first, because the field A 
may explicitly vary in the course of time under the action of various processes; 


second, because the particle has moved from r(t) to r(¢ + dt) in the space and 
A explicitly depends on r. We write the total differential of A as 


0A 0A 0A 0A 
dA= dt + —dx + —dy + —dz (3.5) 

ot Ox dy 0z 
where the dx; are the components of dr = r(t + dt) — r(t), the partial deriva- 
tives being taken at the point which is occupied at time point f by the particle. 


Dividing that formula by dt, we get 


dA dA é 0A dx; 
dt dt ax; dt 
(here we have applied the Einstein convention on repeated indices, as we will 


fairly often do in this chapter and the next). Since dx; /dt is the i-th component 
uj; of the particle velocity, we can ultimately write, in a vector form: 
dA dA 


pa A- 7 
Th 5 + grad u (3.7) 


Thus, the Lagrangian derivative (i.e. following the motion of a particle) of 
a quantity is the sum of a Eulerian derivative (i.e. at a fixed point in space) 
and of a transfer term resulting from the particle motion, which term is known 
as advection. The latter is interpreted in a simple way: each particle carries a 
piece of information about A during its motion. 

A similar calculation would give an analogous result for the Lagrangian 
derivative of a vector; in particular, the velocity vector derivative gives the 
acceleration of a particle as: 

du au 
ae + grad u-u (3.8) 

The last term in that formula is a matrix-vector product; we may recall that 
the gradient of a vector is a second-order tensor. This advection term is called 
inertia, since it represents the fact that a particle carries a piece of information 
about its own velocity, that is its tendency to conserve its motion (refer to 
Chapter 1). Note that another formulation of that term is given by 





(3.6) 


grad u-u = div (u @ u) — (divu)u (3.9) 


the first ‘divergence’ symbol denoting a vectorial operator acting upon a 
tensor. It can be observed that inertia exhibits quadratic terms with respect 
to velocities, since the components of the tensor u ® u are the quantities u;u ;. 
The continuum equations are therefore inherently nonlinear. 

Lastly, it should be pointed out that the temporal derivative of the Jacobian 
tensor (3.4) is nothing but the velocity gradient, since the material derivative 
commutes with the partial derivatives in x;, according to (3.5): 


dJ ou 
se ol 
a ae grad u (3.10) 
Taking the trace of the preceding equation, we get 
dt 
faa 3.11) 





dt 
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3.2.2 Strain of a medium 


We will now prepare a suitable tool for describing the features of the deforma- 
tion of a continuous medium during its evolution as time elapses. In the next 
pages, we will frequently employ variously dimensioned objects (segments, 
surfaces, volumes). The main trend in our arguments will consist in observing 
material entities, that is those which are made up of a preset array of particles 
to be followed over time (Lagrangian point of view). 

Let us first consider an infinitesimal material vector dr. After a short lapse 
of time dt, this small vector remains infinitesimal and rectilinear (to the first- 
order in dt). The tail of this vector has been displaced by a vector u(r)df, its 
head by u(r + dr)dt. Thus, the vector dr (t + dt) — dr (f) is written as 

dy (t + dt) — dr (t) = [u(r + dr) — u(r)] dt 


(3.12) 
= (gradu - dr) dt 


then we get 
d (dr) 
dt 


The derivative of the scalar product of two infinitesimal vectors dr and dr’ 
is immediately found from it, using the relation (A.42) of the Appendix 1, as 





= grad u-dr (3.13) 





d(dr-dr’ d(d d (dr 
(dr )_ ce aes ( ) 
dt dt dt 
= (grad u- dr) - dr’ + dr - (grad u- dr’) (3.14) 
= 2dr! -s- dr’ 
where s is the tensor as defined by 
i T 
s= 5 [grad u + (grad u) | 
= (grad u)® (3.15) 








= (= ~ we Be; 

2 \ oe; Gap 
In accordance with the Appendix A, we have denoted by A® the symmetric part 
of a tensor A, that is the average of that tensor and its transpose (eqn (A.21)). 
The tensor s(r, f), which is symmetric by construction, is called strain rate 
tensor and include all the information about the way the medium is deformed 
over time at a given point and at a given instant (its components have the 
dimension of a frequency). Thus, putting dr’ = dr in (3.14), we can see that the 
expansion rate per unit length along the direction of the unit vector e carrying 
a vector dr is given by 


1 d(drl) 1d (\dr|?) 
ldr| dt — 2l|dr|? dt (3.16) 





= e’ se 


A similar calculation would show that the rate of variation of the angle 0 
between two initially orthogonal infinitesimal vectors dr and dr’ which are 
respectively carried by the unit vectors e and e’ is given by 
oS 2e! se’ (3.17) 

dt 

This is the rate of distorsion of the medium in a plane formed by these two 
vectors’. 

Lastly, let us turn to the deformation of an infinitesimal cubic volume 
V = dxdydz. Since the tensor s is symmetrical and real, it is diagonalizable 
in an orthogonal basis whose directions represent the principal directions of 
strain of the medium at the contemplated location and at the time point being 
considered. We can see, in that base, that the temporal variation dV of the 
volume V is only caused by the length variation of the dx;: 


1dV 1 d(dx;) 





ace eas 3.18 
V dt dx; dt ( ) 
(with a sum on /). Using the relation (3.16), we get: 
1dV 
—— = e! se; 
V dt 
= Sil (3.19) 
=trs 
= divu 


This result remains true in every base, since the trace is a tensor invariant. 
Thus, the strain rate tensor trace yields the medium’s volume expansion rate 
in each point; the rate may be either positive (expansion) or negative (contrac- 
tion). The next to last equality in (3.19) results from the definition (3.15) of 
that tensor. Invoking (1.255) and (3.11), we may also write 





Ido _—ildv 
dt  Vdt 
p (3.20) 
_ at J 
dt 
Integrating that relation with respect to time, we get 
p 
tr J = 3 — In — (3.21) 


Po 


where po denotes the value of the density being considered in those condi- 
tions corresponding to the initial configuration, for which J = I;. In some 
cases (which will subsequently often be referred to), the material behaves 
incompressibly (i.e. it verifies p = po). Equation (3.19) then yields tr s = 0 
everywhere and at every time point. Relation (3.21) then shows that tr J is 
constant, which corresponds to V = Vo. 

Yet another tool can measure the evolution of an infinitesimal volume, 
namely the determinant in the Jacobian matrix J. The volume at time point 
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7 At the points being considered in both space 
and time, which is implicit in all the discus- 
sions in this chapter, since we consider fields. 
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Sit is j ; 

It is important to write, for example, 5;;5;; 
instead of sf, , in order to apply the sub-script 
summation convention. 


Tt may be argued against that the tensor s 
originally had six independent components. 
The other three degrees of freedom are the 
angles defining the axes of the diagonaliza- 
tion base which also depends both on the 
location being considered and the selected 
instant. 


t is then related to the initial volume by 
V (t) = (det J) Vo (3.22) 


Thus, for an incompressible medium, we have det J = 1. Let us now con- 
sider a small deformation from the initial configuration, resulting from a 
motion exerted during the infinitesimal instant dt. The preceding formula gives 


V(dt)—Vo _ detJ—1 


dt dt eee) 
Since the deformation is small, the Jacobian tensor is close to identity: 
J=bh+dJ (3.24) 
Thus, its determinant is close to 1: 
det J ~ 1+ tr(dJ) (3.25) 


Injecting that identity into (3.23) and making dt tend towards zero, we find 
again (3.20). 

Let us return to the strain rate tensor s. Like every symmetric three- 
dimensional tensor, s has three invariants, that is three quantities which do 
not depend on the chosen basis. They have a strong physical meaning, since 
the isotropic space properties (Section 1.2.1) teach us that the choice of the 
basis should not affect the equations of mechanics. These three quantities may 
be, for instance, the eigenvalues of s. It is more convenient, however, to use 
invariants which can be calculated from the literal expression of the tensor 
matrix in any basis. This is the case with such quantities as tr(s*), k being an 
arbitrary integer. This is because the trace of a second-order tensor is a zero- 
order tensor (see Appendix A, eqn (A.47)). We will show that the first three 
values of k (1, 2, 3) alone characterize® the tensor s: 


I, =trs = sij 
Hy = te (s?) = sigsiy (3.26) 


ITl, =t (s*) = SipSjSKi 


To that purpose, we invoke the Cayley—Hamilton’s theorem which stipulates 
that a second-order tensor is the solution of its characteristic polynomial. For 
a three-dimensional second-order tensor, this is written as: 


s° — (tr s) s? 4 ; [ (s*) — (tr s)°| s 


1 3 2 2 1 3 
+5 [e(*) 5 rsyer(s’) +5 0rs)5]h=0 
the coefficient before the identity tensor Iz being nothing but det s. Multiplying 
(3.27) by s and taking the trace of the result being obtained, we observe that 
tr(s*) is expressed as a function of J,, 77; and II I;. By mathematical induction, 
one can easily see that every invariant of order k (i.e. in the form tr s*) is related 
to all three quantities as given by (3.26). It is little wonder that there are three 
invariants:? they are recombinations of the three eigenvalues A; of s: 


(3.27) 


ir(s‘) = x as (3.28) 


i=l 


We have just seen that the first invariant in (3.26) represents the volume 
expansion rate. For an incompressible medium, this invariant vanishes and 
consequently provides no information about the strain of the medium. The 
second conversely, occurs as the square of a norm; then, it is only zero for 
a zero deformation. Thus, it is a simplified measurement of strain; we will 
subsequently often use this invariant in the following form: 


Pe soy Sa/ 2h, =v 280s (3.29) 


which will be referred to as scalar rate-of-strain (once again, it should be 
pointed out that it is a field, which then varies in both time and space). Its 
inverse gives an order of magnitude of the characteristic time for the local 
strain of the medium.!° 

We may notice, to complete this section, that the symmetric part w of 
the tensor grad u comprises three independent components which are the 
components of the vector curl u as well: 


1 T 
5 [grad u — (grad u) | 
du av du ow 


0 pcre ae 
dy Ox oz «Ox 

_ 1] dv ou 0 dv. dw ee) 
2] ax dy dz Oy 


dw ou dw dav 0 
ax az dy az 


where the components of u have been denoted as (u, v, w). The vorticity tensor 
@, which is skew-symmetric, has invariants too. The second-order invariant 
alone, analogous to (3.384), will subsequently be useful: 


@ = V2@: 0 = 4/20); Qi; (3.31) 


This tensor accounts for the locally rotating nature of a velocity field. In 
particular, for a purely rotational field, which corresponds to the rigid body 
rotational motion (1.191), we have u= V+ @ x r, where V and @ are two 
constant vectors, and the vorticity tensor is written as: 


GO = 
@=|2, 0 —-2 (3.32) 
=O) 2 6 


A 


(i.e. @ = Q, according to the definition (1.137)). We then have the following 
identities: 
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101 cosmology, the Universe may be likened 
to a continuous medium which is expand- 
ing since the Big Bang. Observation reveals 
a great homogeneity in the fastness of that 
expansion, with a rate-of-strain which is 
known as the Hubble’s constant, s = Ho. Its 
value is close to 2, 5.10718 sol which cor- 
responds to a characteristic time of 13 billion 
years, consistently with the estimated Uni- 
verse age. 


140 Continuous media and viscous fluids 


u=V-+or 
grad u = @ 

s=0 (3.33) 
curl u = 22 

wo = 2|Q| 


Every velocity gradient is written as the sum of a pure expansion (or con- 
traction), a pure deformation and a pure rotation: 


gradu =s+@ 


1 (3.34) 
=5 (rs)Ih +s? +o 


We may recall that the deviator A? of a tensor A is defined by the relation 
(A.23) in Appendix A (here with n = 3). In particular, we have, with (3.19): 


D. Lge 
s’ =s— 3 (divu) I (3.35) 


3.2.3 Continuity equation 


We will frequently employ volume balances in the next pages. To that purpose, 
we consider a regular and orientable volume & having a boundary 0&, with an 
external normal unit vector n, moving about along a velocity field denoted as 
v(r), a priori unrelated to the velocity of those particles which it consists of. 
Contemplating a physical quantity A, we then calculate the variation rate of its 
volume integral over time in the following form 


} Aqnr+anan— [ A(r, t)dQ = 
Q(t+dt) Q(t) 


i. A(r,t + dt)dQ— [ A(r,t +dt)dQ (3.36) 
Q(t+dt) Q(t) 


+f Aqnr+ayda— f A(r, t) dQ 
Q) Qc) 


At the first-order in dt, the difference of the last two integrals equals the 
integral of the partial derivative of A as multiplied by dr. As regards the first 
two integrals in the right-hand side of (3.36), t can be substituted for tf + dt in 
its terms A (r, ¢ + df) (still at the first-order). Figure 3.1 then shows that the 
difference between these integrals is reduced to a surface integral as calculated 
on the boundary 0&2. The integrand value is A as multiplied by the volume 
based on the small element with a surface dT and a height vdt - n. Dividing 
(3.36) by dt and making dt tend towards zero, we ultimately get 


A 
a Annda= [ sant Av-ndI (3.37) 
dt Q Q ot aQ 





~~ Q(t+ dt) 


That formula is known as Leibniz’s theorem. If a material volume is chosen, 
that is a volume enclosing a given collection of continuous medium particles 
which is followed up over time, velocity v merges with the field u, and we get 


d 0A 
=f Aanda= [ sans f Au- nd (3.38) 
dt Je Q ot aQ 


As for the Lagrangian variation of a quantity linked to a particle (Sec- 
tion 3.2.1), the integral of a field then varies both because A explicitly depends 
on time and the volume moves along with the motion u of the particles which 
compose it. The scalar product u - n represents that effect of displacement: if 
the motion of those particles located on the boundary is tangential to the latter, 
no transfer across the edge occurs in that place. Applying Gauss’ theorem 
(refer to Appendix 1) to (3.38), we find: 


: / AdQ [ Zz + div (Au) | dQ (3.39) 
—_— = — 1V . 
dt Jo Q | ot - 
The same equation will, of course, describe the balance of a vector quantity: 
d JA 
— ada = [ |= +aivaow| dQ (3.40) 
dt Jo Q | ot 


with the adequate operators. 

We will subsequently apply the above results to formulate in the continuum 
formalism those laws which were established in Chapter 1. Let us first con- 
template the case of mass. The sum of elementary masses dm = pdQQ of its 
constituents has an integral which is the total mass M of Q, as given by (3.1). 
Now, as discussed in Section 1.3.1, mass is inherently conserved. Since the 
volume Q is material, its mass is then constant (dM/dt = 0), for any chosen 
volume Q2. Consequently, applying (3.39) to A = p, we find: 


0 
VQ, [ ze + div (ow | dQ=0 (3.41) 
QL ot 
which immediately yields: 
0 
v? 4+ div (pu) =0 (3.42) 


ot 
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Fig. 3.1 Schematic diagram for the demon- 
stration of the Leibniz’s theorem (3.37). 
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This equation represents the local conservation of mass in a continuous 
medium and is called the continuity equation. Using (3.7), we also may write 


2a = —divu (3.43) 
p dt 
Unsurprisingly, this equation corresponds to (3.20) with (3.11). As expected, 
we find that a locally diverging velocity field (i.e. div u > 0) reduces the 
density in a volume with a given mass, and conversely. 
By the way, note that the acceleration (3.8) of a particle may now be 
formulated otherwise: 


ou + grad u u) Pe ae 
eae 8 ~ Ot Ot (3.44) 
+ div (ou ® u) — div (pu) u 
that is with equation (3.42): 
du odpu 
—_— = — i A 
ae A + div (cpu © u) (3.45) 


(that relation may be compared with 3.9). In the case of an incompressible 
medium, eqns (3.45) and (3.42) are respectively reduced to 


a aga (3.46) 
dt — at IV (u u 
and 
divu = 0 (3.47) 


The latter equation may also be written in the following form using sub- 
scripts: 

Ou; 

ax; 

Let us put A = ~B, which denotes the mass density of a quantity. Through 


the continuity equation (3.42) the right-hand side of (3.39) can be rearranged 
as: 


=0 (3.48) 


0B dp 
a OF 
+ gradB - pu 

aB (3.49) 
= p— + gradB- pu 
Ot 
_ dB 
(the two central terms on the right-hand side of the first line cancel each other 
out, because of eqn (3.42)). Thus, the form (3.39) of generalized balance is 
arranged as: 


0A 
ae + div (Au) = e B+ Bdiv (pu) 


G pan = | UF ig (3.50) 
dt nee ~ an , 


Thus, the integration over a material volume commutes with the Lagrangian 
derivative, provided that it is integrated as a function of the element of mass 
dm = pd contained in the element of volume dQ. Besides, this result 
becomes obvious when considered from that angle, since the mass is con- 
served; furthermore, the demonstration (3.49) indirectly uses that conservation 
law. It could, of course, be easily evidenced that the relation (3.50) is also valid 
for a vector field B. 


3.3. Balances and fluxes 


The idea of flux is defined here, and we build the local advection-diffusion 
equation of a scalar field. The method of integral balance is then applied to 
the linear momentum, on the basis of the Cauchy stress tensor. We prove that 
the latter is symmetric, thanks to the conservation of angular momentum. The 
balance method is then applied to energy. We thus introduce the concept of the 
continuous media dissipation rate. 


3.3.1 Flux of a physical quantity 


We have described, in the previous section, the suitable mathematical tools 
for expressing the temporal variation of various quantities and their advective 
motions. This is just a matter of kinematics, and we must now turn to the 
description of the physical processes which induce these motions. In other 
words, as regards the evolution of the momentum, we have only written the 
left-hand side of the equation of motion (1.240) as applied to the continua, 
whereas the right-hand side is still missing. 

The physical evolution of a scalar (temperature, concentration, etc.) or 
vector (momentum) is governed, as explained in Section 1.5.3 of Chapter 1 
and throughout Chapter 2, on the one hand by microscopic processes which 
are represented by state variables and, on the other hand, by external processes 
(external fields). The internal processes, in turn, may be split into two species, 
namely the transfer terms, which merely redistribute the relevant quantity in 
the course of time in space, and the source terms, which locally foster or delete 
it. As regards temperature, for instance, heat conduction belongs to the first 
class, whereas the exothermal chemical reactions fall within the second. We 
will state that the transfer processes (molecular diffusion, heat conduction, etc.) 
may be modelled through the local notion of fluxes, whereas the second species 
processes are featured by a local mass source term Sz. 

Let us briefly dwell on the notion of flux. Considering a volume Q with 
a boundary dQ and an infinitesimal material surface dl’, the amount of a 
substance B flowing across dT per unit time and per unit mass, under the 
action of the molecular transfer processes, is equal to —q® - n, q? denoting 
the outflow of B across the boundary Q (the ‘minus’ sign is in accordance 
with the convention of an outlet flux). Thus, for a scalar quantity, we will have: 


d 
=| ppan=- 4 a -nar+ [ pSpdQ (3.51) 
dt Jo IQ Q 
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For an isolated medium, that is when the flux along the boundary vanishes 
and in the absence of any source term, we get the following simple global 
conservation law: 


d 
— |B — 2. 
= bh dm =0 (3.52) 


Let us return to the overall balance (3.51), then invoke Gauss’ theorem, the 
law (3.50) and the arbitrary nature of volume . Through the definition (3.7), 
we find: 


aB 1 
ot gradB -u = ~s diva" + Sp (3.53) 


This equation accounts for the advection-diffusion of quantity B within the 
continuous medium. The term gradB - u accounts for advection (as in (3.7)), 
whereas the term div q? is a diffusion, that is to say a ‘contagion’ of quantity 
B through molecular processes. The evolution of a quantity in one point in 
a continuous medium may then be caused not merely by its transfer by the 
medium local velocity, but also by a spatial redistribution which is modelled 
by the diffusion term. 

Note that the case B = | corresponds to the conservation of mass, both flux 
and source terms then being inherently zero. We may also emphasize that the 
flux is defined within a Lagrangian context, which means it is an exchange of 
information between particles, not between two spatially fixed places. 

Adding to (3.53) the continuity equation (3.42) as multiplied by B, the 
balance can be written as 

~ = —diy (a 4 pBu) 53 (3.54) 

This just shows that the flux of B is q? + pBu in a Eulerian frame of 
reference, the first term denoting a displacement (the advection). When B = 1, 
it is obviously the single mass flux, since there is no diffusive mass transfer (as 
evidenced by eqn (3.42)); by definition, that flux vanishes in a Lagrangian 
frame of reference. The balance (3.51) can then be rearranged as 

0oB § B 
ig (4 i pBu) -ndI +f pSpdQ (3.55) 
Q dt IQ Q 

Applying the same arguments to a vector quantity would give such an 

equation as: 


OB 1 
on + grad B-u = ——div qb + Sp (3.56) 
p 
or else: 
0pB 
— = —div (q® + pB@u) +Sz (3.57) 


where q> is a second-order tensor representing the vector B flux (each of its 
components, as a scalar, being diffused by a vector composing one the tensor 
columns). 


Let us return to the case of the scalar field. We may notice that equa- 
tion (3.53) is not closed, in the sense that the velocity data would not suffice to 
solve it without knowing the dependence of the diffusive flux q?, which we are 
about to attempt to do. To get a clear idea, let us contemplate the case where 
B denotes the measure of a chemical substance (mass concentration). The 
flux then undoubtedly depends primarily on the distribution of concentration 
(particularly its derivatives, since it can be felt that there is more diffusion 
when the variations of concentrations are large). Writing a first-order Taylor 
series expansion,!! we get: 


q’ (B) © qo — Jz: gradB (3.58) 


where Jz is a second-order tensor (the ‘minus’ sign is used by convention). 
The constant term q? is identically zero, because a constant concentration in 
space will not give rise to any diffusion (refer to Section 2.3.2). As to the tensor 
Jz, one can easily understand that in the case of diffusion within a material 
with an isotropic molecular structure (for example a fluid), it should itself be 
isotropic!” (i.e. proportional to the identity tensor). Moreover, because of the 
extreme smallness of the spatial scale characterizing the molecular motion, it 
can escape every local influence of the boundary conditions which is liable to 
break such isotropy (particulary the shape of the solid edges, if any). Last, the 
effects of the subsequently discussed external fields (gravity), although they 
are not isotropic, do not affect the molecular motions, in which inertia does 
prevail. We may consequently write (3.58) as 


q® = —Jp gradB (3.59) 


The scalar quantity Jz is called the dynamical molecular diffusion coef- 
ficient of the quantity B. Since the diffusion is exerted, of course, from the 
highest concentrations to lowest, the coefficient is necessarily positive. The 
practice shows it is usually independent of B but variable as a function of 
temperature (refer to Section 3.4.1). Practically, it is generally very low (refer 
to Section 3.5.3); thus, the terms above the second order have a posteriori 
reasonably been ignored in the development (3.58). 

It should be kept in mind that the latest arguments are a model of reality, 
which is quite reliable indeed in the present case. Being provided with (3.59), 
equation (3.53) now yields 


0B 1 
- + gradB-u= a (JpgradB) + Sp (3.60) 
In the case where Jg can be taken as constant, (3.60) is reduced to 
0B 2 
ae ft ee = Env B+ Sp (3.61) 
with 
J 
Ras (3.62) 
p 


Kez is called the kinematic molecular diffusion coefficient. In this form, 
the diffusion term tends to homogenize the spatial distribution of B, and then 
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This procedure looks like that of the calcu- 
lation beginning with eqn (2.118). 


2This statement is applicable throughout 
this chapter. In Chapter 4, however, we will 
see that the turbulent effects do not fol- 
low the forthcoming discussion, because of 
their macroscopic nature. These arguments 
are no longer also valid in a material with an 
anisotropic structure (e.g. a crystal). 

It might be objected that we are not in a 
Galilean frame of reference, since we follow 
up the Lagrangian motion of a particle; we 
should not forget, however, that statistics of 
the molecular motions do not depend on the 
selected frame of reference. 


146 Continuous media and viscous fluids 


13Tn the absence of such a flux, the process is 
said adiabatic. 


happens to be a basically irreversible term, since the gradients of B generate 
processes which reduce them. 
Specific entropy o (refer to Chapter 2, Section 2.3.2) is an example of 
a useful scalar field. In the case of a continuous medium governed by an 
isentropic process, we may state that the entropy of each mesoscopic particle 
is constant over time, which is expressed as 
ae _ 8 grad 0 3.63 
a ap eee o-u= (3.63) 
In a more general case, it may be stated that there is a flux which redistributes 
entropy among the various particles over the course of time,!> or that the 
entropy spontaneously increases under irreversible processes. Through the 
arguments in Section 2.3.2, we can assume that this flux depends on the 
temperature differences, which allows to write a specific entropy transport 
equation by analogy with (3.60): 


00 


1 
+ grado -u = —div (JrgradT) (3.64) 
ot pT 


where Kr is called the heat conduction coefficient of the relevant medium (it 
should be considered that the factor T in the denominator results from the 
definition of Jy). We may now turn to a first condition of isentropicity in a 
mechanism being related to the evolution of a continuous medium. Equation 
(3.64), indeed, shows that entropy varies little when temperature is compara- 
tively homogeneous; we henceforth will assume that this condition is fulfilled. 
We will see in Section 3.3.3 a more complete form of the entropy governing 
equation. 


3.3.2 Cauchy stress tensor 


The arguments set out in the previous section should now be extended to the 
case of momentum, that is a vector quantity. Since it is additive (refer to 
Section 1.4.3), we may introduce the force T exerted, per unit area, by the 
environment of {2 on a boundary element dl’. There are then two kinds of 
external forces being exerted on (2: the integral of T (contact forces involved 
by the environment) over dQ and the integral of the Earth’s gravitational force 
per unit mass F, (external field) over 2. The equation of dynamics (1.229) will 
then be written as: 


d 


— ap= var+ [ F,dm (3.65) 
dt Jo IQ Q 


dp being the momentum of a particle. F, is written in the conservative form as 
given, pursuant to Section 1.3.2, by (1.57): 


F, = —Veg =8 (3.66) 
where the potential per unit mass eg is given by equation (1.51): 


eg = gz =-g-r (3.67) 
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(z being the vertical component). We may notice, as compared with the nota- 
tions in Chapter 1, that V (gradient) and V, (gradient with respect to the 
components of a particle) become one and a same vector because the potential 
is stationary. The last integral of (3.65) might come down to a surface integral, 
as required for an external force. The sum of the two right-hand integrals 
represents the total external force. For an isolated continuous medium, which 
does not receive any external contribution (no contact stress, a negligible effect 
of gravity), the right-hand side of (3.65) vanishes to achieve the conservation 
of total momentum: 


z dp=0 (3.68) 
dt Jog 
which is the continuous analogous of (1.132). 
As explained in Section 1.5.3, it should be possible to express the contact 
forces in the form of the spatial variation of a given quantity. To that purpose, 
let us consider the set of particles making up the material volume Q2, and let us 
review the forces they exchange. The sum of these forces can be written in the 
form of a volume integral. It should be pointed out, however, that these forces 
act substantially over a very short range,!* and that only considering the forces 14 . a 
, : ‘ ‘ ‘i : In particular, the mutual gravitational 
exchanged by ‘neighbouring’ particles is then enough. Besides, as set out iN go,c65 exerted over each other by the particles 
Section 1.5.2, according to the action-reaction law (1.135), these forces cancel (refer to Section 1.3.1) are quite negligible 
each other out, except for those received by the particles occurring along the compared to the contact stresses. 
domain boundary, which are subject to forces exerted by the particles making 
up the environment. As a matter of fact, the sum of these resultant forces does 
yield the contact stress integral in (3.65). Thus, we are faced with a volume 
integral which can be turned into a surface integral, which means that the 
volume-integrated term occurs in the form of a divergence, because of Gauss’ 


theorem.!> Hence, there is such a field of tensors o as: 15, 
A similar demonstration could be used to 


justify the fact that the flux of a scalar B as 
[ div o dQ= § Tal (3.69) contemplated in Section 3.3.1 is written as 
Q aQ q? -n. 
Then, we necessarily have T = o -n. This relation shows that the amount 
o;;n; (with a sum over /) is the i-th component of the force being exerted on 
an infinitesimal surface oriented by n, per unit area, or even that oj; denotes 
the i-th component of the force (per unit area) being exerted on an infinitesimal 
surface oriented by the vector e;. The tensor o is known as the Cauchy stress 
tensor. With dp = udm and dm = pdQ (eqn (3.1)), writing all the integrals 
in a volume form, we get: 


d 
=| pu = [ (div o + pg) dQ (3.70) 
dt Q Q 


Through both rule (3.50) and formula (3.8), we can ultimately achieve a 
local form of the equation of dynamics, which is referred to as Cauchy’s 
equation: 


ou le 
—+gradu-u= —divo+g (3.71) 
ot p 


This equation is written in the form given by (3.56) (if the density was 
constant, the term g could be integrated into the ‘divergence’ sign by putting 
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16We are establishing, from the beginning of 
this chapter, continuous equations which are 
analogous to the discrete equations of Chap- 
ters 2 and 3 for a continuous medium, before 
applying them to the case of a fluid. Needless 
to say the case of rigid bodies, which is stud- 
ied within a discrete context in Section 1.5.1, 
could be treated in the same way. 


o* =o —gzI3, as discussed concerning the fluids in Section 3.4.2). Thus, the 
stress tensor denotes (to within the sign) the momentum flux, which means 
that the amount —T = —o - nis the momentum transferred per unit time and 
unit mass at a given point, across a unit area which is centred on that point 
and is oriented by n (with eqn (1.56), it was already obvious that the forces 
account for momentum transfers). As with the diffusion of a scalar discussed 
in Section 3.3.1, it should, however, be emphasized that the latter assertion is 
valid in a Lagrangian frame of reference. In a Eulerian frame, equation (3.45) 
shows that the momentum flux would be written as pu@u-—o, and the 
balance (3.70) becomes 


3 
[ Paa- (o-pu@ wnat + | pg dQ (3.72) 
Q dQ Q 


(to be compared with (3.55)). Cauchy’s equation may advantageously be writ- 
ten in a form involving the tensor subscripts: 
Ou; = OU; 1 do;; on 


Vi, my 
ae Oa! p Bey 





Bi (3.73) 


The evolution of the continuous medium total angular momentum (as 
defined by (3.1)) is obtained by taking the vector product of pr with (3.71), 
then through integration: 


d 
[ors san= f (r x div o + pr x g) dQ (3.74) 
Q dt Q 
Invoking (1.144) and (3.50), we get 
i ae u)dQ= [ (r x divo + pr x g) dQ (3.75) 


which is cee to (1.148). If the medium is fully isolated from external 


influences, we get a continuous equivalent for the conservation law (1.149): 

d 
— | dM=0 (3.76) 
dt 


where dM = r x dp is the angular momentum of a particle,!® that is of the 
elementary volume dQ. 

We have previously provided an argument leading to the definition of o, 
based on the required equality between a volume integral and a surface inte- 
gral; this property should still exist, of course, for the total angular momentum, 
due to both its conservation and additivity. Let us now write in two different 
ways the angular momentum received by the volume Q via the contact forces: 


i} r x div odQ = § r x TdT (3.77) 
Q an 


Let us integrate the left-hand side piece-wise: 


[ rxaivoun = § rx tar — [ (grad r- —o7 - grad r) do 
Q aQ Q 


(3.78) 


The property (3.77) is then satisfied provided that the last integral in (3.78) 
vanishes. Since grad r = I, we quickly get: 


o=oa! (3.79) 


Hence, the stress tensor is symmetrical. Mechanically interpreting that result 
is easy: if the continuous medium sample mentioned in Fig. 3.2 received 
stresses 0,, and oy, of different magnitudes, it would spontaneously begin 
revolving, which would only be possible provided that an external influence 
exerts a moment on the sample by means of the surface by which it is 
bounded. !7 

Lastly, note that the stress tensor (like every tensor) can be written in one 
way as the sum of an isotropic tensor (i.e. proportional to the identity tensor) 
and a tensor having a zero trace: 


o=-—pl)+t (3.80) 


with 


——tro 
non =e 


(3.81) 
t=o0° =o+ ph 


where o” is the deviator of 0, which represents the friction stresses (shear), 
whereas the isotropic part of stresses represents pressure/tensile loads (depend- 
ing on whether p is positive or negative, respectively)!*. Like pressure (refer 
to Section 2.3.3), the Cauchy stress tensor is a Galilean invariant, because the 
contact forces do not depend on the frame of reference. This result fully agrees 
with the fact that they derive from the internal energy via (3.100). 

Like the flux of a scalar quantity, the stresses occur here in an undetermined 
form which gives equation (3.71) a non-closed nature. This is because that 
equation of motion is quite general and is indiscriminately applicable to all 
the media. Now, different media do not identically react to a given stress; 
thus, a particular medium is featured by a specific dependence of o on its 
kinematic parameters, which provides a behaviour law. We will determine, in 
Section 3.4.1, a suitable law for the viscous fluids. Such work, like the search 
for the flux of a scalar quantity (Section 3.3.1) is based on a reflection con- 
ducted on the statistical properties of the material behaviour on a microscopic 
scale, which regards the energetic behaviour of the continua. The next section 
will then deal with the energy-related matters. 


3.3.3. Energy balances 


Let us turn to the continuous forms of the energy balances!? as set forth in 


Chapters | and 2. First of all, multiplying Cauchy’s equation (3.71) by pu, we 
get: 


Nw 


du 
= di : : 
ag eee (3.82) 


=div(o -u)—o0:s+pg-u 


p 
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Fig. 3.2 Illustrated symmetry of the Cauchy 
stress tensor. 


17 However, the piezoelectric materials have 
crystal properties generating magnetic fields 
under the action of an internal stress; thus, 
moments spontaneously occur within them; 
the property (3.79) is then invalidated. 


I8This is a matter of convention linked to 
the sign of o being chosen. This convention 
looks like that for the flux sign of a scalar 
(Section 3.3.1). 


19We neglect, here and after, all sources 
of heat (radiation, nuclear reactions) except 
chemical sources. 
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(the first two terms of the right-hand side are obtained by deriving the product 
o -u, taking the symmetry of o into account). Let us integrate that relation 
over a volume, using Gauss’ theorem and the law (3.50): 


d uz 


— pian = $ @-w-ndr—f o:saa+ | pg-uae (3.83) 
dtJgq 2 an Q Q 


Now, the symmetry of o yields (o -u)-n =(o-n)-u, and the left-hand 
integral, of course, is the total kinetic energy included in the volume Q (as 
given by (3.1)), and so, ultimately: 


dE, 
“tag Teudr+ [ Fy-wdm—f[ o:sa0 (3.84) 
dt IQ Q Q 

The first two integrals represent the power of the external forces (which 
is quite normal because this procedure is analogous to the calculation (1.73)). 
AsF,-u= —Ve, - dr/dt = —de,/dt, the gravity force power integral equals 
the time derivative of the total gravitational potential energy, as expected. As 
regards the last integral of (3.84), it represents a dissipation of energy, since it 
cannot be turned into a surface integral. Thus, the field 


i ae :s (3.85) 
p 
has a simple physical meaning, namely the energy dissipation rate per unit 
mass at a given point in the medium at a given time point. As explained in 
Chapter 2, the energy which is lost by the macroscopic system is recovered in 
the form of internal energy (Section 2.3.2). Returning to the stress tensor form 
(3.81) and owing to (3.19) and (3.43), (3.85) is rearranged as 


1 
f=—Pust—t:s 
p p 


3.86 
ae — 
p2 dt 
putting 
~. 1 
=-T:s (3.87) 
p 


In the absence of shear (t = 0) we find again, in (3.86), a term of energy 
variation in p/p, analogous to (1.256), which is then expressed by (3.87) in 
the continuous formalism. Thus, p is likened to the thermodynamic pressure 
as defined in Section 1.5.4, as previously suggested by (3.81). As to f. it 
corresponds to the dissipated energy per unit mass and unit time. Its integral 
is similar to the quantity being denoted as F in Chapter 2. (3.84) can then be 
rearranged in a form analogous to equation (2.193): 


dE 
<i = [ Paivuans $ T-udr 
dt QP aa 


+ | ¥,-udm— f pfas 
Q Q 
= pint, pext_ fF 


(3.88) 


Equation (3.82) ultimately yields a local equation for the kinetic equation 
per unit mass (defined by (3.2)) as 


d 1 
ek _ “div(o -u)+g-u— f (3.89) 
dt p 
With (3.64) and (3.85), the relation (2.90) giving the flux received by the 
internal energy now becomes 


deint do 
= c= 
dt i dt 





\ 1 (3.90) 
= —div (JrgradT)+ —o:s 
p p 


where o is, as previously explained, the entropy per unit mass”’. Note that with 
(3.86), the first line of (3.90) is also written as 


deint 





dp. _d 
Fat (3.91) 


eo t dt 


dt p 

Based on (3.89), the equation (3.82) can also be arranged so as to determine 

the Lagrangian variation of the total energy mass density, taking the definition 
(3.67) into account: 


de “ie d ode ) 
ie” ae ek + Cint T eg 
_ dex  déint dr 


~ dt dt Fat 





(3.92) 


deint 


dt 





1 
= —div(o-u)— f+ 
p 
The first term in this equation represents the contact stress power, whereas 
the variation of internal energy is given by (3.86). We ultimately get 


de 


1 
= —div(o -u+ JrgradT) (3.93) 
dt pp 
As for equation (3.64), it now takes the following more general form,7! 
based on (3.90): 


a + grado -u= f+ J Mi (Jr gradT ) (3.94) 
ot pT 

The time has come to take stock of the continuous equations we have. 
Equations (3.61), (3.71), (3.89), (3.90) and (3.93), describing the evolution 
of a scalar, the momentum as well as the kinetic, internal and total energies, 
are written in similar forms. We may actually put them together through the 
general definition (3.7) of a Lagrangian derivative: 
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20 Once again, we hope there is no likelihood 
of confusion between the scalar o and the 
tensor o. 


21One could also extend the second law of 
thermodynamics (2.86) to continuous media. 
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22 As previously mentioned, it may be for- 
mally included in the stress tensor. 


23Since the dissipation f is positive, the 
source term of e, is negative and may then 
be referred to as a ‘sink term’. 


Table 3.1 Fluxes and source terms of 
the set of variables treated through the 
balance method. 








Variable Flux Source 
B JpgradB SB 

u o 0 

ec o-u = fr 
eint Jr gradT f 

e o-u+ JrgradT 0 





247n a more general framework, one could 
build an equation governing h, similar to 
(3.95). 


aB 1 
ot grad B su = “div (JpgradB) + Sp 
p 





a 1 
Y 4 grad u-u= —divo+g 
ot p 
dex De. 
ee ee ees (3.95) 
0€int 1. 
a + grad u- ejn; = —div (JrgradT) + f 
p 
de 1. 
ap + gradu-e = - (o -u+ JrgradT ) 


Disregarding gravity,”* all the equations are formally identical to (3.53) (or 
(3.56) for the momentum), with fluxes (in a Lagrangian frame of reference) and 
source terms displayed on Table 3.1. Once again, the stress tensor represents 
the momentum flux, whereas the vector o - u happens to be the energy flux, 
that is a work, as expressed in Section 1.5.4 of Chapter 1 and Section 2.3.2 of 
Chapter 2. We may notice that the source terms of e; and e;,; are provided with 
determined signs.?> This is consistent with the second law of thermodynam- 
ics, which states that the kinetic energy of an isolated system is irreversibly 
dissipated into internal energy. It should be pointed out that when exothermal 
or endothermal chemical reactions take place, a further source term should 
be added to the internal energy; it would represent the gain or the loss of 
corresponding heat. 

As explained in Section 3.3.1, a flux represents a spatial redistribution of the 
quantity being considered, which does not contribute to the total amount of the 
quantity occurring in the medium. On that account, the conserved quantities 
(momentum and total energy) have zero source terms. 

For a continuous medium obeying an isentropic mechanism. Equations 
(3.90) and (3.93) become, through (3.63): 


deint 
dt 
de 
dt 





1 (3.96) 
= —div(o-u) 
p 


To complete this paragraph, we introduce a quantity which is denoted as h 
and is referred to as enthalpy. It is defined by 


1 
dh = —dp 
p 
(3.97) 
=d242adp 
Ppp 
With (1.256), we get, for an isentropic transformation:*4 
h=eim += (3.98) 
p 


3.4 Viscous fluids 


We now introduce the behaviour law of a viscous fluid, from relatively simple 
principles. The notion of viscosity is thus introduced. The Navier—Stokes 
equations are deduced, and their boundary conditions stated. The concept of 
similarity is presented through the definition of dimensionless numbers. We 
study more closely the approximations of perfect and incompressible flows. 
The role of pressure in the incompressibility property is clarified, leading to 
an algorithm for solving the equations numerically. Finally, surface tension is 
investigated. 


3.4.1 Behaviour law of a viscous fluid 


In order to determine the behaviour law of a fluid, let us first turn to the 
temporal variation f of internal energy per unit volume, as given by (3.87). 
We have seen it is a continuous form of the particle dissipation F, as given in 
Section 2.5. Now, equations (2.184) and (2.189) state that the particle friction 
force is expressed as the derivative of F, with respect to velocity. By analogy, 
we may then state that the friction stress should be written as the derivative of 
f with respect to the strain tensor. Unlike the case of the particle formalism, 
we have to take a factor 2 into account, as evidenced by the general calculation 
(2.153). This formal analogy then takes the following form: 


F,= —Féiss Ug Res = _ OFa 
Ug 
A (3.99) 
=. 1 laf 
= — Ss — = ——— 
p- ao 2 Os 


The discussion in Chapter 2, however, shows that such a derivation should 
be made under a constant temperature. Hence, we ultimately get: 


_ Pp af 


which means that such a derivation occurs for each of the respective com- 
ponents in both tensors. Formula (3.100) is formally analogous to equa- 
tions (2.89) of Chapter 2. We will use this general relation to seek Tt as a 
function of s. To that purpose, we must try to express - as a function of s. 

The shears2> within a continuous medium are directly related, of course, to 
the velocity differences between those particles making it up. Thus, t should 
depend on the tensors s and w. Now, a fluid is primarily featured by its isotropy, 
that is by its rotation invariant behaviour. Thus, the stress tensor should not 
depend on w. Another effect is that those scalars characterizing a fluid should 
not depend on the orientation of the selected coordinate system, and so the 
function f should only be sought as a function of those invariants of the strain 
rate tensor as given in Section 3.2.2: 


f= F (w s, tr s”, tr s') (3.101) 
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23 We take this argument from Landau et al. 
(1986), with a slightly different point of view. 
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26We may notice that only in this case will 
tr o = —3p, according to (3.81). In the gen- 
eral case, the definition of pressure would 
have to be amended for keeping this equality. 


As for the treatment of a scalar flux discussed in Section 3.3.1, we are going 
to perform an expansion of the stress tensor to the first-order as regards the 
components of s, which implies a second-order expansion of (3.101): 


of = 2xtrs + 2ytrs? +2 (trs)? +0 (isi*) (3.102) 
where x, jz and X are scalar coefficients. Equation (3.100) then gives 


im : s) de d (tr s*) ‘ 2.9 [(trs)?] 








os 2 os 

Os OS Os 

8 ay su + Aste = e; @ej 
OSij OSij . 


(3.103) 
= (« a + 21541 5jx5 j1 + A8¢K5;15 j1) €; ® Cj 

= («dij + 2LSij a AsKK6i;) e; © ej 

= (k +Atrs) Ih + 2us 


When the strain equals zero, the shear should be zero too, and so the 
coefficient « must be zero. Ultimately, (3.103) yields 


Tt = A (divu) Is + 2us 
(3.104) 
= ¢ (divu) lk + 2us? 


with 


2 
Cat sh (3.105) 


Returning to definition (3.81), we may write the stress tensor of a viscous 
fluid as follows: 


o = (—p+Atrs) Iz + 2us 


si (3.106) 
= (—p+ étrs) Iz + 2us 
If the fluid is incompressible~® (tr s = divu = 0), we find: 
o = —pIh + 2us (3.107) 


T = 2us 


This is sometimes referred to as Stokes’ behaviour law. The normal stresses 
in a fluid necessarily correspond to pressure (not tensile) loads. Thus, p is 
positive, according to what was seen in Section 2.3.3. The coefficient jz is 
called fluid’s dynamical molecular viscosity; ¢ is sometimes referred to as bulk 
viscosity. Since the derivation as written in (3.100) is made under a constant 
temperature, we infer that p, jz and ¢ vary according to the temperature T. The 
dependence of p with respect to T has already been mentioned in Chapter 2. 

It should be pointed out that the first line in calculation (3.103) is an 
approximation. Actually, we could have directly derived (3.101) and written 

1 af a(trs) af a(trs?) af a(trs’) 


_ 3.108 
rs d(trs) ds * 9 (rs) as * oars) ds ( ) 





so that the coefficients «, A, jz in (3.103) represent the first terms of Taylor 
series expansions of quantities 0 7 /0 (tr s‘) with respect to the s;;. In this form, 
it turns out that the coefficients of viscosity should depend on the invariants via 
the function f. There are, however, fluids for which that dependence is very 
slow, and their coefficients of viscosity may then be regarded as constant with 
respect to s, which will always be assumed in the following.”’ This is what is 
known as a Newtonian fluid. For most common fluids, the small values of X 
and yz then justify the limited expansion (3.103), since the viscous forces are 
moderate as compared with the pressure loads. 

We find that using the law of thermodynamics (3.100) leads us to a linear 
form of the shear tensor t with respect to the strain rate tensor s (eqn (3.107)). 
This dependence’ is analogous to that giving the flux of a scalar quantity 
(3.59). We may recall in that respect that the stress tensor represents a momen- 
tum flux; viscosity then serves as a momentum diffusion coefficient whereas 
the strain rate tensor plays the role of the diffused quantity gradients. It should 
be pointed out that, as in Section 3.3.1, isotropic considerations result in a 
single coefficient before the linear term in s. In the absence of that assumption, 
the most general form relating t to s would involve a second-order tensor (in 
that respect, refer to Section 4.5.1 in Chapter 4). The analogy between the 
relations linking flux and gradient for a scalar and for momentum teach that 
viscosity brings about a homogenization of the velocity field; thus, it is an 
inherently ireversible term. 

Let us return to the kinetic energy dissipation rate. With the above discus- 
sion, (3.102) yields 


ee 9 
f = — (divu)? + vs? 
p 


(3.109) 
Pe fe el . 
f = ——divu + — (divu)* + vs 
p p 
where 
peck (3.110) 
p 


is the fluid’s molecular kinematic viscosity, which depends on T too. Since 
we do not take the thermal variations into account, however, we consider, for 
a given problem, that the kinematic viscosity is constant. Its respective values 
for water and air at 20°C are given by Table 3.2. The relations (3.109) show 
that, for an incompressible flow, f and f coincide: 


f=f=vs? (3.111) 


In addition, let us establish the following calculation, based on the definition 
(3.35), as well as on the relations (3.19): 


¢ (divu)” + 2us? : s? 


2: 
= ¢ (divu)? + 2u s a ; (divu) 1 | (3.112) 
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27Once again, that remark is not applicable 
to the case of turbulence modelling, which is 
dealt with in Chapter 4. 


28This stems directly from the first-order 
expansion made upon the calculation (3.102). 
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= ¢ (divu)? + Ei = ; (divu) Iz : s+ ; ive)? | 


= ps” + (: _ 7) (divu)” 


We can then rearrange (3.109) as follows, with the definition (3.105): 


f= , (divu)* + 2vs? : 5? (3.113) 
Equation (3.88) can then be written as 
dE, 
“4 ee / [é (divu)? + 2s? : | dQ (3.114) 
Q 


Since the kinetic energy dissipation is always positive for an isolated 
medium, this relation and (3.109) show that the viscosities jz and ¢ are positive, 
as well as A (which additionally yields ¢ > 21/3). 

It is thus found that only viscous forces dissipate energy in this case, which 
is evidence of their irreversible nature. It is noteworthy that the scalar strain 
rate (as defined in (3.29)) accounts for this dissipation. Besides, dissipation 
varies as the square of the velocity, since the components of tensor s are 
linear in u (eqn (3.15)), which is consistent with the law (2.185) as determined 
in Chapter 2. Lastly, for a purely rotational velocity field at a given point, 
we have explained in Section 3.2.2 that s = 0, which demonstrates that the 
shear tensor tT equals zero, as well as the dissipation f. Once again, a purely 
rotational field does not generate any friction nor energy loss, as discussed 
within a discrete context in Section 2.4.3. This conclusion would remain valid 
in the presence of a uniform overall translational motion without any effect 
of the velocity gradients and coming down to changing the inertial frame of 
reference. 

Let us now establish some results as regards the energy balances from 
the general equations briefly mentioned in Section 3.3.3. Taking what was 
previously explained into account, the balances (3.96) become 


de; d 
a = Pst — (tr s)* + vs? 
dt p p 
4 ; (3.115) 
c¢ = ~div [(—p + Atrs) u + 2usul 
dt ~— 


A final important remark should be made about pressure. If we had applied 
the procedure adopted for calculating t to the tensor o, formula (3.100) would 
have been applied substantially without any change, by substituting f for ie 
Pressure would then have occurred in the behaviour law through the factor « 
of the calculation (3.103). From that point of view, it appears that pressure 
formally originates from the derivative of tr s. Now, that quantity subsequently 
vanishes in the incompressible case. Pressure, however, subsists in the law 
(3.107), whereas it would not occur in it if we had put tr s = 0 from the first 
line of the calculation onwards (3.103). This argument shows that pressure is 
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linked to the (weakly) compressible nature of a fluid (as previously suggested 
by relation (1.256) in Chapter 1). When particles come closer to each other, the 
field of their velocities is locally convergent, and (3.43) teaches that density 
increases. The discussion in Section 2.3.3 then allows us to state that pressure 
increases too and that its variations are all the larger and that the quantity c 
occurring in the state equation (2.113) is greater. 

An ‘incompressible’ fluid?’ should then be considered as actually hardly 49 a icaneotanneonietieiuroeuld 

compressible and corresponds to a very high value of the parameter c, whose 4,6 more appropriate, as explained in the next 
meaning will be understood in Section 3.4.3. Besides, the utmost sensitivity section. 
of pressure to slight variations of density shows that even in this case, though 
the density may be regarded as constant, pressure is still fairly variable. Thus, 
p will in all cases be a field varying in both space and time. The respective 
densities of clear water and air at 20°C are provided by the Table 3.2. Such a 
fluid is fully featured by its kinematic viscosity and its density, which are fixed 
values for a given temperature. 

Last, there is a class of flows for which the viscous forces may be ignored Table 3.2 Water and air features at 
(at least in some area of the flow, as explained in Section 3.4.3). In such a case, 20°C. 
the stress tensor (3.107) reduces to 








Fluid Water Air 
o =-pl 3.116 
ps ( ) p(kg.m—3) 998 1.204 
2-1 —6 —5 
fe ip ea ; eee ; : v(m*s_*) 10 1.56 x 10 
that is it is isotropic. The dissipation rate is then zero, as expected. It is referred ¢ (ms7!) 1480 343 


to as a perfect fluid model. The energy balances (3.115) then take the following 








forms: 
oo ay 
dt p 
(3.117) 
de | i Gai 
— = ——div(pu 
dt p : 


When the flow is both incompressible and perfect, this is also written as 


deéint _ 
dt 
de 


1 
— =-—-—u- grad 
a “ee p 





(3.118) 


Thus, a perfect, incompressible fluid flow corresponds to a constant internal 
energy. 

In many cases, the flow compressibility is too high to ignore the density 
variations, but low enough to disregard the second-order term in tr s in equa- 
tion (3.115), which amounts to putting A = 0. Hence we get the following 





formulas: 
de; 
Cint = ot fis + vs? 
o # (3.119) 
de 1. , 
— = —div (— pu + 2usu) 
dt 2 
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30For a more general insight into the invari- 
ance properties of the Navier-Stokes equa- 
tions, please refer to Frisch (1995) and 
Kambe (2008). 


3.4.2 Navier—Stokes equations 


The equation of motion of a viscous fluid is achieved by inserting the behaviour 
law (3.106) into Cauchy’s equation (3.71): 


ou 


1 
+ grad u-u= —div[(—p + Atrs) Is] 
ot p 


Z 
+ Pal (us) +2 


‘ : (3.120) 
= —grad (— p + Adivu) + —div (wgrad u) 
p p 


+ “div [» (grad w)"| +g 


The last term in (3.120) may also be written as 
0 ou; 
div [He (grad w"| — (u ul ) ej 
Ox; OX; 


_ (#4 Ou j 07uj )s (3.121) 
— L 


ax; Ox; OX; OX; 











= (grad wu)! grad «+ grad (udivu) 


If we ignore the variations of temperature, and if ever we contemplate the 
motion of a single fluid, the viscosities may be assumed to be constant in both 
space and time. This being the case, (3.120) becomes, with (3.121): 


ou 
ot 


Equation (3.122), together with the continuity equation (3.42), makes up the 
Navier-Stokes equation system for a compressible Newtonian viscous fluid 
(Landau and Lifshitz, 1987). These equations should also be accompanied 
either with a state equation (for instance, (2.113)) for calculating pressure 
or with equation (3.115) about internal energy, together with such a law as 
(2.116). All of these equations, particularly the equation of motion (3.122), 
obey the principle of Galilean invariance,*° like Cauchy’s equation (3.71). 
This result is due, in particular, to the fact that pressure, and more generally 
the Cauchy stress tensor, are Galilean invariants (refer to Sections 2.3.3 and 
3.5.2), just like density. The property of Galilean invariance also results from 
the fact that the velocity derivatives do not depend on the frame of reference, 
in accordance with the discrete modelling of the friction forces as set out in 
Section 2.4.3 in Chapter 2. 

When the flow can be regarded as incompressible, we can easily treat the 
case of several fluids, and more generally of a fluid with a space variable 
viscosity. With the continuity equation (3.47), indeed, the equation of motion 
(3.120) is reduced to 

du ou 


1 2 
— = — + gradu-u = —-~grad p+ —div (us) +g (3.123) 
dt ot p p 


1 2 A+ : 
+ grad u-u= “ p+vVu+ =, aa divu+g (3.122) 


If the temperature variations are negligible and if the fluid is uniform, then 
[4 may once again be regarded as constant in space, which ultimately yields, 
once again using (3.47): 





a 1 
Sy t grad usu = ——grad p+ vV2u+¢ (3.124) 
p 
that is in an indicial form: 
Ou; Ou; 1 dp a7 ui; 
Vi, = v i 3,125 
ot % Ox; "J p Ox; OX j OX; + 8 ( 


A couple of remarks should be made, however, about the use of the incom- 
pressible Navier-Stokes equations. When the flow is featured by a slightly 
variable density, keeping the continuity equation in its compressible form 
(3.42) may be useful, even though the compression terms are ignored in the 
equation of motion; then we may refer to a weakly compressible flow, which 
we will consider throughout the following. Besides, it may be useful to keep 
the viscous term in its form (3.123) rather than as (3.124), in order to take 
into account a possible mixing of several fluids resulting in a space variable 
viscosity. For a single fluid, with (3.42) and (2.113), the system of equations 
governing the motion of such a fluid is written as 


ou 1 2 
a a = oredr u+g 
p 


dp 


a7 t div (ou) = 0 (3.126) 


(4 


When numerically solving this system (discussed, in particular, in Chapters 
5 and 6), we are faced with five unknowns (the three components of u, as well 
as p and :) for five equations, and the procedure for solving them may be as 
follows: the equation of motion makes it possible to calculate u, the continuity 
equation then gives p, lastly p is obtained via the state equation. In the strictly 
incompressible case (with all the restrictions involved by that denomination), 
the system is different and will be dealt with in Section 3.4.4. 

Let us now more closely consider the equation of motion. The pressure 
gradient term has a simple physical meaning: it tends to direct the flow towards 
the decreasing pressures, according to intuition. Note that pursuant to (3.97), 
we have 


pgrad h = grad p (3.127) 


The pressure term in the Navier-Stokes equation of motion could then also 
be written as —grad h, and so enthalpy represents the pressure force potential 
(regarless of the compressible or incompressible nature). 

The viscosity term occurs, as expected, in the form of a diffusion which is 
analogous to the right-hand side of the scalar equation (3.61), which substan- 
tiates its irreversible nature, as already mentioned in the preceding paragraph 
with the dissipation rate (3.111). Thus, the fluid layers exchange momentum 
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3! This relation will become clearer with the 
SPH method, in Chapter 5 (Section 6.2). 


via this term, the faster ones speeding up the slower ones and conversely, 
in a velocity homogenizing process. There is another way to demonstrate 
the irreversibility of this term: if we change the time sign, the velocity sign 
changes too, and so div (jus) is the single term which changes sign in (3.123). 
Remember that velocity diffusion and energy dissipation are two jointly spe- 
cific phenomena in a viscous process. We have previously observed that these 
forces exhibit a linear shape with respect to the velocities, as in Section 2.4.3 
in Chapter 2. Viscosity then plays the role of a kinetic coefficient, after the 
fashion of quantities «,, as defined in this paragraph or, instead, this role is 
assumed by the quantities 

v 


a E 


(3.128) 


where L is a distance between two mesoscopic particles.>! 
As mentioned in the previous paragraph, the viscous forces may be ignored 
for some flows. The system (3.126) then becomes 


ou 
Ot 
dp 
ot 


1 
Seen See ss 


+ div (pu) = 0 (3.129) 


a) 


The equation of motion is then referred to as the Euler equation. A criterion 
for determining the relevance of the perfect fluid model will be provided in the 
next section. 

We have pointed out, at the very beginning of Chapter 1, that if the frame of 
reference then chosen does not affect the equations of motion, then on the 
contrary it affects their solutions through the initial conditions. Within the 
context of the continuous medium equations, which can be seen as partial 
derivative equations, this holds true for the boundary conditions too. To com- 
plete this section, we will briefly review them. The action-reaction law shows 
that the stress T =o -n_ should be continuous at every point of an interface 
with a normal n between two inherently different media. Thus, at an interface 
between two non-miscible fluids, we will write 





0 = [(—pl + Tt) n] 
(3.130) 
= [-pn+t-n] 


where the bracket [A] represents the discontinuity in quantity A, that is the 
difference between its values immediately on either side of the interface at the 
point being considered. Projecting onto the normal and the plane P locally 
tangential to the interface, we get, in the case of an incompressible fluid 


[p + 2usn] = 0 
(3.131) 
Vte P, [ vt” sn] =0 


where t is any unit vector of P (let us specify that the two fluids do not nec- 
essarily have the same viscosity). If either fluid has a much smaller viscosity 
than the other one,** the shear stresses 21s will possibly be ignored in the first 
medium, and so the second condition in (3.131) shows that the shear equals 
zero in a position closely adjacent to the interface. At the interface, the stress 
tensor is then diagonal (as in (3.116)), and the first condition in (3.131) is 
then reduced to the pressure continuity, whereas the second one expresses the 
tangential stress continuity: 


[p] =0 
[t-n]=0 


(3.132) 


In particular, on a free surface, provided that it is assumed that the atmo- 
spheric pressure Pgrm prevailing just above is constant in space, we will get a 
pressure Psy, f as given by 


Psurf = Patm (3.133) 


Since, however, pressure only plays a role in the equations of motion through 
its gradient, p can be substituted for p — parm.°> which yields the equivalent 
condition: 


Psurf = 0 (3.134) 


As regards a fluid at rest due to gravity, pressure and gravity are the only two 
remaining terms of the Navier-Stokes equation (3.124). The boundary condi- 
tion (3.133) can then be used for writing down the distribution of hydrostatic 
pressure: 


Phydr = Patm + P& (Zsuny = z) (3.135) 


where Zs,;f denotes the free surface elevation. This pressure distribution, 
which varies vertically, accounts for a force F4 exerted on a body immersed in 
the fluid, as given by the pressure integral: 


F4 = -$ pnd 
dQ 


(3.136) 
= -{ grad p dQ 
Q 


(we have used the formula (A.74) of Appendix (1)). Since the fluid is at rest, 
the equation of motion (3.129) is reduced to the equilibrium of forces grad 
Pp = pg, which yields 


F4 = -| pgdQ 
Q (3.137) 
=-pVg 


where V is the volume of the body. This force, which is known as the buoy- 
ancy, opposes gravity. 
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32 Such is the case of air with respect to water, 
taking the above values into account. The 
discussion below is then applicable, to a first 
approximation, to a free water surface due to 
gravity. 


33This amounts to stating that pressure can 
only be defined to within one constant. 
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34More exactly, a motion with a non-zero 
vertical component. 


35It is noteworthy that the condition (3.143) 
is incompatible with the motion of an inter- 
face between two fluids slipping along a wall. 
The processes involved by this phenomenon, 
which is simple indeed, are as yet poorly 
known. 


The pressure and gravity terms of (3.124) can be unified by introducing the 
dynamical pressure p*: 
p’ =p—pg-r 
(3.138) 
= P — Phydr + P8Zsurf + Patm 


Thus, within a trivial constant, it is the difference between the pressure 
and the hydrostatic pressure. This justifies its designation, since p* represents 
the portion of pressure which is directly linked to the occurrence of a fluid 
motion.*+ Hence, the Navier-Stokes equation of motion takes a simpler form: 


ou 


1 
57 t Brad u-u= —peradp* + vV"u (3.139) 


Another free-surface condition may also be written, because the free surface 
may be characterized as the locus of points verifying 


®, (r,t) = Lsurf — f= 0 (3.140) 


which defines ®,. Since the relation constantly holds true, we may say that the 
derivative of ®,; following the local motion of the surface vanishes, which, by 
analogy with (3.7), is written as: 


Ss 
ot 


where us, is the surface velocity at the point being considered. After def- 
inition (3.140), the partial derivative of ®, with respect to time still equals 
OZsurf /Ot. Besides, the gradient of ®, is, of course, a vector which is locally 
normal (but not unitary) to the free-surface and is directed towards the inside 
of the fluid, which will be denoted by nsy;f. The above relation can then be 
formulated as: 





+ grad®, - Usurf = 0 (3.141) 


OZsurf 
ot 


Unlike the so-called dynamic condition (3.133), the condition (3.142) is said 
to be kinematic, since it is only based on the local motion of the surface. If the 
fluid velocity is locally aligned with the surface, we have Usy;f - Msurf = 9, 
and this condition shows that z,;,, is unchanged, as expected in such a case. 
If, on the contrary, the surface velocity is normal to it and is directed towards 
the outside of the fluid, we get Usy,f - Msurf¢ < 0, and (3.142) shows that Zsurf 
intuitively increases. 

Let us now turn to the wall boundary conditions. The friction exerted by a 
viscous fluid on a rigid wall results in the continuity of velocity in each point 
Twat Of that wall, and so the velocity of the fluid on the wall equals the wall 
velocity, which is denoted by Wygy: 





+ Usurf * surf = 0 (3.142) 


U (EF = Pyall) = Uwall Cwall) (3.143) 


(adherence or wall no-slip condition). Here we have written Uyqij (Twa), in 
order to point out that the wall may have an arbitrary rigid motion (refer to 
Chapter 1, 1.5.1), so that the velocity may differ from one point to another 
at its surface. In the particular case of a motionless wall,*> (3.143) yields 


u(r = Pyail) = 0. We may recall, however, that such a condition is only valid 
upon a friction. With a perfect fluid model, the absence of friction implies a 
mere condition of impermeability (free-slip condition): 


[u (r = Twall) — Uyall (Ywail)] * Dyaill (Pwail) =0 (3.144) 


where Nya is the unit vector normal to the wall in the point being consid- 
ered. This assumption amounts to ignoring the boundary layer developing 
near a wall because of the friction. This is, however a theoretically improper 
approach, since the velocity gradients do arise in the vicinity of the solid 
boundaries and give rise to significant viscous effects. We will discuss the 
consequences in Chapter 4, when establishing the boundary conditions for the 
turbulent flows (Section 4.4.6). For a motionless wall, the condition (3.144) 
yields 


(u . n) (Lyall) =0 (3.145) 


The normal to the wall may depend on time, if the wall is mobile. With a 
rigid motion as given by (1.191), considering that the unit normal is a ‘rigid’ 
fictitious vector moving along with the solid, we can apply the law (1.193) to 
get the following dynamical equation: 


dN yall 
dt 


The condition on the velocity at the wall makes it possible to write a 
condition on pressure. To do this, let us choose a point M on the wall; we 
can observe the following relation, which is valid for every vector field u: 





= & X Myall (3.146) 


2 
grad u-u= grad + (curl u) x u (3.147) 


Being provided with that equality, the scalar product of the equation of 
motion (3.139) times the vector Nygij in point M gives 


ou ve 
— + Ryall + grad (4 =F ) *Nyall = vV7u * Nywall 


Ot (3.148) 


+ det [u, curl u, n,_7/] 


Let us now refer to the frame of reference related to M in its motion.*° In this 
frame of reference, the fluid velocity in point M vanishes pursuant to (3.143), 
whereas the vector Nyqij in point M is constant. Hence we get 


a uz pe 
—+ 5° )= V “Dy 3.149 
ONyail ( 2 . p ) »( t) ate ( ) 


where 0A/dn = grad A-n. One may often think, however, that the wall is 
locally quite planar; thus, we may ignore the velocity components normal to 
the wall, as well as the partial derivatives regarding the spatial components 
located within its plane.7”? Among the terms in (3.149), only pressure may then 
be kept as a first approximation. The pressure condition at the wall is then 
written as 
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36The fact that this frame of reference may be 
non-Galilean does not matter here, since we 
consider the equation at a given point in time, 
the wall motion being frozen during a short 
lapse of time. More strictly, we must refer to 
a Galilean frame of reference the motion of 
which coincides with the wall motion at that 
very moment. 


37Such are the planar boundary layer 
hypotheses (refer to Landau and Lifshitz, 
1987). 
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38Referring to Chapter 1, we must mention 
the non-Galilean invariant feature of that def- 
inition. The scale U is meaningless unless it 
is defined as a difference in velocities rather 
than as an absolute velocity. 


* 


op 
ONwail 





~0 (3.150) 


Remember it is only an approximation, which does not hold true in the case 
of a very curved wall, a fortiori in those places where the wall has corners. 


3.4.3 Similarity. Orders of magnitude 


The universality of the laws of mechanics, that is their invariance over a 
number of changes as perceived by the observer, was evidenced on several 
occasions in Chapter 1. We have just recalled a major feature of them, namely 
the Galilean invariance, but the equations must also remain universal in spite 
of the chosen measurement standards. In order to clarify this issue against 
the background of the Navier-Stokes equations, they may usefully be written 
in a dimensionless form. To that purpose, we contemplate a given flow and 
we choose characteristic scales for length (L), time (T), velocity*® (U) and 
pressure (po). Strictly speaking, these choices may initially be made quite 
arbitrarily. The space and time components, as well as the velocities and 
pressure fields, can then be non-dimensionalized as follows, providing the 
dimensionless quantities with a t as a superscript: 





4+. Xi 
xX; = L 
4 t 
t = T 
a. (3.151) 
uo = — 
U 
+. P 
pi = — 
PO 


The derivation operators should be non-dimensionalized too; we may write, 
for example: 
+ ee 
V" = grad" = aut 


xr (3.152) 


= Lgrad 


Using these notations, the Navier-Stokes equation of motion (3.124) can 
easily be rearranged in the following dimensionless form: 


dur +yt. yt ! + y+ 
St + grad u'-u = —7728rad p 
a (3.153) 


1 jh 3: 1 
+ e (Vt)out — Fle 
where four dimensionless numbers have been defined: 
L 
UT 
UL 


Re= (3.154) 
v 


St= 


Fr:= 


2 


PO 


They are commonly referred to as the Strouhal number (St), the Reynolds 
number (Re), the Froude number (Fr) and the Mach number (Ma) of the 
relevant flow. It can be noticed that the dimensionless equation of motion 
(3.153) takes the same form as the original dimensional equation. Within that 
context, the factor 1/Re now plays the role of viscosity. 

In order to profitably employ equation (3.153), the L, T, U and po scales 
should be suitably chosen in such a way that they represent the flow: L may 
represent the diameter of a solid body, T the period of a wave system, U the 
flow rate in a pipe and so on. Hence, it can easily be found that each of these 
numbers provides us with an order of magnitude of the ratio between a term 
in the equation and the inertia term grad u- u. Suitably chosen scales makes 
it possible, indeed, to state that the non-dimensionalized quantities as given by 
(3.151) are of the order of magnitude of one. For instance, we have 


=] als 
a} & 


Ma= 
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UT 
= St 
Likewise: 
Dow |grad u- ul 
|vV7u| 
(3.156) 
Fre~ |grad u- ul 
Ig| 


The usefulness of these dimensionless numbers is obvious: for example, if 
the Froude number is high enough before 1, inertia will prevail over gravity 
and g will possibly be ignored in the equation of motion. As a rule, it can be 
stated that when Re and Fr are very high, their numerical values no longer 
affect the flow, because they occur at the denominator of (3.153). For the same 
reason, the value of St is unimportant when it is very low, which corresponds 
to a very large time scale T , that is to a nearly steady flow.°” 

Apparently, equation (3.148) confirms that the reference pressure po can be 
assessed by pU*, which is tantamount to stating that p+ is of the order of 
magnitude of one. More exactly, it is the pressure deviation dp between two 
points due to the effects of inertia: 


dp ~ pU? (3.157) 


Comparing (3.157) and (2.117) will show that the pressure deviations are 
much smaller than pressure itself.4° Besides, equation (3.135) suggests that, 
due to gravity, the pressure deviations have an order of magnitude of 
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39 Nevertheless, one should be careful with 
the notion of permanent flow, since that 
notion should be redefined within the context 
of turbulence (refer to Chapter 4). 


40s previously explained, these pressure 
deviations do have a physical meaning for 
the Navier-Stokes equations, since pres- 
sure plays a role in it through its gradient. 
Although an absolute definition was achieved 
in Chapter 2 (refer to eqn (2.64)), we should 
remember, indeed, that it serves as a poten- 
tial (Section 3.4.2) and can therefore only be 
defined to within an additive constant. 
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5p ~ pgH (3.158) 


where H is a characteristic vertical scale of flow (water head in a tank, etc.). 
Where inertia and gravity produce similar effects, both assessments (3.157) 
and (3.158) coincide if H is likened to L, because Fr is of the order of 
magnitude of one according to (3.156). Whatever, (2.117) suggests the choice 
po = pc’, giving 


Ma =— (3.159) 

A couple of useful approximations are mentioned in Sections 3.4.1 and 3.4.2 
for (weakly) compressible flows and a perfect fluid. We are going to try to take 
advantage of the notion of dimensionless number as to provide suitable criteria 
for characterizing the flows liable to enter either category. 

A criterion for judging the validity of the perfect fluid model is based on an 
assessment of the viscous term vV~u in relation to the other terms of (3.124). 
The Reynolds number Re is generally very high, in view of the very low values 
of v for the usual fluids (refer to Table 3.2). We may infer that the molecular 
viscous forces may generally be ignored. However, two remarks are to be made 
against this argument. Through the relation (3.156) the spatial scale L,, beyond 
which the viscous effects become significant can be estimated: 


Ly=— (3.160) 


That scale is typically of the order of magnitude of one micrometre or several 
tens of micrometres. Thus, the viscous forces may generally not be ignored 
in close proximity to a wall, where the velocity gradients are very high (an 
application will be discussed in Chapter 4, Section 4.4.5). With this definition, 
the Reynolds number may also be written as 


Re= i (3.161) 

Besides, when Re is high enough, a flow becomes highly unsteady and 
gives rise to turbulent effects: the velocity field is then so quickly variable in 
space that the viscous effects may not always be ignored, though the Reynolds 
number value is unimportant. This paradox will be specified and cleared up in 
Chapter 4. Anyway, the perfect fluid model is, indeed, a property related to a 
flow, not to a fluid. 

Lastly, an essential remark should be made about this model: even where 
the viscous forces may be ignored, the viscosity cannot vanish and even exerts 
a significant action. This is because the viscous forces may only be ignored 
when the velocity field is so regular that the second derivatives of velocity (i.e. 
Vu) are quite small. Now, we have learnt in Section 3.4.2 that, as a matter 
of fact, the viscous forces exert a homogenizing action on the velocity field. 
An interesting process then occurs: viscosity tends to make the system enter a 
state in which the viscous effects are as small as possible, to the extent allowed 
by the other constraints of the system (e.g. the presence of walls). This process 
is analogous to the thermodynamic equilibrium resulting from the increased 
entropy and making a particle adopt a motion of a solid at equilibrium (refer 


to Section 2.4.3). Thus, a fluid which is free of any external influence will 
be subject to the effect of the viscous forces until it reaches an equilibrium 
corresponding to a motion of a solid (Section 1.5.1), where dissipation (unlike 
the viscosity) vanishes. Putting v = 0 is then nothing but a mathematical 
trick.4! 

Let us now examine the incompressibility hypothesis. As shown in Chapter 
2 (Section 2.3.3), it is valid when the speed of sound is very large, which 
suggests a necessary condition like Ma? << 1. To precise this assumption, let 
us now contemplate the particular case of a flow in the form of a slight variation 
of the parameters (u, p, p) about a state of equilibrium corresponding to the 
rest, accompanied by a density which everywhere equals its reference value 
po. The system state is then featured by the fields (u, p9 + 60, p = 0) with 
60 < po, which allows us to linearize the system (3.126).*7 We find: 


OOF edie 

a 0 
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a sap ered dp + vV2u (3.162) 
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dp 


Combining these three equations, and using the fact that the Laplace opera- 
tor commutes with divergence (refer to Appendix A), we get an equation with 
partial derivatives with respect to p: 

075 


“Or2 = V5 +ov 


aV75p 





(3.163) 


It is a damped wave equation accompanied by the propagation velocity c. 
The fluid compressibility, which acts through the state equation, then accounts 
for density (and then pressure) waves which are also known as acoustic 
waves.’ ¢ is therefore referred to as the sound velocity of the fluid being 
considered.“ 

Solutions of (3.163) can be sought in the form of planar waves: 

6p = Roexp[i (ot — K-r)] (3.164) 

where Ro is a very small constant before po, in order to satisfy the hypothesis 

of slightly varying parameters. By injecting (3.164) into (3.163), we can find a 

simple formula relating the frequency w to the norm K of the wave vector K 
via viscosity: 


wo” —iwK?v —c’K? =0 (3.165) 
The solutions provide the following dispersion relation: 
aE (2 : l4+i (3.166) 
aaa Ma.KL 
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41No wonder the seeming paradox. The fol- 
lowing analogy could be put forward: a freely 
falling body is subject to a driving work 
exerted by gravity. If it ultimately lands on a 
horizontal plane, gravity will no longer affect 
its motion, and so we may put g = 0 in the 
equations ; for all that, g is not zero in reality. 
On the contrary, in the absence of gravity, the 
body could not lie on the horizontal plane. 
In both cases, we observe a process which 
makes the system enter a state in which its 
effects are minimized. 

“The effect of gravity is ignored here. 
Besides, it was shown in Section 3.4.2 that it 
can be formally included within the pressure 
term. Besides, let us observe that the non- 
linear terms will be readily accounted for in 
Chapter 4 on turbulence. 


43 They characterize the sound propagation 
within the fluid. 

“4 Strictly speaking, it is the sound velocity at 
rest and for p = po. 
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451m the case of very rapidly varying flows, 
conversely the second condition is dominant. 
This is the case of some tsunamis, for which a 
compressible approach is necessary to under- 
stand the process of wave generation (Levin 
and Nosov, 2009). 


We may recall that we do not contemplate 
the temperature variations, which would add 
a further criterion into the list as given by 
(3.171). 


In the particular case of the perfect fluid model, (3.166) yields the simple 
relation 


o=cK (3.167) 


In relation to the latter equality, the viscous case has an imaginary part of w, 
which results in an actual exponential in (3.164): 





. K?vt 
dp X exp (wt) « exp (- 5 ) (3.168) 
The viscous forces then tend to damp the density waves, as expected, all 
the more since viscosity is high. This behaviour is consistent with the damped 
pendulum model (2.233) and (2.234), which substantiates the role of viscosity 
as a kinetic coefficient. 
We can now establish a criterion allowing us to judge the validity of the 
incompressible approach in the general case. The third equation in the system 
(3.162) shows that the relative variations of density can be assessed by 


dp _ dp dp 
po OP po 
f (3.169) 
~ + |—grad p 
c* |p 








Returning to equation (3.124), which is still without the viscous terms, we 
can see that the pressure term is balanced by the time variation term du/dr to 
which inertia and gravity are added. We get the following estimate: 
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The incompressibility criterion (actually, the near-incompressibility crite- 
rion, as explained in the previous paragraph), then comprises three conditions: 


Ma? «1 


2 
StMa- <1 (3.171) 


Ma? 

Fr? 

In the case where the gravity forces are negligible (1 < Fr) and the flow 

is steady (T — +00), the first of these conditions subsists alone:*> the flow 
velocity should remain small enough before the sound velocity. A Mach num- 
ber of 0.1 will yield relative variations of density on the order of 1%, which is 
reasonable to speak of near-incompressibility. Because of the very high values 
of c for the ordinary fluids (refer to Table 3.2, Section 3.4.1), this condition is 
not so constraining.*© The theoretical limit of an incompressible fluid formally 


<1 


corresponds to an infinite sound velocity, which shows again that it is an ideal 
concept. 

The dimensionless numbers get a major theoretical significance in fluid 
mechanics. They are suitable, indeed, for greatly simplifying a number of prob- 
lems. The non-linearity of the Navier-Stokes equations (i.e. of the advection 
term) generally makes their analytical solution impossible even in geomet- 
rically simple cases, since the solutions may be extremely complex.*” For 
illustration purposes, let us consider the issue of the calculation of the force 
exerted on a solid body moving about at a steady velocity with an ‘infinite’ 
fluid, that is having very large dimensions before that of the body*®. If the 
motion may be considered weakly compressible, an exact calculation would 
imply the solution of the equations of motion (3.126), from which the stress 
tensor would be derived using the formula (3.107). Integrating this tensor in 
the form of an integral analogous to (3.69), extended over the body’s surface, 
would then provide the force value being sought. Such a work is usually 
impossible*?; we can, however, simplify the terms of the problem through the 
following argument. Let us stick to the component of the force opposite to the 
motion of the body, which is known as drag? and is denoted here by F”. It 
can obviously only depend on the fluid and body characteristics. The first are 
p and v, according to Section 3.4.1, whereas the body is fully featured by 
its spatial dimensions>! {L;} (i = 1,...,k) and its velocity U. Thus, we can 
write the following general relation: 


FP = ¢aim (p, ¥, U, £1, ..+5 Li) (3.172) 


where ¢gjm is an unknown dimensional function”. The important thing is that 
this relation is valid whichever unit system may be chosen. Thus, if ZL; is taken 
as a length unit, L;/U as a time unit and ple as a mass unit, the parameters 
in equations (3.172) are amended and become 
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Equation (3.172), in this new system of units, is written as: 
1 Lo Lx 
F? = pLiU*d¢aim (1, —, 1,1, —,...,— 
ply Daim Re Li Ly 
(3.174) 
1 sy ig ie L2 Lk 
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into which we have introduced the solid reference area, that is the surface 
S it offers to an observer towards whom it is moving. The dimensionless 
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47 This aspect will be addressed in Chapter 
4. Analytical solutions, however, do exist in 
some cases, particularly when the Reynolds 
number is very low (see below). An exam- 
ple of approximate analytical solution with 
a high Reynolds number will be provided, 
however, in Section 4.4.5, but with the assis- 
tance of a turbulence model. 

48 The hypotheses which are raised here (con- 
stant velocity, fluid ‘infiniteness’) are essen- 
tial. In all cases, the following discussion 
would not suffice to characterize the whole 
force which the solid is subject to. 


49 Stokes has provided an exact solution in the 
case of a sphere with a very low Reynolds 
number (for example, refer to Landau and 
Lifshitz, 1987). 

5°The same view could be supported for the 
other force component, which is known as 
lift. 

5! The solid is assumed to be undeformable. 
We will also raise the simplifying hypothesis 
that its shape data fully comes down to a 
countable set of lengths. 


52Tt is to be understood that it depends on the 
physical units. 
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3 This principle is at the basis of the theory 
of scale models in Hydraulics (refer to Sec- 
tion 8.5.1). 


4This view is valid in this frame of reference 
because it is Galilean, since U is assumed to 
be constant. 

55 With the above restriction, which does not 
change our counclusions. 


56Tt can be noted that it is linear, which 
explains why, under such conditions, exact 
solutions of it can sometimes be determined. 


function ¢@adim 18 derived from ¢gim and then remains unknown. We may 
notice, however, that the product 21 baaim| S only depends on the distance 
ratios L;/L and therefore occurs in the form of a coefficient representing the 
solid’s shape and henceforth only depending on Re. It is denoted as Cp, and 
it is called the drag coefficient. Since the force vector, whose norm is F?, 
impedes the motion of the body, it is ultimately written as: 


1 
F? = —xPSCp (Re, shape) UU (3.175) 


where U is the body velocity vector, with a norm U. This very general relation 
yields the friction (drag) of a body with a given shape as the product of the 
fluid density, its reference area, the square of velocity and a coefficient only 
depending on the Reynolds number. Thus, the number of pertinent variables 
could be significantly reduced through simple dimensional reasoning, which 
is practically very attractive (examples of such laws will be discussed in 
Chapter 4, then in Sections 7.3.1, 7.4.1, 7.4.3, 8.2.1, 8.4.1 and 8.5.1). As a 
rule, reducing a relation between various parameters to its dimensionless form 
amounts to giving a universal form of it, which does not depend on the chosen 
measurement standards, and highlights the dependence of the mechanisms on 
the scales.>? 

It is not surprising that a motion countering force depends on the Reynolds 
number, that is ultimately on the fluid viscosity. This force, indeed, exerts a 
negative power F? - U which tends to reduce the body’s kinetic energy (and 
then its velocity), according to equation (1.74). Thus, to keep the solid velocity 
constant, a driving power must be supplied to the solid which will transfer it 
to the fluid, pursuant to the law of action-reaction (Chapter 1, Section 1.4.3). 
Thus, the fluid kinetic energy tends to increase, according to law (3.89). Hence, 
there is an energy flux from the solid towards the fluid; it is directly related 
to the stress o occurring at their interface. In the frame of reference for the 
solid,** however, the fluid has a steady flow regime,>° and so its energy is 
constant. Thus, the fluid should get rid of the energy it receives from the 
solid by dissipating it. Such is the role of the quantity f in equation (3.89), 
which accounts for the importance of viscosity because of the existing relation 
between f and v (eqn (3.111)). 

The dependence of the drag coefficient on the Reynolds number may be 
further discussed. In the particular case where Re is very low, viscous forces 
prevail in the flow and equation (3.153) shows that the advection term may be 
ignored. If the gravity forces are ignored (e.g. if Fr is high), the equation of 
motion (3.124) in steady flow conditions becomes 


grad p = nV7u (3.176) 


(the definition (3.110) has been used). Equation (3.176)°° only involves 
dynamical viscosity to characterize the fluid; thus, the earlier analysis can be 
simplified. From now on, an analogous argument makes it possible to write 


F? = wL1U fadim (shape) (3.177) 


Since the list of parameters which the force may depend on has been 
reduced by one unit, the number of dimensionless quantities occurring in 
the final formula can be reduced to the same extent, which accounts for the 


disappearance of Re. It should be pointed out that the formula (3.175) is still 
valid, which allows us to write 
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= UL > Paaim (shape) (3.178) 


Cp (Re, shape) = 





1 
= Wadim (Shape) 
Re 


We thus have shown that Cp varies inversely to Re when the latter is very 
low. Conversely, if Re is very high,>’ we have previously seen that its value no 
longer has any importance. Hence, we may state that Cp asymptotically tends 
towards a constant which depends on the solid’s shape. One may wonder why 
the drag force, which we have just shown is closely related to viscosity, does 
not depend on its value in such conditions. This paradox will be cleared up in 
Chapter 4 (Section 4.4.3). 

A final remark should be made as regards the force exerted on a solid. The 
latest discussion, together with the law (3.175), shows that, at a high Reynolds 
number, the force is a quadratic function of the body’s velocity. Conversely, 
(3.177) proves that the force varies linearly as a function of the velocity with a 
low Reynolds number.>® One may logically wonder why initially linear forces 
(vV2u) result, in some cases, in a quadratic form for the force exerted on 
a solid. Since this force is related to the energy flux between the body and 
the fluid, that is F? - U, ultimately dissipated by the latter, this means the 
energy dissipation rate varies as U? at a low Reynolds number and as U? at a 
high Reynolds number. If the first assessment is consistent both with the law 
(3.111) providing f and with the law (3.128), the second seems mysterious 
and reminds us of the quadratic dissipative forces which were dealt with in 
Section 2.5.2 in Chapter 2. This finding is far from being minor and will be 
amply discussed again in Chapter 4. 

We already can generalize the procedure being used for assessing the force 
received by a body. Let us consider a problem*? featured by n parameters, 
out of which m parameters are dimensionally independent. Using a procedure 
analogous to the calculation (3.173) and (3.174), it can readily be shown that 
n —m independent diimensionless numbers can be built from the 7 initial 
independent dimensional parameters. If the latter are linked by an undeter- 
mined function, it will be the same for the dimensionless numbers. Besides, if 
n —m = 1, it can be inferred that the single dimensionless number is featured 
by a constant value. This is the Vaschy—Buckingham theorem (Vaschy, 1892); 
we will immediately provide an example taken from celestial mechanics. The 
revolution period T of a planet around the Sun depends on the semi-major 
axis a of its ellipse of revolution, the Sun mass M the Newton’s gravitational 
constant G occurring in equation (1.44) (the mass of the planet itself cannot 
exert any action, as explained by eqn (1.59)). We then have n = 4 parameters, 
out of which m = 3 are dimensionally independent, because here we have three 
fundamental units (namely mass, length, time). Thus, we are in a case where 
n — m = 1, from which we derive 
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57More exactly, if it is high enough for the 
flow to be fully turbulent (refer to Chapter 4). 


‘8This result is consistent with the linearity 
of the friction forces as introduced in Chapter 
2, Section 2.4. In particular, we applied that 
principle at the end of Section 2.4.2 . 


5 may be any physics problem. 
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2 
T* x GM (3.179) 

This is Kepler’s Third Law. The single advantage of completely solving 
the equation of motion (1.59) would consist in determining the multiplicative 
constant (here being equal to 4”, refer, for example, to Meriam, 1966). In 
fluid mechanics, such an approach is very valuable because the equations can 
not be solved rigorously, as we will see on many occasions in Chapter 4. 

The above considerations raise the more general issue of the relationship 
between time and distances in mechanics. In other words, we have to ask 
ourselves the following question: how do the time scales vary as a function of 
the spatial scales for a given problem? The answer to that question primarily 
lies is the discussions conducted in Chapter |: insofar as the evolution of a 
mechanical system is determined by its Lagrangian (or its Hamiltonian), and 
since the spatial scale cannot affect the equations of motion, it may be stated 
that the ratio between the various kinds of energy remains unaltered by a 
change of (time and space) scales. Now, we have seen in Section 1.3.2 that the 
potential energy only depends on the position parameters q;. In the following, 
we will assume such a dependence as Ee x; « q, , p being an arbitrary power. 
The law (1.44) corresponds, for example, to p = —1. We then have E.,, « L? 
whereas E;, varies in L*/T7; the universality of the (kinetic energy)/(potential 
energy) ratio then yields 


Tepe? (3.180) 


Let us provide three examples of this very general law. In the case of general 
gravity (1.44), with p = —1 we get T « L?/*, in accordance with (3.179). For 
a body which is subject to Earth’s gravity (1.52), we have p = 1, resulting 
in T x L'/?, We come across the well-known result of the law of falling 
bodies. In the particular case of a fluid subject to gravity, we can also find 
this result from the definition (3.154) of the Froude number Fr. Lastly, the 
law (1.165) yields p = 2 for a pendulum subjected to small oscillations, that is 
T « 1. Once again, we find the law according to which the period of the small 
oscillations of a pendulum is independent of its amplitude. 

In the case of a dissipative process, the same discussion is to be conducted 
with the (time variation of kinetic energy)/(energy dissipation rate) ratio, 
according to either (2.193) or (3.89). Denoting by @ an order of magnitude 
of kinetic coefficients which is associated with the dissipative forces (refer 
to Section 2.4), the former term varies in L? / T?, whereas the latter varies like 
aU* x aL*/T?, as set out in Chapter 2 (eqn (2.185)). Thus, we get the general 
relation 

1 
T«“- (3.181) 
a 

For the Navier-Stokes equations, equation (3.128) then makes it impossible 

to write 
L? 
TX oe (3.182) 


Thus, the time required for the diffusion of momentum over a given charac- 
teristic distance varies as the square of the latter. According to that formula, a 
higher viscosity will reduce time 7, enhancing the homogeneity of the velocity 
field. 


3.4.4 Pressure and incompressibility 


Although it is only an approximated reality, the model of a strictly incom- 
pressible fluid can be used for advantageously treating the hardly compressible 
flows, that is with a quite small Mach number (refer to Section 3.4.3). The 
system (3.126) is rearranged, with the continuity equation (3.47), as: 


du 


1 
57 F gradu -u = — Gerad p+ vV'utg 


(3.183) 
divu = 0 


A difficulty then arises, since the continuity equation now only includes the 
velocity u, which makes the solution techniques as described in Section 3.4.2 
non-applicable. Truly speaking, p is then no longer an unknown, but the state 
equation therefore becomes null and void and pressure should be calculated 
otherwise. Let us assume, for illustration purposes, that we want to solve the 
equation of motion consisting of the first line of (3.183) by means of an explicit 
first order temporal numerical scheme.® For example, for each fluid particle, 
we will get an approximate acceleration (left-hand term, according to (3.8)) at 
time m through 


du m u@tl —y" 
(=) ~— (3.184) 


where ut! denotes velocity at the next time point and 6¢ a sufficiently small 
temporal increment (the time step). Hence, (3.183) allows us to assess the 
velocity at time m+ 1 as a function of the various quantities at the preceding 
time point through 


1 m 
u™tt yy | (era pt vu) + . ot (3.185) 
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Unfortunately, p cannot be calculated by means of that scheme, the conti- 
nuity equation divu = 0 being useless within that context. 

We will briefly set down the theoretical basis of a method which is often 
used for remedying this problem. To that purpose, let us apply the operator div 
to the equation of motion, in which acceleration is written in the form (3.46); 
g being constant, we find 


ddivu 
ot 





1 
+ div [div (u @ u)] = ——V7p + vV*divu (3.186) 
p 


(let us recall that the Laplace operator commutes with the divergence). The 
continuity equation then shows that two terms vanish, which yields®! 
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0This issue will be more thoroughly dealt 
with in Chapter 5. 


61 Equation (3.187) makes it possible to redis- 
cover the estimation (3.157). 

The presently employed procedure is anal- 
ogous to what was done in Section 3.4.3 to 
set up the wave equation (3.163), but with a 
constant density and without linearization. 
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62-This is a characteristic property of the ellip- 
tical differential equations. 


V*p = —pdiv [div (u@ u)] 


Sina; (3.187) 


_ OXj OX; 





(3.187) is a pressure Poisson’s equation. Its right-hand side can be written 
in a more expressive form by developing the derivative, then exploiting the 


continuity equation: 
a Ou; 
uj; +uj— 
J 9 Xj 


= — ZT Uj 
Ox; Ox; 





07 ujU j a (> 


OXj OX j Ox; Ox; 














(3.188) 
82 u; Ouj OU; 
= — Uj 
OXj OX; - Ox; OX; 
_ Ou; Ouj 
~ Ox j OX; 


Let us now calculate the difference between the respective squares of the 
scalar deformation rate and vorticity, from their definitions (3.29) and (3.31), 
acting upon the dummy sub-scripts: 


Se -—w= 28; jSij — 2Wj ji; 


1 Ou; Ou; Ou; Ou; 
+ += 
2 OX; OX; Ox; Ox; 
1 / Ou; Ouj Ou; Ou; 
2 Ox; OX; Ox; OX; 
- (= Ou; + Ouj ~) (+ Ou; 
— OX; OX; OX; OX; Ox; OX; 


_ Ou; Ou; 








(3.189) 





Ou j =) 
OX; OX; 








Ox; OX; 
With (3.188) and (3.189), the Poisson’s equation (3.187) is ultimately rear- 
ranged as: 


ih a-<2 


2 


We know that the solution of this equation is written as (e.g. refer to Roach, 
1982): 





V’p=p (3.190) 


p (w* — s*) (r’) ee 


-— 191 
82 Jo Ir—r'| ae 


p(r)= 

We may notice that pressure therefore depends on the velocity field data 
throughout the flow. With the incompressible fluid model, the information 
about pressure then instantly propagates.°*. Considering those calculations 
made in Section 3.4.3 on the role of the sound velocity c, the incompressible 


case formally corresponds, indeed, to an infinite sound velocity, that is to a zero 
Mach number. That result is consistent with the estimate (3.170) of density 
variations, which are zero here. The formula (3.191) can be interpreted by 
deriving it with respect to r, which gives the pressure gradient, that is the 
pressure force as received by the fluid particle located in point r (Minier and 
Peirano, 2001): 


De = ed / 
|< erad r| (r) = -~ | (o* =") ©) ay (3.192) 
p 81 JQ |r—r'|? 


We may notice the formal analogy of that equation with the theory of elec- 
trostatics.© Within that context, the quantity w* — s? plays a role analogous to 
the electric charge. Now, we have seen in Section 3.2.2 that w represents the 
locally revolving nature of the flow. Hence we can see that the high vorticity 
area (which is often referred to as a vortex) corresponds to a positive ‘charge’. 
A particle occurring in it will be subject to an attractive force keeping it within 
that area. We may then state that a vortex is stable. Equation (3.190) teaches 
us that such an area corresponds to V7p > 0, that is to a low pressure area. 

In order to solve the system (3.183), pressure could be calculated by solving 
the Poisson equation (3.190), that is directly applying (3.191). We will see 
that using a slightly different approach is attractive. Through this method, 
combined with a numerical scheme, an attractive solution of the problem can 
be found while clarifying the mathematical role of pressure in the Navier— 
Stokes equations (Chorin, 1968; Temam, 1968). 

To that purpose, let us consider a fluid volume (2. Let us then consider the 
set™ of vector fields u and scalar fields p, which are sufficiently regular (in 
other words, continuously derivable): 


E= {u ec! (2,R°)| 


(3.193) 
i= {p ec! (2,R)| 





We note that the differential operator div is defined from E towards F,, and 
the operator grad from F towards E. These two vector spaces can be provided 
with scalar products and their related norms: 


(u, v) = [w-vac jul =f jul? dQ 
2 - (3.194) 


v.92) = f pq do Ii = f pda 
Q Q 


where u = |u| is the modulus of vector u. Let us assume that the boundary dQ 
of Q is split up into two subsets 0&2, and 0&2, on which we have respective 
conditions of friction or sliding (wall) and prescribed pressure (free surface), 
according to equations (3.145)® and (3.134). We then consider the following 
subspaces of E and F: 


E'= {u € E, (U- Nya)ag, = o} 


(3.195) 
F’ = {pe F, pag, = 0} 
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63 For example, refer to Landau and Lifshitz, 
1975). 


641 this case, in particular, we must care- 
fully avoid any confusion between the veloc- 
ity vector at a point and at a given instant with 
the corresponding vector field, although both 
of them are denoted by u. It is the same with 


p- 


65 We now consider the case of a free sliding 
condition, although a viscous term is used in 
the following, in order to encompass the case 
of ‘perfect fluid’-type wall conditions. The 
strongest condition u = 0 would not change 
our argument. 
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66Tn the ‘vector field, element of E’ sense, in 
accordance with the above remark. 


For a pair (u, p) belonging to E’ x F’, let us now contemplate the following 
calculation: 


[ svowae = [ paiva d+ [ (grad p) -udQ 
Q Q Q (3.196) 


= (p, divu) + (grad p, u) 


Besides, the Gauss formula and the boundary conditions (3.195) yield 


i) div (pu) dQ = § pU-Nyqidl =0 (3.197) 
Q aQ 
(3.196) then gives the following simple expression: 

(p, divu) = — (grad p, u) (3.198) 


which means that the operators div and —grad are adjoint in the scalar product 
sense (3.194) (the div and grad operators are also said to be skew-adjoint). As 
a significant consequence, the kernel of the former is orthogonal to the image 
of the latter, and so they are in direct sum. Thus, every vector u field can be 
uniquely decomposed as follows: 


vu € E’, 3! (u‘, uw) € ker (div) x Im(grad), u=u2+u% — (3.199) 
which may also be written as 


u =u? + grad q 


divu? = 0 a 


vu € E’, 3! (u‘.4) € ker (div) x F, | 


Thus, every velocity field is written as the unique sum of an incompressible 
field and the gradient of a scalar field (Helmholtz—Hodge decomposition). 
Applying the div operator to (3.200), we get 


divu = V7q (3.201) 


or else 
d 2\-1 
u’ = u— grad I(v ) ava (3.202) 
where (v2) is the inverse of the Laplace operator. The preceding rela- 


tion shows that I;—grad [(w)"' div] is the operator of projection onto the 


ker (div) subspace of E, and can be used to get u“. Lastly, the orthogonality of 
ker (div) and Im (grad) allows us to invoke the Pythagorean theorem and write 


2 
lulz = |u?| + ligrad ail (3.203) 


Furthermore, we know that u@ is the vector®® which minimizes the norm 
|grad qg|| ,, that is (with (3.194)) which yields a minimum value of the differ- 


ence 
[wrae -{ lu‘ a2 es ; [ (u) — Ex (u’)| (3.204) 


Thus, solving the Poisson equation (3.201) and applying (3.202) makes it 
possible to determine the incompressible velocity field u@ as close as possible 
to u in the kinetic energy sense. 

Let us now assume that we want to solve the equation of motion (3.183) 
using a more sophisticated numerical scheme than (3.185), comprising two 
steps. The first step consists in only deriving an estimate w”* of the velocity®’ 
from the viscosity and gravity forces: 


wu" + E (v?u)" + g| ot 
(3.205) 


yt — yr _ 


u (grad p)"*! 5t 


1 
p 
(we have used the fact that p is constant). The second step is implicit, since 
pressure is considered at the final time point m+ 1 and is then still to be 
calculated. Now, during the process (3.205), we want, starting from an incom- 
pressible initial field wu”, to come to a final field wt! satisfying the same 
property. Applying the div operator to the second equation of (3.205), we then 
find: 
(v?»)"" = ~divu™ (3.206) 

Thus, pressure p”’*! still obeys a Poisson equation, whose right-hand side is 
now known via the first step.6* The second equation of (3.205) actually occurs 
in the same form as (3.202), u’”*! playing the role of u? being projected onto 
the space of incompressible fields from the estimated velocity field w”*, which 
plays the role of u. As such, the analogy may be pursued by likening g to 
p'"*!$t/p. It can be seen that pressure is the quantity which makes the velocity 
field incompressible. Once again, we find the link between pressure and the 
notion of incompressibility, as already briefly explained in Section 2.3.3 and 
3.4.1. 

Since the ultimate velocity vector should satisfy the condition (3.195), that 
isw"t! . nya = 0, taking the scalar product of the second equation in (3.205) 
with the vector normal to wall n, we get 


9 m+1 
( -) ~ oa aa CaN) 
wa 


which may be compared to (3.150). This relation is the wall boundary con- 
dition for pressure with this suggested scheme. We will profitably use the 
considerations of this section in Section 6.2.5, within the context of the SPH 
numerical method. 





3.4.5 Surface tension 


When two immiscible fluids (such as water and air) are involved in one flow, 
one may wonder how their interfaces will evolve. If pressure varies by a 
deviation Ap on either side of a boundary between two fluids, the latter is 
not in a thermodynamical equilibrium; it will therefore be the place where so- 
called surface tension forces will occur, as determined by the arrangement of 
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67Here we avoid the common notation 


1 . ; 
wt , for reasons which will become clear 
in Section 6.2.5. 


68 Applying the divergence operator to the 
first equation of (3.205) would be useless 
since, within the context of a numerical 
method, the discrete operators div and V2 do 
not necessarily commute any longer (refer to 
Chapters 5 and 6). 
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© Through a Lagrangian formulation of the 
surface tension forces, based on Chapter 1 
developments, this result could be achieved 
from the least action principle, using a proce- 
dure analogous to the way we could state that 
mass is positive in Section 1.3.1. 


70 Thus, they are conservative. The super- 
script ST refers, of course, to surface tension. 


Table 3.3 Value of the surface tension coefficient between 
water and air for several temperature values. 





T (°C) 0 20 37 





B(Pam) 7.6x1072 7.3x10-2 7.0x 10-2 





molecules adjacent to that boundary. Just as the work of the pressure forces 
is given by the relation (1.260), that is dEjiny = —ApdV, the surface force 
work will obviously be proportional to the variation of the interface area. If 
one point of the contact surface © is moved by an infinitesimal vector dr, the 
surface area A of the surface & varies by an amount dA. For obvious isotropy 
reasons, we then may think that the potential energy (per unit area) varies 
by an amount BdA, where £ is referred to as the surface tension coefficient 
relevant to both fluids, and is measured in Pam. Whereas energy decreases as 
the volume increases, it seems obvious that it increases when the surface is 
stretched, as for a spring; thus, f is positive.© At rest, the above discussion 
allows us to write the following thermodynamical equilibrium: 


—ApdV + BdA=0 (3.208) 


Definition (3.208) shows that 6 is thermodynamical conjugate to surface 
area A, according to the definition given in Section 1.5.4. For thermodynamical 
reasons, it depends, like viscosity, on temperature (refer to Section 3.4.1). For 
an interface between water and air, Table 3.3 provides several values of that 
coefficient. 

We henceforth will assume that 6 is constant, which is justified if the 
temperature variations are ignored. Integrating all over the contact surface, we 
will then write the potential of those forces being sought:’° 


Ee =p ij dA (3.209) 
x 


Let us now assume that the surface & is small enough for the various 
geometrical and thermodynamical quantities making it up to be taken as con- 
stant. According to the discussion in Section 1.3.3, the force corresponding to 
the potential (3.209) is then obtained by deriving (3.209) with respect to the 
position of the point being considered, that is FS? = dE a /or. If the force for 


unit area is denoted as f°? = F5"/A , then we have 


ST BOA 

‘i kag (3.210) 

In order to calculate the derivative of the surface area A with respect to the 
position r of one of its points, we employ differential geometry. We consider 
the vector basis which is locally defined by the main curvature directions of ©, 
which are oriented by the unit tangent vectors t; and t2, the unit vector normal 
to the interface being denoted as n’, as in Fig. 3.3. Two main local curvatures 
« et K2 can then be defined by the following differential geometrical relations: 





dtj = «yn! dx 


(3.211) 
dt = kon! dx> 


In Fig. 3.3, the circle of radius 1/«, (respectively 1/2) is located within the 
plane determined by vectors n/ and t; (respectively tz). The curvatures, which 
are reckoned in m~!, also verify the relation 


dn! = —K;t)dx1 — kotedx2 (3.212) 


dx, = dr.-t,; and dx2 = dr- ty being the components of dr in the tangential 
plane. When the tangent vectors vary by dt; and dt2, the corresponding relative 
variation of surface area, that is dA/A, is proportional to their product. With 
(3.211), we obtaindA/A = qn! . dr, where k = kK; + K2 is the local curvature 
of the contact surface. Thus, we get 0A/dr = Axn’. Besides, owing to the 
relation (3.212), we may write divn! = —kK| — kK2 = —x, which ultimately 
yields, with (3.210), two formulations of the surface tension forces per unit 
area: 


ps7 = Ben! 
- —6 (ava!) oe 


The equilibrium (3.208) then gives the pressure difference on either side 
of the interface when at rest: 


Ap = Bk (3.214) 


a formula which is usually credited to Laplace. The surface tension forces are 
then locally normal to the interface. A curvature of the interface results in a 
pressure difference which is higher when the curvature is larger. 

It may prove useful to seek the stress tensor 0°” associated with these 
forces. To do this, we may note that the molecular processes which induce them 
are statistically isotropic in the tangential plane, and so only the normal vector 
n’ can be involved in the formulation of 7°’. Thus, the only second-order 
tensors which are invariant under rotation about n/ and can be constructed 
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Fig. 3.3 Local coordinate system for calcu- 
lating the surface tension forces. 
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from the problem data are I; and n’ @n/, and o*” should then be sought as 
a linear combination of these two tensors. It can quickly be noticed, by means 
of the above geometrical considerations, that the proper combination in the 
chosen basis is: 


i oo 
k—n’ @n’=]0 1 O (215) 
00 0 


However, there still remains one issue: the forces being sought occur on 
the surface &, and so the expression being found would have to be multiplied 
by a Dirac distribution dy (r) equalling | on & and O elsewhere (the general 
definition of this distribution is provided in Appendix B). We would then be 
faced, however, with another problem, since this found tensor would have the 
same physical dimension as f, that is a length would be missing to give it 
the dimension of a stress. Now, no length characterizes the relevant problem, 
because the interface should a priori be considered as having an infinitely 
small thickness. In order to address these two difficulties, we introduce a 
(dimensionless) function C identifying the two fluids: C = 0 for one of them, 
C = | for the other. Mathematically, the gradient of this function is, of course, 
the distribution dy (r). It should then be considered that the interface is ‘fuzzy’, 
so that C can still be approximated through a derivable function having a 
very steep gradient near &. We then notice that the gradient of C provides 
the orientation of the local normal to the interface: 

jf eee. (3.216) 
|grad C| 

The norm of the gradient of C then takes on the form of the inverse of a local 
characteristic length which represents an order of magnitude of the interface 
thickness and can be likened to the distribution dy: 


dy (r) = |grad C| (3.217) 


We then will write, in accordance with (3.215): 





ST B 2 
= ——— (|grad C|* I; — grad C rad C 3.218 
oT = ag (ierad CIs — grad C@gradC) 3.218) 
or else, in an indicial form: 
oS! = B (= ac ’ aC =) (3.219) 
4 [OC OC \ Axx Axe — AX; Ax; 
OX, OXK 


As such, the tensor o 5’ vanishes outside of the interface, since the charac- 


teristic function C is constant (piecewise) in it. As expected, 0 5 is symmetric 
too (refer to Section 3.3.2). 

The above formalism is advantageous in that the surface tension forces are 
expressed per unit volume, as explained henceforth. We will first note that 
every function B may be written in two integral forms per unit area and 
volume, owing to the distribution (3.217): 


[saa=| Bby (r) d?r 
x Q 


(3.220) 
— / B |grad C| d*r 
Q 
For B = 1, we get the surface area of X: 
/ dA= 1 lgrad C| d*r (3.221) 
= Q 


Thus, the potential (3.209) is rearranged in the per unit volume form 
Es ef |grad C|d°r (3.222) 


The total surface tension force may also be considered by integrating the 
force per unit area f°” and utilizing (3.220): 


[staa= [ f°" |grad C| d*r 
x Q 


= ; F*! pdr 
Q 


where is a surface tension force per unit mass. Likening the quantities 
under the last two integrals and utilizing (3.213) and (3.216), we find: 


(3.223) 


FST 


FS? — ee Cc 
. ' (3.224) 
=-— (aivn’ ) grad C 
p 

Mathematically, this force is first-order infinitely great, since it is reckoned 
per unit volume rather than per unit area; this is consistent with the fact that 

the interface, in reality, is three-dimensional but has a very small thickness. 
The surface tension forces, because they appear on thin membranes and 
result from molecular processes, have moderate amplitudes. As for the other 
forces, the order of magnitude of their ratio to the inertia forces can be assessed 
(refer to Section 3.4.3). We then may write, in an analogous manner to (3.156): 


logradu-ul pU*L 
|Bxgrad C| B 


Because of the low values of 6 for the usual fluids, the Weber number We 
takes very high values, which often allows us to ignore the surface tension 
forces. As we did for the viscous forces, it is possible to define, from the 
relation (3.225), a length scale beyond which the latter become higher: 





= We (3.225) 


B 
Lgp=—y 3.226 
p= Tap ( ) 
it is usually one millimetre or so. The Weber number is then also written as 
L 
We = — (3.227) 
Lg 


with can be compared with (3.161). 
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All the above formulas may easily be taken over an arbitrary number of 
fluids by introducing as many characteristic functions as the number of fluids, 


for instance.”! 
71 We assume that the various phases are not 


subject to any chemical reaction, in accor- 
dance with a remark made in Section 2.3.2. 


3.5 From Boltzmann to the continua 


We show here how to go from the Boltzmann equation to the Navier-Stokes 
equations. First, we investigate the time evolution of Boltzmann-averaged 
quantities, in order to build a general form of balance integral equations. 
By this method, we recover the continuity and momentum equations of a 
continuous medium, and prove the symmetry of the Cauchy stress tensor. We 
also find again the state law of perfect fluids and the behaviour law of viscous 
fluids. 


3.5.1 Evolution of statistical averages 


At the beginning of this chapter, we said that the quantities regarding a point 
in a continuous medium can be obtained from an average in the sense of the 
Boltzmann definition, in accordance with the formalism applied in Chapter 2. 
Based on this idea, we may think that such defined quantities (velocity, density, 
etc.) vary in accordance with equations which could be derived from the Boltz- 
mann equation as discussed in Section 2.2.2. So far, in this chapter, we have 
preferentially not applied that viewpoint, but instead followed a ‘balances’ type 
approach to material volumes of continuous medium. We are going to explain 
the way that Boltzmann’s approach can lead to the same equations, which will 
make it possible to provide further details for some issues. 

As mentioned in Section 2.2.1, the mean quantities for a mesoscopic particle 
in a fluid are strictly defined, at every point in space and time, from the 
probability density associated with an individual molecule. We may recall the 
definition for an arbitrary quantity A (now explicitly writing all the time, space 
and momentum dependencies, even though we will subsequently sometimes 





drop them):7 
721 this and the next two section, the posi- P ) 
tion of a molecule r and the space variable 1 
r for the discussion of continuous media are A) (r.t) = A(p.r.t p.r.t)dp 3.228 
one and the same. ay) n(r, t) Qp (p. , )e (p. , ) P ( ) 


where n (r,t) represents the mean number of molecules occurring within a 
r-centred infinitesimal volume, as reckoned per unit volume: 


n(r,t) = i, 9 (pr, 1) dp (3.229) 


Pp 


whereas 82, denotes the space of possible values of a molecule’s momentum 


p, which is likened to R*. When multiplying n (r, t) by the mass of a molecule, 
. . . . . oT 
731 the fluid consists of several molecule nen on sity dS ODE ta NEF One 
species, then the mass m (variable) should 
remain within the integral. p(r,t) =mn(r,t) =m / Q (p, r, t) dp (3.230) 
Qp 
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Likewise, we will write the velocity field as: 





vr.) =) @7)= ug (p, r,t) dp (3.231) 


n(r,t) Jo, 
Lastly, the fluid’s kinetic energy per unit mass e; is given by 


(Ex) (r, t) n(x, t) 
p (r,t) 


Ae. pe = 2 
/ 5m |al* (p. r,t) dp 
Qp 


The statistical averaging operator as defined this way has several properties 
which we are going to set out. First of all, the average is obviously additive. 
Besides, since the integral only regards the momentum, we find, for every 
quantity independent of momentum p 


ex (r,t) = 


232 
: (3.232) 


p (r,t) 





(A (r, t)) = Ar, ft) (3.233) 


In particular, it is left unchanged by the average of an already averaged 
quantity: 


((A)) = (A) 
(3.234) 
((A) B) = (A) (B) 
We will sometimes note A’ = A — (A), with the obvious property: 
(A’) =0 (3.235) 


For the same reason, the partial derivatives with respect to both time and 
coordinates r commute with the integration symbol: 


dA, 0 as 
—dp= — Ad 
[, ot P ot Qp P 


0A. 0 s 
[ Sab= = [aap 
Qp or or Qp 


We will now utilize the Boltzmann equation (2.27) to determine the variation 
of the mean quantities. Let us first write this equation as 


(3.236) 


dg | dpi: OOF; 

ot Ox; 7 0 Di 
(here we use the repeated-index summation convention, the vector r having 
the x; as a component). The above formulation is justified by the fact that the 
partial derivative with respect to the position r is achieved with a fixed t in 
(2.27). We may also recall that the force F refers to the external fields, which 
do not depend on the velocities (i.e. on the momenta). Multiplying by any field 
A, then applying the statistical average, we find 








= Cy) (3.237) 


ag. dvi; ,. apF; . 2 
i AS ap+ | A en ap f A onde = | AC (y) dp 
Q, ot Q, Xi Q, 9Pi Q 


Pp 
(3.238) 
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T4Except for energy if the collisions are not 
elastic. 


An important remark should be made. The conservative quantities of 
mechanics (mass, momentum, energy, for example) are not affected by the 
collision integral C (g) (as yielded by eqn (2.28)), because the collision 
processes satisfy the total conservation of these quantities,’* as explained in 
Section 2.3.1. It is the same with the number of involved molecules. Hence, 
for A = m, p or E;, the right-hand side of (3.238) will be identically zero: 


ay. dvi; ~ agF; . 
[ aap | A ee ap+ [ as ae (3.239) 
Qp ot Qp OX; Qp 0Di 


For A = m, the equation (3.239) readily yields, using the properties (3.236) 
and the definitions (3.230) and (3.231): 


dp dpuj dpF; . 
es ptm f ee a5 =0 (3.240) 
or OX; Qp ODi 














Since the integrand is a divergence, the integral is reduced to the ‘boundary’ 
of &2,, where g vanishes (refer to Chapter 2). Thus, we find once again 


3 
+ + div (pu) =0 (3.241) 


that is the continuity equation (3.42) of a variable density continuous medium. 
In the following sections of this chapter, we will apply the preceding ideas to 
the main equations being dealt with in this chapter. 


3.5.2 Balances and fluxes through Boltzmann 


Putting A = p = mi in (3.239), we get 


ap. dvi; .- FC 
mf aap +m [ ea +m [ en adp=0 (3.242) 
Q Q 2, 9 


2 ot is OX; 3 i 








Since the partial derivatives with respect to time and space are achieved with 
a fixed velocity, we may also write, using (3.231), (3.236) and (3.230): 


a faint age d9Fi 2 
+m— ujugdp +m —udp = 0 (3.243) 
dxi Ja, Q, OPi 


opu 
ot 





In order to treat the central integral of that equation, we have to introduce a 
new notation. The molecules have velocities which differ from the average 
local velocity u; we then will put a = u—(a) = —u (@’ stands for the 
‘random’ part of the molecule velocity). We get 


[ ajugdp =n (uju + aut ut! + iu, ’) 
Qp 


=n(ujut (z;)u + uj (w’) as (w/w) (3.244) 


=n(ujut (u;a’}) 
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(we have used (3.234) and (3.235)). Then we have 


a ~ . dpu; dp (aa 
m— ujugdp = sible + lela (aja) 
OX; on OX; OX; (3.245) 


= div (pu @ u) + div (p (a @ 0’) 


Lastly, let us calculate the last integral of (3.243) using the rule of derivation 
of a product: 


dpF,_. dgFia . ~ op. 
mf = tap =m | or ap- [ oF, ap (3.246) 
Q, Pi Q, ODI Q, OPi 











The first integral of the right hand side vanishes pursuant to Gauss’ theorem, 
whereas 0p/dp; = e;, the i-th unit vector of the work base. We also can turn 
into a good account the fact that the external force does not depend on the 
momentum in order to take it out of the integral. From now on, we will write it 
as F, since it depends on the position r = r. Thus, using (3.229) and (3.230): 


d0F;. ,~ . 
mf ae udp = — i: gdp|F 
Q, Pi @, 





2 (3.247) 
F 
a =) — 
m 
Lastly, combining (3.243), (3.245) and (3.247), we get 
apu . ‘ ~t oy mt F 
ae + div (pu ® u) = —div (p (a @ @’)) + p— (3.248) 


Using (3.45) and taking the gravity F = mg as external forces, we ultimately 
find: 


d 1 ee 
= = —FAiv (oli ea) +8 (3.249) 
This is the Cauchy equation (3.71), provided that we put 
o =—p(i @7) (3.250) 


We notice that the stress tensor is written as the statistical autocorrelation 
tensor of the velocity fluctuations as exhibited by the molecules with respect to 
the continuous velocity field. This is unsurprising; if all the molecules moved 
at the same velocity within a fluid particle, no internal force would be found 
in it. We may, however, surprisingly and interestingly note that the possible 
intermolecular impacts do not take any explicit part in the stresses. Their 
influence, however, is implicit, since they account for the velocity fluctuations 
a’. The components of this tensor equal o; j=7-pP (iii) and, as was well 
established, are a priori unknown. The definition (3.250) shows that the ten- 
sor o is inherently symmetrical (with the presently adopted construction), in 
accordance with what we explained in Section 3.3.2 based on the conservation 
of the angular momentum (egns (3.77) to (3.79)). In addition, this definition 
highlights the invariant nature of the stresses through a Galilean transforma- 
tion, as explained in Section 3.3.2. 
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75 There is no summation sign above i in the 
next expression. 


76 Treating the internal energy, for instance, 
would not raise further difficulties. 


Since the case of a fluid is being considered, we can explicitly calculate the 
diagonal values of o. The isotropic nature of the laws of mechanics provides 
the fluctuating motion of molecules, under the effect of the collisions, with 
a feature which is independent of the direction being considered. Thus, the 
oj; May be related to the molecule root mean square velocity u as defined by 
(2.71):75 


(3.251) 


In the case of the perfect gas, the equation (2.103) yields the expected 
relation: 


Vi, oy =—p (3.252) 


according to (3.116). The preceding expression may be formulated otherwise. 
If we consider that applying the principles of Section 2.4.3 to the case of an 
isolated molecule is pertinent, we can model the effect of the collisions to 
which it is subject through a ‘molecular friction’ force, by analogy with (2.179) 
or (2.283): 

~ dis a 

FP” = —aiil (3.253) 

This force determines the derivative of momentum dp/dt. We then are 

definitely in the same circumstances as in Section 2.4.1, with a matrix A (as 
defined by the general relation (2.119)) being given by 


1 
A=—a (3.254) 
m 
Formula (2.146), together with (2.147), then yields 
ee kpT 
(v @w)- 1, (3.255) 
m 
This result is consistent with (3.250) and (3.252), provided that we put 
kpT 
pg ca (3.256) 
m 


Thus, we get back to the state equation (2.102) of a perfect gas. The other 
components of the stress tensor will be estimated in the next section, in the 
general case of any fluid. 

Let us now turn to the kinetic energy equation,’© which is tantamount to 


putting A = Ex = sm |i? in (3.239). After some manipulations such as those 
we used for establishing the Cauchy equation, we get: 


0 1 s2 . 0 | ees ey eee 
= bs 5m [a] edb fh ziniti jal" gdp 


a (3.257) 


1 Ff d/u d 0 
Sy he — i 
a 2, Obi gap 
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The first integral simply equals pe, as per (3.232). The second is treated 
by breaking down the molecule velocity into its average and fluctuation, as 
previously: 


i i; |i” gap =n (wi: (|ii)°) + (i |al”)) (3.258) 


The first of these terms equals 2ne,u;. Afterwards, writing down iil = 











jul? + 2u- a + a’ * we find 
(i; jai”) = 2u- (afi) + (i, |a|’) (3.259) 
Thus, we find 
| Pree Renee ~y ~/ ee eae 
sini |a|" dp = pexu; + pu- (it) + 5 (i [a | (3.260) 
2p 
The third integral of (3.257) yields 
~12 FS 
aja”. OF; ap. 
Ff ia gdp=— | — gap 
Q, IPI m* Jo, 9DPi 
2 
_ 25. f soap (3.261) 
= I, pydp 
2 
= —nF-u 
m 


Combining these relations, equation (3.257) becomes 


0 tapas 
ae + div (pexu) = —div (u- p (a @ w’)) 
(3.262) 
_ 9 (i |i 7 4+nF-u 
ax; \2 ' 
Then, using the equality (3.49) and F = mg, we come to 
dex 1... 10°F 1. fy 29) 
SE A Cavio-w teu 22 (Sol la ) (3.263) 
which is identical to (3.89), the kinetic energy dissipation rate being given by 
a (1 f.,)-7)/2 
f= am (5o(z || ) (3.264) 


The consistency of this relation with (3.85) can be ascertained through an 
exact (fairly lengthy) calculation which, however, is of no relevance since 
the kinetic energy equation stems from the Cauchy equation, as explained in 
Section 3.3.3. 

We may lastly note that the scalar transport equation (3.60) could be deter- 
mined through the same procedure. The scalar concentration may be likened 
to the integral, over all the possible velocities, of the probability of presence 
of a molecule of the substance being sought, by analogy with (3.229). If the 
scalar accounts for a population of small bodies carried by the fluid, the scalar 
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diffusion term can be found again from the Fokker—Planck’s equation (2.302) 
(refer to Gardiner, 1985). 


3.5.3. Viscous stresses through Boltzmann 


We know from Chapter 2 (Section 2.4.1) that the friction forces are gener- 
ated by an out-of-equilibrium state. The viscous stresses can therefore not be 
assessed through the Boltzmann distribution of thermodynamical equilibrium 
(2.49). On the contrary, an approximate solution of the Boltzmann equation 
(2.27) should be sought in an out-of-equilibrium state, that is taking the col- 
lision integral (2.28) into account. We learnt in the previous section that the 
term in 0@/0dp leads to the external forces of the Navier-Stokes equation; that 
is why we will drop it in the following. We then are seeking a solution of the 
following equation: 
dp . dp dp . 


Tac op ae u=C(¢) (3.265) 


with, as previously explained, a collisional integral as given by equation (2.28), 
which we provide again for the sake of convenience: 


C(y) = i w (B.B,: Bp. 8) (vy), — ev) 4B, dB ya, 3.266) 


We will seek a solution, assuming that it is only slightly different from the 
equilibrium, according to those principles as set out in Section 2.4.1. Thus, we 
will put 


y (Pp. r,t) = go (p. r) + 59 (p. r, £) (3.267) 


where ¢ is the equilibrium distribution, as given by (2.49), but without any 
potential, since we ignore the external forces, that is: 


: Ex (B) 
=O —_—— 3.268 
vo (B) 5 oo oF (3.268) 
and with the condition 

59 XK go (3.269) 


First of all, we notice that the distribution gp no longer depends on r and 
that it verifies 





Igo Yo (P) 
—=~ = 3.270 
dE kpT 
Afterwards, we define the auxiliary distribution x by 
. _ dy (p,r,t 
gov) aE! 

Og0/0E 

. (3.271) 
6 ,V,t 
= kp Tr 59 (B.¥.1) 


90 (p) 
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Thus, (3.267) is also written as 


y (p. r,t) = go (p) : + ape (3.272) 


Let us initially determine the influence of 5g upon the collision integral 
(3.266). We may first recall that, in this integral, g, denotes g (Bsis ty); Qy 


denotes @ (by, ie) , and so on, the primes referring to the data about molecules 


after collision.’’ Each of these terms will be affected by the out-of-equilibrium 
state. We will then write the variation of p Py — ~hy caused by d¢ in the form 


5 (Cs = voy) = (0.5 ~ 5p) (%. o 5¢1,) 
— (yo + 89) (G0.y + 8%y) — 96,55,» — Po¥0,~ 3-273) 
~ 0, p5P) + 00,y5Hp — POSPy — Yo, 5P 


Afterwards, we introduce new notations by putting x, + x (p,. ty), and 
so on. With the definition (3.271), and using the relation (2.46), which is now 


written as ON B%0.y = Gopo,y, We get 


1 
5 (e5¢, = 00) © EF Po.n 0. Xy + ¥0,7 0.88 


— PoG0,y Xv — 0,y POX) (3.274) 


= P0P0,y ! / 
=a (x) + x6 - xy — x) 





The variation 5C of the collision integral is then given by 
sc= ff w(B.B,:8).6,) 
x b (v0 - oy) dp, dp,dp, (3.275) 
0 


= ket OO 


with 
rads f DP. Pui De. PD, 
oe fe w (B Py; Pp a) 


x Po.y ee + 2X6 — Xy — x) dp, dp,dp, 


(3.276) 


(the factor gp could be got out of the integral because the latter has no integra- 
tion over p). The equilibrium distribution gp once again verifies dgo/dt = 0, 
and (3.265) then yields C (go) = 0. Hence: 


C (gy) © C (go) + 6C (3.277) 


0 
= ——f 
kpT Ce) 


77We use the same notations as in Sec- 
tions 2.2.2 and 2.2.3. One must not mistake 
these primes for those which, in the preced- 
ing section, were used to denote the differ- 
ences between molecule velocities and aver- 
age velocity as meant by Boltzmann. 
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In order to make progress in our calculations, we now will endeavour to 
assess the left-hand side in equation (3.265). As stated in Section 2.3.1, we 
are seeking an out-of-equilibrium Boltzmann distribution, as given by formula 
(2.70). In order to keep true to our hypotheses, we drop the external force 
potential as well as the molecular interactions and the internal molecular 
energy. Within the context of the continua, however, we must remove the 
particular labels , from that definition and explicitly emphasize the dependence 
of both velocity and temperature on position and time: 


= m Pp 
9 (Pp, r, t) = Oexp ~ DkpT (r,t) E —u(r, | (3.278) 


The derivatives of g with respect to time and position are easily calculated: 





lag om [lar,. \, au .. 

got kpT E rem eae w)| 

s i (3.279) 
m ‘a ~ 

on ie E (a— u)” (grad T) + (a — u)’ (grad ) 


A significant remark now has to be made. We are seeking local quanti- 
ties, which allows to get into the inertial frame of reference of the relevant 
mesoscopic particle. We may then put u = 0, but, nevertheless, the velocity 
gradient persists. The left-hand side in (3.265) is then written, taking (3.279) 
into account, as: 


dp _ mg ||? oT 
dt kpT 


7 ou, 7 
Se (Serna 8) + 22.3 rat a 


(3.280) 


Still considering phenomena without any temperature variation, we will only 
keep, from that equation, those quantities depending on u. The term du/dt 
in (3.280) is balanced by the other terms of the Navier-Stokes equation of 
motion which, among others, contains the quantity being sought, that is the 
viscous stress tensor div t. In the approximation (3.269), however, we may 
state that this term would only provide our calculations with a correction of 
the immediately lower order of magnitude, and so we may safely ignore it. 
It is the same with the Navier-Stokes inertial term. As regards the pressure 
gradient, it would yield again the isotropic part of the stress tensor which 
we have calculated in the previous paragraph (eqn (3.251)). We may notice, 
however, that when we ignore this term, we deliberately forget those processes 
related to the fluid compressibility about which we have said at least twice 
that they are closely related to pressure (Section 3.4.1 and 3.4.4). This is an 
approximation of an incompressible fluid. We may thus eventually do without 
du/dt in (3.280). Lastly, we can make the following transformation: 


oT a ~ Uj ~ 
u’ (grad u) -U = ui; uj (3.281) 
Ox; . 
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= ot OMe 4 OU Te 
~ 2\ax; ” ax; J 


= (1@1):s 
Ultimately, (3.280) takes quite a simple form: 
dp _ mp (~~ 
—_— = — ; 3.282 
i at (1@u):s ( ) 


Taking the above discussion into account, and with the help of (3.277), 
equation (3.265) yields 


m (i @ a) :s=1(x) (3.283) 


The left-hand side in that equality is linear in s, whereas J (x) is linear in x, 
as evidenced by its definition (3.276). We then have to seek a linear dependence 
of x ons, that is 


x (p, r,t) =A(p) : sr.) (3.284) 


where A is an unknown second-order tensor (we assume in that expression that 
the dependence of x on time and space is fully taken on by s). Like the statis- 
tical distributions, A most certainly depends on the energy of the molecules, 
that is to say, since we are in the particle’s inertial frame of reference, on its 
temperature 7. 

Owing to the definition of J (x) and the relation (3.284), we may write 


T(x) =I1(A):s (3.285) 
where I (A) is a second-order tensor as defined by analogy with (3.276): 
1(A) = fw (B.5,: 5.64) 


x Yo.y (Ay, + Aly — Ay — A) dB, dB i,aB, 


(3.286) 


with Aj, =A (6,). and so on Considering that the relation (3.283) is valid 
whatever the local values of the components of s may be, we ultimately find 


mua ®t =I1(A) (3.287) 


We now have all the required elements for calculating the viscous stress 
tensor. Since we are in the local inertial frame of reference of the relevant 
particle, the random part of the molecular velocity equals u’ = ¥ — u = U. The 
definitions of both stress tensor (3.250) and mean quantities (3.228) induce 


T (r,t) =—p(t@ t) 
i 


--— =f FAI) OG) xG.r1 db G.288) 


=B:s(r,?) 
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where B is a fourth-order tensor as defined by 


B= : P®p@A(p p) dp 3.289 
Sage |, PePeAW]v()aB 6.289 

B is then symmetric with respect to its first two indices and depends on T 
via A, but does not explicitly depend on space and time. 

From now on, we can only make progress in our calculations through 
further hypotheses. Let us take a closer look at a monatomic gas, the rotational 
invariance then indicates that the tensor B is isotropic. The most general form 
satisfying these conditions is as follows: 


B= 11 (5:x5j1 + 5115 jx) &; @ €j @ ex @ ej (3.290) 


where jz is a scalar quantity depending on temperature. Equation (3.288) 
ultimately yields, using the symmetry of s: 


T = ft (5ix5j1 + 5:15 jx) Ske ® €; 
= w(syi + ij) e1 Bey (3.291) 
= 2us 


This is once again the incompressible viscous behaviour law (3.107), and jz 
is nothing but the molecular dynamical viscosity, which occurs as a mere func- 
tion of temperature, as discussed in Section 3.4.2. The other, compressibility- 
related, viscous terms in (3.104), could be derived through a similar procedure 
(refer to Landau and Lifshitz, 1981, and to Rief, 1965). 

Viscosity can be assessed by twice contracting the tensor B (3.289). By 
comparison with (3.290), we find 


1 Bip Gara er 
paar - [B"A (B) B] v0 (6) 4B (3.292) 
An order of magnitude of the tensor A can be estimated from the relation 
(3.287). We may initially note that the integrals of such a kind as C (9), 
I(x), and so on account for processes of return to equilibrium through 
the collisions, which are then exerted with a time scale corresponding to 
the collision characteristic time t,,. We then can provide the following 
estimate: 
I(A) ~ lAl (3.293) 
m 
As explained in Section 2.3.1, time T,, is linked to the rms molecular velocity 
u and the mean free trajectory £ by the relation (2.68). With equation (3.287), 
(3.293) then yields 


kpTe 
|A| ~ tama ~ 3 





(3.294) 


° 


(the latter estimate stems from the fact that the kinetic energy of molecules is 
on the order of kgT, as evidenced by (2.67)). Through the definition (3.292), 
the following order of magnitude can then be achieved: 


w~ mea / yo (p. r) dp (3.295) 
Q 


Pp 


Lastly, the formula (3.230) giving the density provides, with (3.295), an 
estimate of the kinematic viscosity: 


v~ eu (3.296) 


The molecular viscosity then happens to be the product of a length times 
a velocity, which would directly result from a dimensional analysis (refer to 
Section 3.4.3). Although the rms velocity is very high (we may recall it is 
close to the sound velocity, according to Section 2.3.3), the quite small value 
of the mean free trajectory accounts for the very small values’® of v as given 
in Table 3.2, Section 3.4.1. As regards a perfect gas, the relation (2.71) lastly 


yields 
kpT 
v~ £,/ — (3.297) 
m 


Viscosity then happens to be an increasing function of temperature. For a 
liquid, this result is no longer valid, in the first place because the relation (2.71) 
no longer occurs. The close proximity of molecules within a liquid plays a 
major part in its viscous nature. As temperature increases, molecular agitation 
drives them apart, which induces a lower viscosity (Landau et al., 1986). 


3.6 Variational principles for fluids 


The least action principle is here applied to continuous systems. After intro- 
ducing a four-dimensional formalism, we derive the continuous Lagrange 
equations, as well as the energy-momentum four-tensor of a medium. We first 
apply these ideas to a rigid medium, then to a strained medium, eventually to 
an incompressible perfect fluid. We show how it is possible to find the role 
of pressure in the incompressibility phenomenon, and how we can state its 
implication in wall boundary conditions. The case of irreversible processes 
(viscosity, diffusion) is finally briefly treated. 


3.6.1 Generals. Rigid media 


We are now going to derive the equations of continua and fluids from the least 
action principle as discussed in Chapter 1. This approach will provide clear 
answers for several issues and will sometimes prove useful upon the numerical 
modelling of incompressible flows (Chapters 5 and 6). The mathematical 
content of the following paragraphs, however, is somewhat tedious, and time- 
pressed readers may temporarily skip this section without compromising their 
understanding of the next chapters. The ideas have been developed in a rather 
uncommon way, from presently acknowledged considerations (for instance, 
refer to Swaters, 2000 and Kambe, 2008). 

A continuous medium should be characterized by an infinite number of 
parameters g; representing, for instance, the coordinates of those particles 
making it up.’? More exactly, the medium is described by three continuous 
fields of parameters g; representing the components of the position vectors r 
of its particles at every point in time, as a function of their initial positions x, 
in accordance with the beginning of Chapter 1: 
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78 Chapter 4 will introduce the notion of eddy 
viscosity, which obeys the same dimensional 
principles but takes substantially higher val- 
ues. 


79Within the context of relativistic field 
theory, these parameters may also be the 
components of the electromagnetic field 
quadrivector. 
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G = x,t), 1=1,2,3 (3.298) 


Since each particle has its own characteristics (velocity, density, etc.), the 
medium’s Lagrangian will be written as the integral, over its volume, of a 
Lagrangian density . This function, as with a discrete set of particles, should 
be a function of the g; and gj, as well as of the spatial derivatives of the qj, in 
order to take the continuous nature of the medium into account. We will denote 
the spatial derivatives as: 


Ogi 
Ox; 





Gi,j = (3.299) 


Thus, if Q denotes the volume as occupied by the medium, we will write 


L= [2 an. {aii} »{Gi},t) dQ (3.300) 


the curly braces are provided for recalling that i and j range over all three 
values which are assigned to them. Time explicitly plays a part if the medium 
is an open system, but we will hereafter drop it for the sake of conciseness. 

The vector {qi} = (41, 92, q3) will henceforth be denoted as q. 
The action is written as the time integral of the Lagrangian, which can 
be written in a condensed form by putting g;9 = g; aS a convention, which 
Oia aesancrathaomueaded 18 tantamount to working in a four-dimensional space’? (i =0, 1, 2, 3). A 
in special relativity for the treatment of the four-vector will then comprise four components and may be written as 
electromagnetic field (Landau and Lifshitz, A = (Ao, a’)!, Ag being its ‘temporal component’ and a an ordinary spatial 
1975). vector. Likewise, a tensor 3x4 will be the data B = (Bo, [b]) of an ordinary 


81 od, : tensor®! b, with a vector Bo on its left-hand side: 
We write b in brackets in order to remem- 


ber its tensorial feature 3x3, unlike the vec- 


tor Bo. We will use this notation throughout Ao 
the remaining part of this section. A= Ao . | a 
a , a2 

43 (3.301) 


Boi bi biz b13 
B = (Bo, [b]) = | Bo,2 421 522 bx 
Bo,3 531 532-33 


Such conventions being defined, the action of the continuous medium is written 
as an integral over a four-dimensional hypervolume: 


a 1 
= | [2 ({ai}. {aij}. {Gi}) dQadt 
ty 


= L (q, grad*q) d*x* 
e 


(3.302) 


82 book We have adopted a notation convention according to which a star in super- 
It should be kept in mind that the vector q : . . . 99 : . . 

is three-dimensional, unlike the quadrivector  SCTipt refers to the four-dimensional formalism°~ which we have just intro- 

x*, duced, and so x* = (t,x)! and 
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grad*q + (q [grad q]) 


Sgt OG Oat OG 





dt ax ay az Qi G1 V1.2 11,3 
3.303 
_ | 8a a2 dq a2 |_| , ene 
Tar ax ay oz | | 22 22! 22 923 
943 993 993 343 31 3,2 3,3 
ot ox dy dz 


is a 3x4 tensor, with g = dq/dt, grad q being the 3x3 tensor whose coef- 
ficients are the {qi.;} (j = 1,2,3). The notation © = [h, fa] x Q in equa- 
tion (3.302) denotes the integration quadrivolume. 

In the following, we will use the 3x4 momentum tensor as defined by 


_ 8 nes aZ 
P~ dgrad*q dq | dgrad q 


IL IL IAL IAL 
041 9q11 991.2 9913 (3.304) 
IL IL IAL IAL 
092 92,1 992,2 9q2,3 
IL IL IAL IAL 
093 993.1 993.2 9q3,3 





We will launch our investigations with the case of an undeformable medium, 
adopting the ‘simple but inexact’ approach as set out at the beginning of 
Section 1.2.4; though this simplistic case is still unsuitable for fluids, it will 
be suitable for becoming familiar with those notations and concepts which 
we will develop in the subsequent sections. For a rigid medium, the d+x* do 
not change over time, so that the variation of action merely results from the 
Lagrangian variation: 


i aL aL 
6S = / (oa + +6.) d*x* 
@ \ 0qi Ogi,j 


aL 
=} = -dq+p: (eraa*5q)"| d*x* 
eo L oq 


(3.305) 


(the first line implies the repeated-index summation convention, as well as 
throughout the following discussion). The second term in the integrand may 
be rearranged as 


- Pp: (grad*5q)’ d*x* = i [aiv* (p*"5q) — div*p- sq d*x* (3.306) 
© oO 
The 3x4-dimensional divergence operators, for a field of four-vectors 


A= (Ag, a2)? and a field of 3x4 tensors denoted as B = (Bo, [b]), are 
defined by®? 


83 Note that, with the following notations, the 
compressible continuity equation (3.42) sim- 
ply reads div*(p, pu? )? = 0. 
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0A 
div*A = ae + diva 
(3.307) 
tee a, ORO as 
div"B = —— + divb 
dt 
The former is a scalar, the latter is an ordinary vector. The divergence inte- 
gral in (3.306) can be reduced to an integral over the hypersurface enclosing 


the quadrivolume ©, so that, if an external normal unit four-vector n* is defined 
over that surface 0@, we have 


[ p: (grad*5q)' d*x* = -| div*p - 5q axts g (p’sa) nt@r* 
© 0 J0 
(3.308) 


Thus, the variation of action (3.305) is written as 


6S = [ (= = aiv‘p) - dq ax d (p"5q) sm 2P* — (3.309) 
o \ oq 30 
The least action principle consists in investigating minimal solutions for the 
action, with preset boundary conditions (here, the boundaries are both tempo- 
ral and spatial); thus, dq vanishes at the quadriboundary 0@. The preceding 
relation then yields, since it is valid for any variation dq: 


OL 
— — div*p=0 (3.310) 
dq 

This four-dimensional equation is the Lagrange equation being sought. In 


an indicial form, it is written as 


a (3.311) 








Vi, — 
Ogi OX; Odi, j 
or else, returning to the separation of time and space: 

d0f If 0 0L 


vi, ——— = es 
ot Ogi Ogi OX j O4i,j 











(3.312) 


The equations (3.312) may once again be lumped together, now in threes, in 
order to get a standard vector form: 


d0Lf If . If 
- = div 
dt 0q oq dgrad q 





(3.313) 


We recognize the ordinary form of the Lagrange equations (1.24) in the first 
two terms, except that it is a partial time derivative which is involved, since we 
have got into a rigid medium. The third term in (3.313) stands for the spatial 
variation of a tensor which is directly linked to the stress tensor, as evidenced 
by the following calculation. Let us first write the following identity: 


IL IL dq; | IL Idix 











aT = 
Ox; Oqi OX; = OGi,k OX; 
/ ie os (3.314) 
_ aL 7 OL Oqi.k 
Ogi a OGi,k OX; 


The first term in this equation can be altered taking the Lagrange equation 
(3.311) into account to yield 


af 9 AL aL Ii 





Vi; = 
OX;  OXk Odi,k a Odi,k OXk 
(3.315) 
_ 9@ IL 7 
~ axe VOgia 
We come to the following conclusion: 
0 OL 
ji, —— | ——qij — 2djx ) =0 3.316 
Dox (55, oe i) 
This relation may also be written, in a four-dimensional form: 
Div* = =0 (3.317) 
with 
© = (grad*q)’ -p — ZI; (3.318) 
Ij being the identity four-tensor. A four-tensor is a 4x4 tensor; hence, for 
example 
1 0 0 0 
eo f1 0?) 10 £0 0 
= ({ im) =lo 0 1 0 Gear 
0 0 0 1 


where 0 is the zero vector. In other words, a four-tensor consists of a four- 
vector standing above a 3x4 tensor. The quadridivergence operator** occur- 
ring in equation (3.317) is defined, for a four-tensor, from the definitions 
(3.307) by 


dA 
A cl divt( A, CT)" op 
B [D] div* ( B, [D] ) >, + div 


Thus, it is a four-vector. 

The calculation we have just made is in every respect analogous to the calcu- 
lation (1.68) having governed the establishment of the energy conservation law 
(1.69) for a system of material points. Equation (3.317) is then a four-vectorial 
conservation law and & is referred to as the medium’s energy-momentum four- 
tensor.®> In a developed form, it is written as 


Ue wy ne OF 


aq ’ dgrad q 


aZ 
(grad q)" 2a (ered q)’ 





r= (4.3215 





— ZI 
dgrad q | 

We may note that its doubly temporal component Xoo is analogous to the 
energy of a discrete system (1.69). The conservation equations (3.317), in a 
developed four-vectorial form, reads as 
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84With a capital D, in order to distinguish it 
from the operator as defined in (3.307), which 
acts upon the 3x4 tensors. 


85 Once again referring to the theory of rela- 
tivity. 
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86Tt is the Cauchy tensor in the case of the 
fluid to be discussed later on; in the case of an 
electromagnétic field, it is referred to as the 
Maxwell tensor. As in relativity, after more 
complex calculations, the quadritensor © can 
be given a manifestly symmetric form, unlike 
in the present case. 


87Some authors make the Lagrangian deriva- 
tive appear from the notion of local invari- 
ance. We think, however, that our present 
approach is more convenient. 


884 volume density could also be conserved 
by varying the volume too, through the deter- 
minand in the Jacobian matrix J, as it is done 
in general relativity through the determinant 
of the so-called metric tensor. The calcula- 
tions, however, are far from simplified. 


8°We will keep this explicit dependence in 
our notations throughout this paragraph, in 
order to emphasize the Lagrangian feature of 
the argument. 
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= (= 4-2) = div (q” ) 
ot \ oq dgrad q 


a 
— (ered q)’ | = div (ered q) 
ot oq 


(3.322) 


— - %]L 
dgrad q 


The first stands for the medium’s law of conservation of energy, and the 
vector under the divergence symbol then represents an energy flux, that is the 
force power, pursuant to Section 3.3.3. The second is an equation of motion 
including the same physics as the Lagrange equation (3.313), and the term 
under the divergence stands for a momentum flux, that is a stress tensor.®° 

Interestingly enough, in that formalism, both temporal and spatial transla- 
tions take on the same form and lead to a condensed formulation of the laws of 
conservation of energy and momentum as discussed in Chapter | in the discrete 
case. 


3.6.2 Strained media 


The case of such a strained medium (with an constant density) is built after the 
previous model, with some modifications. The vector q henceforth happens 
to be the position r of a particle, whereas according to (3.3) the vector q is 
nothing but the Lagrangian derivative®’ u of r. Besides, pursuant to (3.4) the 
deformation of the medium leads to: 


or 
gradq= — =J (3.323) 
ox 
The definition (3.303) then yields 
grad*q = (u, [J]) (3.324) 


We will make our calculations, however, keeping the general notation q, 
for a reason which will become clear later on. We also must take another 
consideration into account. Since the mass (not the volume) of each particle 
is conserved, a Lagrangian mass density has to be introduced;** then, instead 
of (3.302) we will write 


as 12 
si I L (tai). {ai.3} (di) pd Qdt 
Poe (3.325) 


=f TL (q, grad*q) pd*r* 
© 


We may note that the integration volume Q (f), as a material volume, now 
explicitly depends on time,®? as shown in Fig. 3.4. The integration in space 


is therefore presently made according to r* = (t, rt)" and not x* = (t, x")! 
Since the mass pdQ is constant, the variation of action is now given by 
~ IL 
6S = / (= -6q+p: grad’5q) pd*r* (3.326) 
© \ °q 





Here, because of the Lagrangian aspect of the motion, we must apply a 
different treatment to spatial and temporal variations in order to treat the 
second term: 


i p: grad*5q pd*r* 
@ 





R OL dé aL eet) 
=) / eee pdQdt +f : grad 5q pd*r* 
1 JQ) aq dt © Ograd q 
The first term in (3.327) is rearranged as 
t 
j 7. ae sq pdQadt 
cag = (3.328) 


2 0 
“LLG 9) (G2) om 
t Qt) dt oq dt aq 


The first term in the right-hand side of this equality is the integral over 
a material volume of a total derivative whose integration differential is the 
mass element, and then equals (pursuant to (3.50)) the total derivative of that 


integral: 
6a) pdQdt 
- LG dt (oa 
12 
=) =f (=. sa) pds 
4 Q(t) (3.329) 
-| | aL ? 
= 84 pda] 
an OG nl 


=0 


(the latter equation results from the fact that the variation dq vanishes at both 
initial and final points in time, as in the discrete case discussed in Chapter 1). 
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Fig. 3.4 Integration domain for the calcula- 
tion of a continuous medium Lagrangian. The 
physical space is reduced to two dimensions 
for the sake of drawing convenience. 
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The second term in (3.327) is transformed through a combination of differen- 
tial operators, then is integrated by parts: 


: grad 5q pd*r* 





[ L 
© Ograd q 


T 
a 
=i, div o( wea ) dq - aiv (0 =a ) -54 d‘r* 
© dgrad q dgrad q 
0 
=~ [ aiv(o a ) date 
© dgrad q 
T 
+p p ( ae ) dq | -n*a3r* 
30 dgrad q 


The boundary integral, of course, vanishes pursuant to the spatial boundary 
conditions. Recombining (3.326), (3.328), (3.329) and (3.330), we get 


- d 
fs I E (= - aoe] — div (c a ) -dqd*r* (3.331) 
@ dq dt 0q dgrad q 


Once again, relying on the indifferent nature of the variation of parameters, 
we come to the equation of motion: 
OL 

—  —-D*p=0 3.332 

Pq Pp (3.332) 

to be compared with (3.310). Here we have introduced a new operator D*, 

playing the same role as the quadridivergence Div* as defined by (3.320) in 

the case of a moving medium. It is defined, for a four-tensor, by:”° 








(3.330) 











This operator is analogous to the covariant 


derivative in general relativity. r dA + div (pC) 
AC p— + div (p 
D* = (3.333) 
5 pi p+ div (pD) 


It then differs from the operator Div* by the presence of density. Being pro- 
vided with that notation, the calculation we have just made may be generalized 
for a field of 3x4 tensors A = (Ag, [a] ) and a field of four-vectors B in the 
form of a Lagrangian four-dimensional version of Gauss’ theorem (refex to 
Appendix A): 


[A graa pd* *=-| D*A-Bd‘r* 
oO 0 


12 
+ | Ao -B pao +f p (aB) en'dr* 
Qt) i ao 


Let us return to equation (3.332), which is the Lagrange equation for a com- 
pressible moving medium. When rearranged in its three-dimensional vector 
form, it reads as follows: 

dif If ; OL 
Oat aq , aq ? Jerad q 


(3.334) 





(3.335) 


which may be compared with (3.313). Using the subscripts, we get 


d af OL 0 ( If ) 
Lp —=p p 
dt dqi Ogi = Xa \ Odi, 
In the latter equation, the subscripts w (and, according to a convention to be 
applied throughout the following, all the dummy Greek sub-scripts) only range 
over the spatial values 1, 2 and 3. 
Returning to the definition of parameters (q, q, grad q) = (r,u, J), equa- 
tion (3.335) is also written as 
d 0L OL IL 
= di 3:33) 
Pou” or wv (o>) Gas?) 


The work done in the previous paragraph for establishing the conservation 
laws may be generalized to get 





(3.336) 





D*r =0 (3.338) 


where & is defined, like a rigid medium, by formulas which are analogous 
to (3.318) or (3.321). After being developed according to the sub-scripts, the 
tensorial equation reads as 


d (0F 0 aL 
Vi, p— | —gq;.; — L580; — — qi; — L8q; =0 
J Oe (= 4i,j vi) + Dies E (= qi, j xi) 
(3.339) 


which here plays the role of (3.316). Instead of equation (3.322), we find the 
four-vectorial form 


d (ae. 7 ag 
“(= 4-2) =di 
i a (5g ) iv(» q mada) 





(3.340) 





fT (grad y? = | = aiv| » @raa gy? £1 

— | (gra — | = div ra 7 
p ay grad q aq p (grad q dgrad q pz h3 

A developed formulation would once again give the main conservation laws 
for the continua occurring in the system (3.95) (except for the scalar transport 


equation, to be dealt with in Section 3.6.4). 


3.6.3 Incompressible flows 


Let us now turn to the case of an incompressible fluid. In accordance with what 
was said in the first two chapters, the Lagrangian per unit mass is written as 


1 
L=L(r,u,p,o) = 5H ein (p,o)+g-r (3.341) 


with u = |u|, o denoting the specific entropy. Here, however, the internal 
energy does not have to be taken into account, since it is well-known it is 
constant in the isentropic compressible case (refer to Section 3.4.1). We then 
will ultimately write 


1 
L=L(r,u) = xe ter (3.342) 
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°*!The general case of the incompressible 
fluid is treated in a similar way, although the 
calculations are somewhat more complex. 


»2-This argument is based on findings which 
are similar to the remark immediately after 
eqn (3.115). We may note that Holm (1999) 
replaces the condition (3.23) with det J — 
1 = 0, according to (3.22). We think that the 
method set out here is clearer. 

31t is a generalization of eqn (1.30) to the 
case of a continuous medium. 


The forces caused by the contribution of e;,; (pressure forces) will naturally 
appear though the following procedure. Among the difficulties to be settled 
when treating a fluid through a variational approach is the fact that the spatial 
components of the particles are not independent, since they move about satis- 
fying the continuity equation. One will then attempt to minimize the action, 
provided that the continuity equation is complied with. In the case of an 
incompressible fluid,?! due to equation (3.11), we will observe the following 
condition for each particle: 
div = 2° _ 9 (3.343) 
dt 
More exactly, tr J is a constant, but we must ultimately specify that con- 
dition so that J can be varied in our subsequent calculations.” We will solve 
this problem through the Lagrange multiplier method as introduced in Sec- 
tion 1.2.4. Since the condition (3.343) should be satisfied at every point in 
space and at each point in time, we will not have one multiplier, but a field of 
multipliers”? A (r, f), and the quantity to be minimized will be written as 


/ 2 1 2 
S= ~u- + g-r) pdQdt 
1 Jar \2 


2 ditt 
= / / Ae D aod 
th JA(t) dt 


The second integral can be modified through (3.50) to yield 


1 t 
i / gee) aod 
t JQ(t) dt 


2 dA (tr J) R . 
= ——— _pdQdt — A (tr J) pdQdt (3.345) 
n Jar dt nh JQQ) 


ty to : 
= | A (tr J) pao] -{ i A (tr J) pdQdt 
Q(t) t qo YQ(t) 


Both initial and final conditions being determined, the integral in the first 
term is set for f = t, and f = f, and so this term is constant and does not play 
any part in the minimization process (refer to Section 1.2.3). The Lagrangian 
can therefore ultimately be written as 





(3.344) 








F 1 ‘ 
L = L(r,u,J; A, A, grad A) = su + Auster (3.346) 


It then happens that the parameter vector should be provided with a further 
degree of freedom corresponding to the Lagrange multiplier: 


_ (r,t) 
a= Gj (x, >) 
. (u(x,t) 
a= (: (x, .) 


(3.347) 
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We then have, instead of (3.324): 


u [J] 
grad*q= | _ (3.348) 
A (grad A)? 


(the subscript 7 now ranges over the values i = 0, 1, 2, 3, 4, the value 4 being 
ascribed to the parameter A). Knowing the Lagrangian will also provide the 
momentum tensor,”* from its definition (3.304): 


u [ Als] 
p= (3.349) 
tJ of 


As regards the Lagrange equations (3.335), they are divided into two parts, 
namely a vector equation for momentum, provided with a scalar equation for 
the behaviour of the multiplier: 


dat _ 3% «(92 
Se — — dlIv ——— 
Pram” or Pay 
(3.350) 
dai aL IZ 
p——~ = p— — div (| p———_ 
dt 0A 0A dgrad A 


The Lagrangian’s form (3.346) can be used for quickly determining the 
following identities: 


oe =u ed =trJ (3.351) 

ou 0A 

aL aL 

Gf GA” 
2 AT; 2 =0 

oJ dgrad A 


(we have used the equality 0 (tr J) /oJ = Is). The Lagrange equations (3.350) 
then yield 
du 1 . 
— = —-~—grad (pA) + 
a 58 (oA) +8 
dtr J 
=0 
dt 
As expected, the second of these equations gives the continuity equation in 
its form (3.343), whereas the first is the Euler equation of motion as given by 
the first line of the system (3.129), provided that we put 


p=pA (3.353) 


(3.352) 





We naturally come across the equation of a perfect fluid, since the discussion 
in Chapter | shows that the least action principle may only lead to conservative 
processes (in the next section, we will explain how the Lagrange equations can 
be rewritten in the viscous case). 

The considerations above show that the incompressible fluid Lagrangian 
(3.346) becomes” 


Like grad*q, it is a quadritensor, not a 3x4 
tensor as in the preceding Section This results 
from the introduction of the new parameter 
A 


95 With the condition (3.343) which we have 
chosen for expressing the incompressibility. 
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Based on (3.20), the following expression 
defines a Lagrangian density which exactly 
equals pdV, as expected (refer to Chapter 2). 


°7Tn relation to Section 3.4.4, we are consid- 
ering the case where the fluid is surrounded 
by walls, i.e. in the absence of a free surface. 


1 
faxwe+ co wdtgr (3.354) 


Thus, it happens that pressure is the Lagrange multiplier associated with 
the condition of incompressibility; we will have an opportunity to discuss 
this result again in Section 6.2.5, within the frame of the SPH method. As 
previously mentioned, particularly in Section 3.4.4, pressure is a quantity 
which is closely related to the fluid incompressibility. We may recall that 
this feature already occurred in the equation of state (Section 2.3.3), as well 
as in the arguments prevailing in the preparation of the fluid behaviour law 
(Section 3.4.1). From now on, the contribution of pressure as the ‘mainspring’ 
of incompressibility in the total Lagrangian of the fluid system can be assessed. 
Both calculation (3.345) and relation (3.21) show it is established as” 


Lincomp = p (tr J) dX 
Q 


=- | pn 4a0 
2° po 


(the constant 3 of (3.21) was removed, since it can be included in the reference 
density). In every calculation based on (3.355), o should be kept virtually 
variable, and its constant value po is then only specified by the end, just as 
when we have kept the quantity tr J unknown. 

We also have to explain how the influence of the boundary condition at the 
wall (Section 3.4.2) can be assessed using the present variational formalism. 
Since we presently ignore the viscous effects, we have to consider the condition 
of impermeability (3.144), which should be satisfied at every point of the 
wall. We then, once again, have to solve a problem under constraints, which 
is done by introducing a field of Lagrange multipliers B (r,t) as defined at 
wall?’ 9Q. The following surface integral should then be added to the system’s 
Lagrangian: 


(3.355) 


Lyall = -¢ BU Uyai) +n pdT (3.356) 
dQ 


Uwall being, as we may recall it, the wall velocity at the point being considered. 
Applying Gauss’ theorem, we may split it up into two volume integrals: 


Poa / div [B (a — tyan)] pd 
= (3.357) 
= -| B (divu) pdQ — J (U — Uyail) - (gradB) pdQ 
Q Q 


It should be kept in mind that the field B is only defined along the boundary 
of the domain, and so its gradient is normal to the wall, according to a relation 
which is identical to equation (3.216) built for treating the interfaces in Sec- 
tion 3.4.5. Thus, the second integral in (3.357) vanishes owing to the condition 
of impermeability (3.144). As regards the first one, it occurs in the same form 
as the condition of impermeability (3.343) and, because of the calculations we 
have just made, we can state that the Lagrange multiplier is likened to pressure. 
Since B is only defined at the wall, we may write, by analogy with (3.353): 


P (Cwatt) = pB (3.358) 


at each point ryqy of the wall. The same calculation as in (3.345) then makes 
it possible to reduce the wall’s Lagrangian (3.356) to the following form: 


Lwall = § P (watt) @ — Fwait) * 1 (Cwart) dT (3.359) 
JQ 


It is possible to provide another form of this, which will be useful in Chapter 
6 (Section 6.3.2), within the frame of the SPH method. To that purpose, let us 
integrate (3.359) over the whole fluid domain, which implies multiplying times 
the Dirac distribution 6 (|r —-r i where r’ stands for ryqq. It is then possible 
to substitute p (r) for p (Twa) to get 





Lat =f $ d(\r—r'|)p@)r—-r)-n(r)dr(r)dQ() (3.360) 
2 Jag 


To complete this section, let us briefly turn to the question of energy. Let us 
first calculate the energy-momentum four-tensor of a perfect incompressible 
fluid from the definition (3.318) and the formulas (3.348) and (3.349): 


u! A u [Als] 
r= 
[J7] grad A tJ 07 
1 ; 1 0 
— (Ge +dus+e-r) 
0 Ub) 
su — ger Au? 


J'u + (trJ) grad A [ 4g? = (5 +AuJS+¢- r) I3| 


(3.361) 
The laws of conservation (3.338) then read as 
d/(1 5 . : 
Pa (5« —¢g- r) = —div (pAu) 
(3.362) 
d tir a Paar xu? + Atry 
p—|J w+ rd) grad Al = —aiv| py -o( ea 


The first one, taking the definition (3.353) of p into account, is rearranged 
as: 


dex 1. 
— =-—-—div(pu)+g-u (3.363) 
dt p 
which is identical to (3.89) in the absence of friction forces.?® As regards the 
second law of conservation of (3.362), we know it represents the equation 
of motion. Rather lengthy (and unattractive) calculations allow us to suitably 
rearrange the latter equation as (3.352). 

We are going to explain how the law of conservation of the total energy 
of a perfect fluid can be related to the (conservative) formalism stemming 
from the Hamilton equations and discussed in Section 1.5.4. To do this, we 
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8We may note, however, that energy does 
not include the internal energy term in that 
formalism, which is consistent with the fact 
that it is constant for an incompressible flow. 
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temporarily adopt the compressible formalism (the incompressible case is a 
limit case), which allows us to take the pressure forces into account through 
the internal energy in order to write the total energy mass density in accordance 
with (3.92): 


1 
e= 5H + tgp See (3.364) 


Thus, the total energy (Hamiltonian) of the system is given by the following 
integral: 


H= epdQ (3.365) 
Qt) 
As in Section 1.5.4 (eqn (1.266)), we now introduce the state vector y for 
each point in the fluid, as defined by 
u 
yrji=|r (3.366) 
p 


(unlike the formalism of Section 1.5.4, velocity is substituted for momentum, 
which is equivalent to the momentum per unit mass). Using (1.256), we get 


u 
0 — 
O22) * = (3.367) 
oy P 

p 


by analogy with (1.270). With the theorem (3.50), the calculation (1.273) 
providing the evolution of the Hamiltonian becomes, within the continuous 
context: 


dH d 
i de. dQ (3.368) 
=| = -¥e 
ar) OY 


du dar d 
=f (uot oe +22) a0 
Q(t) dt dt p dt 


Taking into account the equation of motion without dissipative forces and 
the continuity equation as given by (3.129), and considering that u = dr/dt, 
we get: 

dH : 
—_ = (—u- grad p — pdivu) dQ 
dt Qn 
=~ (grad p, w) —(p, divu) ee 
=0 


This calculation was successfully completed by means of the relation 
(3.198) of adjunction of the differential operators div and —grad. That prop- 
erty then accounts for the conservation of energy and is the effect, in the 


continuous formalism, of the property of asymmetry (1.274) of the matrix 
(@7)qp. Section 1.4.2 had already evidenced the skew-self-adjoint nature of an 
asymmetric matrix (calculation (1.98)). We will have an opportunity to come 
back to these properties in Chapter 5, in order to understand how the laws 
of conservation can be expressed in the language of a Lagrangian numerical 
method. 


3.6.4 Irreversible processes 


To complete this chapter, let us qualitatively explain how the irreversible 
processes can be addressed according to the just explained principles; the 
dissipative forces will be investigated first. Equation (2.186) in Chapter 2 
teaches us that the latter, in the discrete case, should occur in the Lagrange 
equation in the form of the derivative of the dissipation function with respect 
to velocities, which are the temporal derivatives g; of the system parameters. 
In the continuous case, this principle should be generalized by deriving the 
dissipation rate with respect to the temporal derivatives of those parameters 
being used for determining the forces. The Lagrange equation of motion shows 
that, for a fluid, these parameters are r and J; the dissipation rate of kinetic 
energy f with respect to r = u and J= grad u (eqn (3.10)) should then be 
derived. Now, we have seen in Section 3.4.1 that the dissipation rate of the 
mass unit of an incompressible fluid is given by 


f = vs? (3.370) 


It therefore only depends on the velocity gradients, that is on the quantities 
gi. (i = 1,2,3); f then has to be derived with respect to these quantities. 
This principle is identical to equation (3.99), provided that a further 1/2 factor 
be added before the derivative symbol. The dissipative forces (with a minus 
sign) add to the ordinary forces occurring under the divergence symbol in the 
Lagrange equations. Applying this principle to the Lagrange equations of a 
continuous medium” (3.336), we get 


dil da 0 (= 1 of ) 
L, = z 
dt Ogi Ogi OXq 04i,a 2 04i,a 





(3.371) 


The arguments which prevailed when developing the law of conservation of 
the energy-momentum four-tensor in Section 3.6.2 should be amended as well. 
The equation of conservation (3.339) becomes, indeed 





d (dF 
Fel 
J ae (= i,j vi) 
a (av 1a af ries 
—— | ge = 63 pf = ete 
ers (F an wi) 2 Oxy Odi A! 
For j = 0, corresponding to energy, we derive 
d (df, 0 Of , 10 of , 
> (ai = 2) = ( : = if di (3.373) 
dt \ 0gi OXa \ Odi,a 2 OX Oia 
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°° For the sake of simplicity in the following 
formulas we have deleted the density, since 
this is an incompressible case. 


208 Continuous media and viscous fluids 


which can be rearranged as 


d (df. a aL of \. 1-of 
dt ae Ve ey (A574 
dt & - ) OXqu San i) i| 2 0di,a dia ( ) 


In the case of a fluid, the quadratic form of f makes is possible to write 


a a a 
if ; = f = a, (3.375) 
Odi,a dgrad u os 














The Lagrange vector equations (3.350) will then take on the following 
shape: 





dav _af (2 si) Asees 


dt 0u-sdr aJ 2 as 


(3.376) is then the equation of motion of a viscous fluid in that formalism, 
fitted with the Lagrange and dissipation functions (3.354) and (3.370). It is 
a continuous form which is analogous to the discrete equation (2.186). The 
term under the divergence symbol (to within the sign and multipled times the 
density) obviously stands for the Cauchy stress tensor, as already mentioned in 
Section 3.6.1 (The Lagrangian’s gradient stands for the external forces, namely 
gravity in this case). With the quadratic form of f, we find 


as? 

— =A4s (3.377) 

0s 
(refer to the calculation (3.103)). As to the term 0-#/dJ, it is given by (3.351). 
With (3.353), the stress tensor is then written as 


1 
7 =" bai (3.378) 
pp 


according to the law of behaviour of an incompressible viscous fluid (3.107). 
Lastly, the energy balance (3.340) will take corrective terms analogous to those 
in (3.374) and will be written as 


a (= u-2) = div! (= _ sz) _~19f., 3.379) 


dt \ ou oJ 20s 20s ~ 
The first term in the right-hand side stands for an energy diffusion associated 
to the flux 
af 1a 1 
ef OEY eine (3.380) 
oJ 20s p 


This term is identical to the flux occurring in the energy transport equation 
(3.92), and yields again the flux pu of (3.363) in the absence of viscous forces. 
Lastly, the last term in (3.379), standing for dissipation, is once again obviously 
equal to f because of its quadratic form. As explained in Section 2.5.1, the 
dissipative processes are accompanied by volume shrinkage in the phase space. 
It is all the same within the continuous context. 

Let us disclose another way of treating the irreversible processes from a 
variational principle. We have seen in Section 2.5.2 that the viscous forces 
can be derived from such a principle using the mirror system formalism. We 
may recall that the principle consists of considering that a Hamiltonian (i.e. 


conservative) system comprises two subsystems one of which is determined 
by the parameters Q;, and provides energy to the other one, being represented 
by the ‘mirror’ parameters Q*. Through this trick, a loss of energy can be 
represented for the first subsystem, whereas the energy of the second one 
increases. Holm (1999) and other authors!° utilize this procedure for building 
a variational formalism of the turbulent flow equations (refer to Chapter 4, 
Section 4.6.2). In this section, we will merely explain how this approach can 
be used to represent the diffusion!®! of a scalar B (r, t). To that purpose, we 
consider the Lagrangian!° 


PB BBR) = ; (B*B — BB*) + Kz (grad B) - (grad B*) (3.381) 


where B* denotes the concentration of a ‘mirror scalar’. Here we have a single 
Lagrange equation for each system, which is written after the model of (3.335): 
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The definition (3.381) then gives 
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OB 
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dgrad B 
and similar formulas for the derivatives related to B*, the first two relations 


changing sign. When provided with these relations, the Lagrange equations 
(3.382) yield 





(3.382) 








= Kpgrad B* 





dB* 1 
eer (oK ggrad B*) 
e (3.384) 
ae D.. 
— = —div (pKggrad B) 
dt p 


The second equation is identical to (3.60) without any source term; this 
equation was built in Section 3.3.1 and represents the transfer and the diffusion 
of the scalar B. It can be observed that the mirror scalar experiences an inverse 
diffusion, associated with a negative diffusion coefficient, which highlights the 
purely formal nature of that construction while providing for the conservativity 
of the total system. We must say that the laws of conservation (3.338) could 
easily be established here, but without any benefit. 
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100 Readers may refer to Morse and Feshbach 
(1953), as well as Foias et al. (2001). 


10lHere we are inspired by Basdevant, 
(2005). 


102.45 mentioned in Section 2.5.2, the con- 
siderations about the mirror systems come 
within some speculative formalism. No jus- 
tification of the origin of the Lagrangian is 
then given. 
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! Numerical simulation even owes a lot to the 
scientists’ eagerness to predict the turbulent 
motion of fluids, since one of the first serious 
relevant attempts was conducted by Richard- 
son in order to try to make atmospheric fore- 


casts (1922). 


Turbulent flows 


4.1 Introduction 


Fluid mechanics is often—and wrongly—tegarded by the general public as a 
scientific field which does not contain mystery any longer, mostly because it 
basically deals with processes in line with our observation scale. Those having 
interest in science then turned their attention either to the infinitely small 
(quantum mechanics and its nearly metaphysical mysteries, but the industrial 
applications of which have drastically changed our everyday lives) or to the 
infinitely large (cosmology, against the background of the amazing construc- 
tion of general relativity). Some of the deepest mysteries of contemporary 
physics now persist on the daily scale of fluids. Actually, fluid turbulence 
has long been a fascinating topic that’s complexity, however, never allowed 
any adequate mathematical approach before the late nineteenth century, par- 
ticularly with the research works conducted by Reynolds and Boussinesq. 
Throughout the twentieth century, it was at the core of physicists’ concerns and 
was specifically focused on when numerical calculation,! then chaos theory 
emerged. 

Chaos, indeed, is the side from which we will introduce turbulence, con- 
sidering in the first place the behaviour of disordered nonlinear dynamical 
systems. This analysis will provide mechanisms underlying the fluid behaviour 
in the turbulent regime; afterwards, we will turn to the specific equations 
allowing them to be mathematically treated. We do not intend, however, to 
provide a catalogue of turbulence patterns which, by the way, would be an 
awkward (or even unfeasible) task. As in the preceding chapters, we have 
no ambition to compile an exhaustive textbook dealing with this difficult and 
much documented topic. Our purpose is to identify the mechanisms and estab- 
lish the fundamental equations which govern the flows in the turbulent regime, 
in order to work out the most relevant models in view of their Lagrangian 
numerical application in Part II of this book. 

Before tackling the theory of turbulence, we must ask why this discipline is 
nearly ignored by many fluid mechanics theoricists and practitioners, particu- 
larly in the field of free surface hydraulics. More generally, it may be stated that 
the integration of turbulence developments into software has experienced two 
quite different rates in the fields of industrial and environmental simulation, 
a great deal of effort having been directed towards industrial simulation in 
that field, whereas environmental modelling is still looking forsaken in that 
respect. It seems that among the reasons for this, backwardness is a major one. 


We will see, indeed, in this chapter that turbulence induces a mixing which can 
be modelled by diffusion terms looking like further forces in the equations 
of motion. Depending on the kind of flow being investigated, the order of 
magnitude of these forces may be compared with those of the other forces in 
the Navier-Stokes equations, starting from the dimensional analysis as set out 
in Chapter 3 (Section 3.4.3). It then happens that turbulence plays a prevailing 
part in almost all the often steady or nearly steady industrial flows, which are 
therefore much influenced by the diffusion processes. Moreover, lots of envi- 
ronmental flows have a free surface, generating phenomena in which gravity, 
pressure and inertia forces are prevailing; thus, at first glance, the turbulent 
effects may be ignored. It should be kept in mind, however, that turbulence 
remains important in a number of cases of free surface flows, particularly in 
a slowly varying regime. Although we cannot provide any thorough review of 
these ideas, we will briefly illustrate them in Chapter 7 (in particular, refer to 
Section 7.3.2). 

Among the free surface flows which are closely related to the turbulent 
mixing processes, the case of flows with a variable density (estuaries, lakes, 
etc.), which is not discussed in this chapter, is also worth mentioning. From 
now on, indeed, we consider nearly incompressible flows, that is having such 
characteristics that very moderate relative variations of density can be pro- 
vided, on the basis of the elements described in Chapter 3 (Sections 3.4.2 
and 3.4.3). 

This chapter will initially define the notion of chaos through the example of 
a damped and sustained pendulum, by reference to the first two chapters. We 
will then turn to the notion of strange attractor for a dynamical system. Using 
the Reynolds average concept, we will establish the Reynolds equations for the 
point-averaged models from the equations given in Chapter 3. A first closure 
model indroducing the notion of eddy viscosity will subsequently be explained. 
A brief overview of Kolmogorov’s ideas will then lead us to propose several 
conventional models (zero, one and two equation models) for the calculation 
of that quantity. Studying the case of a stable flow in an infinite channel will 
provide us with some information about the turbulent boundary conditions. 
After reviewing the shortcomings of the models disclosed so far, we will set out 
some second order models, particularly an explicit algebraic model. We will 
complete this discussion with the disclosure of several non-averaged models: 
the large eddy simulation (LES), the a model, and lastly the stochastic models 
(the latter two being based on the notions as introduced at the end of Chapter 2). 


4.2 Chaos dynamics 


In order to introduce turbulence as a mechanical process, we start by investigat- 
ing a modified pendulum including energy production (Van der Pol oscillator). 
We then consider more general dynamical systems, and introduce the concept 
of attractor in the phase space. From the experimental results of Reynolds, we 
conclude that a turbulent flow must have a strange attractor, the dimension of 
which is computed from the so-called Lyapunov exponents. We finally present 
the Fourier modes of turbulence and the process of energy cascade. 
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2Except for the atmospheric flows, whose 
scientific bases played a major part in the 
development of the theory of turbulence, as 
well as in the above mentioned development 
of numerical simulation. 
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4.2.1 Example: the Van der Pol pendulum 


Before going into further detail as regards the turbulent flow dynamics, we 
may usefully temporarily ignore the fluids and focus on the possible range of 
complexity of the dynamical systems in general. Complex oscillations, indeed, 
occur within the turbulent flows and can be more easily understood where a 
purely mechanical reference case is investigated. It is then advisable to initially 
come back to the simple pendulum as discussed in Section 1.4.4, provided with 
the friction force as described in Section 2.4.2 (eqn (2.177)). Since energy 
decreases according to the law (2.178), we have explained in Section 2.5.1 
that the volumes then decrease in the phase space (eqn (2.227)), and so the 
trajectories come closer to each other as time elapses, as in Fig. 2.5. By the end 
of an infinite time (practically, long enough), all the phase trajectories converge 
to the origin point corresponding to immobility (6 = 0) in a vertical position 
(6 = 0). This point towards which the trajectories inevitably (and irreversibly) 
converge is known as the system attractor. 

This is a zero-dimensional, that is rather unattractive, object. Do systems 
having a non-zero-dimensional attractor exist? To go more deeply into that 
question, let us resume the damped pendulum case, but provide it with the 
energy it lacks by imparting it a small momentum at regular time intervals. 
This amounts to imparting it a driving force (as opposed to friction) when the 
oscillation amplitude becomes too small, which can be modelled through a 
variable friction coefficient a (we explained in Section 2.4.2 that the macro- 
scopic kinetic coefficients ~« may depend on the generalized coordinates). We 
then must prescribe a coefficient taking negative values when @ is below a 
given threshold, for example: 


: ey . 
med = —mg sind — a (5) = J 6 (4.1) 


This is known as the Van der Pol oscillator (1920). The energy in this system 
can vary over time according to the law 


dE, 66\* 
— =a" -—a| — (4.2) 
dt 01 


Since the system is sustained, its average energy over a sufficiently long 
time span, however, should be constant. If the time-averaged quantities are 
bar-topped, then we get 
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Two terms can be found in that equality, namely P, which denotes a pro- 
duction of energy, and ¢, which denotes a dissipation. These two terms are 
obviously positive and in equilibrium, so that the system can get a periodic 
regime, at least after some relaxation time. Equation (4.2) cannot be solved 
analytically, but a numerical solution would actually give a phase portrait rep- 
resenting trajectories all of which are converging towards a one-dimensional 


vo 














attractor as in Fig. 4.1. This is a limit cycle over which the system indefi- 
nitely evolves in the long run, whatever initial conditions may be. It is then 
important to distinguish it from the periodic cycles of Fig. 1.4, each of which 
corresponds to a level of energy which depends on the initial conditions being 
chosen. Here, there is no set of possible periodic trajectories, but a single limit 
cycle, making up a one-dimensional attractor towards which all the trajectories 
asymptotically tend. 
Several comments are to be made about this brief analysis: 


e A periodic dynamical system features closed trajectories (but they are not 
always attractors). 

e A system can only have an attractor if it is subject to an energy dissipa- 
tion, and the phase trajectories all the more quickly converge to the said 
attractor since the dissipation is greater (pursuant to (2.178)). 

e The geometrical dimension of an attractor is (strictly) less than that of the 
phase space, because the continuous reduction of the volumes gives the 
attractor a zero volume.* This phenomenon makes the phase paths come 
closer to each other. 

e An attractor reveals forgotten initial conditions, because the system 
moves towards it whichever place it comes from. Another way to see this 
consists of observing that, in accordance with the preceding remark, the 
number of degrees of freedom is reduced in the long run by the presence 
of the attractor. Thus, the Van der Pol pendulum initially has two degrees 
of freedom (6 and 6), and keeps only one in the long run (namely the 
curvilinear abscissa along the limit cycle). 

e An attractor may not be reduced to one point (i.e. have a non-zero size), 
provided that the system enjoys an input of energy from the outside, 
exactly compensating for the friction-induced losses. 


We additionally could mention that the main properties of a system can be 
found again in its attractor, or, more precisely, that the characteristics of the 
physical space can be seen in the phase space—for example the cyclic nature 
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Fig. 4.1 Configuration of the phase portrait 
and the Van der Pol oscillator attractor 
(damped and sustained pendulum). 


3A theorem formulated by Poincaré illus- 
trates this outcome. 
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4 Strictly speaking, the Reynolds experiment 
concerns a flow in a circular pipe. We will 
generalize its results from various, more gen- 
eral observations. 


5 As mentioned in Section 3.4.3, U would be 
more suitably defined as an order of mag- 
nitude of the spatial variations of velocity 
within the flow. The flows separated into sev- 
eral distinct areas, however, should be treated 
carefully. This is the case of a fast-moving 
body in a fluid at rest at infinity, this flow 
being non-viscous out of the wake and the 
boundary layer and hightly turbulent in them. 


In the case of the Reynolds experiment 
proper (circular pipe), Re. is estimated at 
2100, whereas Re, is on the order of 3000. 
More recently, however, further experiments 
demonstrate that these values depend on such 
hardly controllable parameters as the wall 
roughness. 

In the case of a flow downstream of a 
finite-sized solid body, the critical values 
range from several tens to several hundreds, 
depending on the body’s geometry (an exam- 
ple is disclosed in Section 7.4.1). 


7For some types of flows, and depending on 
the type of prescribed disturbance, the transi- 
tion does not obey any periodic regime, but 
takes place at intervals (intermittency). 


8Examples of theoretical studies of the sta- 
bility of a discrete fluid system will be set 
out in the second part of this book, within 
the context of the SPH numerical method (in 
particular, refer to Section 5.4.4). 


of the attractor in a periodic system. Thus, it can be felt that the more complex 
is a system, the more complex is its possible attractor. 


4.2.2 Strange attractors 


Let us come back to the case of fluids. In the late nineteenth century, O. 
Reynolds (1883) conducted the experiment which is presently known by his 
name; we will summarize its main results,4 illustrating them with the teachings 
from the previous section. A flow corresponding to a given fluid (with a molec- 
ular viscosity v), a given geometry (characterized by a length scale L) and a 
velocity scale> U is featured by a single dimensionless number, namely the 
Reynolds number Re (refer to Section 3.4.3). It may behave in three possible 
ways, according to the value of Re (as defined by (3.154)): 


e When Re is low enough (below a threshold Re,,, ranging from sev- 
eral tens to several thousands, depending on the geometry), the fluid 
particle trajectories remain well-ordered and parallel; this is referred to 
as a laminar flow. In the fluid phase space, this regime corresponds 
to a punctual attractor. The flow, indeed, is stable, which means that 
a sufficiently gentle disturbance would quickly disappear owing to the 
dissipation exerted by the viscous forces. This case is similar to that of 
the damped pendulum. 

e When Re reaches the threshold Re,,; while remaining below a second 
threshold Re,,2 (which also depends on the geometry®), an unsteadiness 
arises, as evidenced by regular oscillations which are generally periodic 
in both time and space. In the phase space, the attractor then becomes a 
closed curve (periodicity). This behaviour is similar to that of the Van der 
Pol pendulum.’ 

e When Re reaches the threshold Re,.2 (ranging from several hundreds to 
several thousands), the flow becomes extremely complex and irregular in 
both time and space; this is called a turbulent flow. It is featured by great 
variations of the velocity and pressure fields, generating complex and 
mobile three-dimensional structures with various sizes and frequencies. 
We are for the first time faced with a behaviour beyond the scope of 
the investigations of Section 4.2.1. The attractor is now very complex 
(an example of it will be disclosed later on), exhibiting fluctuations 
over numerous frequencies; it is the so-called chaotic kind of regime in 
mechanics. 


The above results should be considered as stemming from experience, but 
may as well be subjected to theoretical analyses from the Euler and Navier— 
Stokes equations. The mathematical discussions of the instabilities in fluids 
and the processes giving rise to turbulence partly come within the scope of 
the theoretical study of change in the dynamical system regime, and go far 
beyond the scope of this book (for instance, refer to Goldstein et al., 2002). 
Among the many works conducted in this field, we will merely mention the 
general methodology to investigate the behaviour of a fluid system in such 
conditions that an unsteadiness arises® (Swaters, 2000). The idea consists of 
linearizing the equation of motion around a state which represents a solution, 


the disturbance supposedly having a low amplitude. This method is then 
identical to that we applied for treating the pressure waves in Section 3.4.3, 
but uses a linearization around a dynamical situation, not at rest. The linear 
nature of those equations governing the behaviour of that disturbance makes it 
possible to seek the latter in the form of a harmonic function, which amounts 
to only keeping one Fourier component. Using the boundary conditions then 
leads to a closure relation of frequency versus wave number, that is a dispersion 
relation, like equation (3.166). Many results were achieved through that proce- 
dure in the early twentieth century, particularly by Orr (1907a and 1907b) and 
Sommerfeld (1908). One of the most impressive achievements in that respect 
was made by Orszag (1971), who explained, on a theoretical basis, the results 
of the Reynolds experiment; the value of Re,,1, however, was higher than the 
experimental value.” 

Some remarks can be made right now about turbulence. Because of the very 
low viscosity values of the usual fluids, the crushing majority of natural and 
industrial flows are turbulent, because the Reynolds number is usually very 
high.!° Besides, the fact that a flow becomes more unsteady as the Reynolds 
number grows is consistent with intuition. The viscous term in the Navier— 
Stokes equation (3.123) is actually stabilizing as a dissipative term returning 
the system towards its attractor. We will subsequently explain that the advec- 
tion term, which occurs in the numerator of the definition (3.154) of Re, on 
the contrary, is destabilizing, and so the Reynolds number happens to be a 
measure of the system unsteadiness. It is noteworthy, however, that the very 
eddy structures characterizing a turbulent flow are stable, as explained at the 
beginning of Section 3.4.4. We may conclude that the turbulent regime itself, 
although it results from an unsteadiness, is steady since a disturbance does 
not return the flow to another regime; this is what justifies the existence of an 
attractor for a turbulent flow. 

A turbulent flow is very sensitive to the initial conditions, as can be seen 
for instance, when lighting up two ‘identical’ cigarettes: the microscopic but 
inevitable mutual differences will undoubtedly yield two significantly different 
smoke plumes. We will get further insight into the latter issue by temporarily 
coming back to a simpler dynamical system. Figure 4.2 (a) depicts a rect- 
angular billiard provided with a ball which follows a trajectory according 
to Descartes’ laws. If a second ball is launched after the first one with a 
slightly different initial position, it will follow a trajectory which will be 
parallel to the first one, and so the final mutual distance will be unchanged. 
Let us now consider a billiard fitted with a circular obstacle (Fig. 4.2 (b)); the 
rotundity of the latter ‘diffuses’ (this word is not used by chance) the balls at 
completely different angles, which results in a considerable increase of any 
initial uncertainty, small as it may be. This system is sensitive to the initial 
conditions because it exhibits a non-linearity. This non-linear feature is then 
destabilizing, which is a property of the advection term in the Navier-Stokes 
equations. In the phase space of the billiard with a central obstacle, rather 
quickly diverging trajectories can be seen. If several initial conditions are set 
this way on this billiard, then they soon will be dispersed all over the available 
area, in a mechanism looking like the diffusion of a gas in an enclosure. The 
non-linearity then has introduced some disorder and the results in Chapter 2 
show, from a statistical point of view, that the (mean) macroscopic energy has 
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°Orszag predicts Re, j = 5772, which can 
be compared with the above mentioned value 
of 2100. 


10some major exceptions, however, can be 
mentioned, such as the flows in some blood 
vessels or in the field of industrial microflu- 
idics. 
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Fig. 4.2 Two billiards, a linear one (a) and a 
non-linear one (b). The second is sensitive to 
the initial conditions, unlike the first. 


!lBased on a work initiated by Ruelle and 


Takens as early as in 1971. 


(4) 








necessarily decreased whereas entropy has increased. This is on an average an 
irreversible process, though the detailed mechanism is quite reversible. 

Thus, we come to the conclusion that the sensitivity to the initial conditions 
(trajectories diverging in the phase space) involves an energy dissipation. 
Now, the discussion in Section 4.2.1 states, on the contrary, that the energy 
losses go hand in hand with an oversight of the initial conditions, that is with 
closer trajectories in the phase space, which seems conflicting. We will try 
to explain this seeming paradox, which is peculiar to the chaotic systems. To 
that purpose, we will first ask how many degrees of freedom are necessary 
to get a chaotic (turbulent) regime. We have seen that the switching from the 
laminar regime to the oscillatory regime, when Re reaches the threshold Re,.1, 
corresponds to an initially punctual attractor which would become a closed 
curve. This is the onset of a first oscillation frequency. If a second frequency, 
incommensurable with the first one, occurred, a possible attractor would have 
to take the shape of a torus, which can only be deployed in an at least three- 
dimensional space. More generally, according to the remarks made at the end 
of Section 4.2.1, a number n of frequencies a minima implies a number n + 1 
of degrees of freedom. It seems this is allowed for a fluid, whose number of 
degrees of freedom is huge (three coordinates and three velocity components 
for each particle, the number of which is ambiguous but enormous). Thus, 
in the 1940s, Landau (1944) endeavoured to explain the onset of turbulence 
as a sequence of frequency splittings, giving rise to the above mentioned 
eddies. This hypothesis, however, blatantly contradicts the Reynolds’ exper- 
iment, in which the turbulence occurs abruptly without implying any second 
frequency. 

In the 1970s, the publications by Newhouse, Ruelle and Takens (1978) 
supplied!! an answer element by demonstrating that a chaotic regime may arise 
as soon as three degrees of freedom are present (‘period three implies chaos’). 
We should then acknowledge that the attractor of such a system (particularly 
the attractor of a turbulent flow) may be strictly less than three-dimensional, 
and we will adopt this case. We then immediately think of the torus of Fig. 4.3 
(a), on which two trajectories could diverge while staying on it. Within that 
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context, the oversight of the initial conditions shows itself in the trajectories 
inevitably getting closer to each other, from the outside of the attractor to the 
latter, whereas the sensitivity to the initial conditions is allowed by the fact that 
the trajectories on the attractor diverge. It then seems that the paradox is settled 
through a two-dimensional attractor. We must, however, drop this hypothesis 
for two reasons: on the one hand we know from experience that there are many 
more than two oscillatory frequencies in a turbulent flow, and on the other 
hand such a system could not exhibit any sensitivity to the initial conditions, 
as evidenced just by unfolding the torus to turn it into a square (Fig. 4.3 (b), (c) 
and (d)). It immediately appears that two arbitrarily diverging trajectories will 
ultimately meet each other, by periodicity. Now, according to a major property 
of the phase trajectories, the mechanical determinism prevents the two of them 
crossing each other; otherwise, the system would have two possible futures at 
the meeting point. 

We should then acknowledge that the attractor of a fluid in a turbulent regime 
has a geometric dimension d which is strictly higher than 2 and strictly lower 
than 3, that is not integer: 




















2<d<3 (4.4) 


It then necessarily is a fractal object (for example, refer to Mandelbrot, 
1982), which is usually known as a strange attractor. E. Lorentz (1963) 
first established such an attractor from a system of differential equations 
governing the evolution of velocity, pressure and temperature within a much 
simplified model of the atmosphere; this famous attractor is shown in Fig. 4.4. 
Its fractal structure is evidenced by an infinite number of ‘plies’ giving it a 
mille-feuille-like aspect. Oversight of the initial conditions and sensitivity to 
initial conditions coexist in it, and the laminated nature of this attractor makes 
the sensitivity possible without intersecting trajectories (they successively run 
across different plies). 

Let us also observe the twin ‘eyelet’’~ which takes part in the divergence 
of the trajectories before they converge again. The combination of succes- 
sive temporary convergence and divergence of the trajectory looks like the 
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Fig. 4.3 Deployment of a toric attractor over 
a square. The sensitivity to the initial con- 
ditions would here infringe the mechanical 
determinism. 


!2Historically, Lorentz was prompted by that 
shape to speak of the butterfly effect. It seems 
that he had initially thought of the flapping 
wings of a seagull. 
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Fig. 4.4 The Lorentz attractor (image by R. 
Mizuno, www.mizuno.org). 


13 This hypothesis is generally wrong, 
because there is no reason for the matrices 
a and T to be constant, except in such 
particular cases as the damped pendulum, 
which was dealt with at the end of 
Section 2.5.1. It may be assumed that this 
hypothesis is valid to the first approximation 
in the vicinity of a particular point on the 
attractor, as discussed hereinafter. The result 
will then be qualitatively generalizable. 





mechanism of stretching—folding over in a flaky pastry recipe. This mechanism 
provides the attractor with its fractal aspect. We know from experience that this 
process is an outstanding procedure for mixing (flour and butter, for instance), 
and we can see that the structure of the Lorentz attractor has something in com- 
mon with a diffusion (a mixing). This phenomenon is at the core of the chaotic 
processes (as in the case of the previously mentioned non-linear billiard) and 
the turbulent flow dynamics, and we will come back to it many a time. The 
stretching and folding over phenomenon which has just been described can be 
physically found again in the fluctuating motion of the fluids, and this is the 
way the mixing takes place in it, through the significant deformation of the 
medium. The attractor of a turbulent flow should have, if not the shape, at least 
the properties of the Lorentz attractor, and the actual physical properties of 
such a flow occur in the geometric structure of its attractor. 

In order to go deeper into these notions, let us more quantitatively return to 
the notion of energy dissipation, which increasingly appears to be essential in 
the presently involved mechanisms. The volume reduction in the phase space 
is given, as earlier explained, by equation (2.226), which is just a variant of the 
dissipative Liouville’s theorem and which we now rearrange as: 

1 dv 1 
=— =-tr(al)= Fe <0 


va (4.5) 


which is a definition of the time scale 7. Assuming it is constant,!? we get a 
locally exponential decrease of the volumes: 


= = t 
V = Voexp (-3) 


(to be compared with eqn (2.236)). For further insights into this behaviour, 
let us return to those quantities describing the system, and let us contemplate 
the particular case of a system having three degrees of freedom denoted as 
X; and making up a three component-vector denoted as X. Like the Hamil- 
ton equations (1.92) or the Navier-Stokes equations (3.126), the equations 


(4.6) 


governing these quantities must be differential and of the first order, which 
can!* be reduced to the following condensed form: 


X =f(X) (4.7) 


where f is a vector function.!> Since we are considering the system behaviour 
in the short run, it is advisable to expand this function into a first-order Taylor 
series around an arbitrary point Xo: 

d (X — Xo) 

dt 

where G is the gradient matrix of vector f at point Xp. The approximation we 
have just made amounts to introducing a matrix which has the dimension of a 
frequency T~! and is assumed to be constant, as we did in Section 1.4.4 with 
the pendulum frequency being denoted as wo = 27r/T, or else in Section 2.5.3 
with the matrix G, = Tp 'y, (eqns (2.285) and (2.298)). Actually, the follow- 
ing discussion is locally valid, in the vicinity of an arbitrary point Xo. The local 
solution of the linearized system (4.8) is written as!6 


X — Xo = Y’ exp (Gr) 


=G-(X—X)+0 (IX — Xol?) (4.8) 


(4.9) 


where Y is an unknown vector. Let us assume that the matrix G is diagonaliz- 
able and has real eigenvalues 4; which we will arrange so that A; > A2 > A3. 
These quantities are known as a system’s Lyapunov exponents.'’ We get, out 
of the G eigenbasis: 


el Q 0 
X=X)+Y' | 0 e 0 (4.10) 
0 0 &3! 


Moreover, the vector field f represents the field of evolution ‘velocities’ of 
the dynamical system in the phase space. If we take up again the idea of the 
abstract model as introduced in Section 2.2.2 in which this field is likened to an 
abstract fluid, matrix G represents the velocity gradient of this ‘fluid’ at point 
Xo, by formal analogy with (3.13). Its trace, equal to the trace of the ‘abstract 
deformation rate’!8, represents the evolution rate of volumes V (still in the 
abstract phase space), pursuant to (3.19). Hence, we have 

1 dV G 

wae =A; +A2+A3 < 0 
the sign being determined through the comparison with equation (4.5). Hence 
we get Ay +A2+A3 = —1/T, and the Jacobian determinant of the transfor- 
mation (4.10) makes it possible to find (4.6) again. 2 Consequently, at least one 
of the Lyapunov exponents must be negative, namely A3. In the local eigenbasis 
(at point Xo) of G, it means that those trajectories which are locally separated 
by a small eigenvector of 43 come closer to each other (refer to Fig. 4.5 (a)). 
Since these trajectories are 1-dimensional objects, no curve is expanded nor 
contracted along its own local direction. It means that one of the factors e*'! 
must equal |. One of the exponents (i.e. A2) must then equal 0. The exponent 
A, is then strictly positive so that a sensitivity to the initial conditions, that is 
the mutual distance between the trajectories in a given direction, illustrated in 


(4.11) 
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14Tf the differential system is of the second 
order, then it can still be expressed in a dif- 
ferent form to be reduced to a first-order sys- 
tem. This is what we did when reducing the 
Lagrange equations to the Hamilton equa- 
tions in Chapter 1. 

The presently used formalism is advanta- 
geous in that it is fairly general, which allows 
us to formally tackle all kinds of dynamic 
systems, including, to some extent, biologi- 
cal, chemical or economic systems. 


'3In the case of a system governed by the 
Hamilton equations, f is nothing but the oper- 
ator Dy given by (1.112). 


16We may notice that the following formula 
is closely related to the formal solution of 
the Hamilton equations (1.118), as well as 
the solution (2.290) of the Fokker—Planck 
equation. 


Let us specify: at point Xo. 


181t is the divergence of X as well, by analogy 


with (3.19). 


9 This may be compared with the case (2.12) 
of a conservative system. 
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Fig. 4.5 Calculation of the fractal dimension 
of a strange attractor through the Lyapunov 
exponents. 


207 should be pointed out that such an anal- 
ysis cannot be conducted in dimension 2. 
With the Van der Pol pendulum as set out in 
Section 4.2.1, for example, matrix G would 
be yielded by eqn (2.229). Since the sign 
of a may be positive in this case (refer to 
(2.178)), either a decrease or an increase 
of the volumes in the phase space can be 
observed, depending on the point in time 
being considered. 


2p meteorology, for instance, the Lyapunov 
time is on the order of 2-3 days. In astron- 
omy, where the systems are more slowly vari- 
able, it can be as long as several thousand 
years. 


22There are several definitions of it. The 
procedure we are disclosing ends up in the 
so-called Hausdorff—Besicovitch dimension 
(Besicovitch and Ursell, 1937). 
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Fig. 4.5 (a), can exist. The higher |A3| is, the more ‘attractive’ the attractor is; 
the higher 4; is, the more dissipative the system is. However, the following 
restriction persists: 41 is necessarily strictly lower than the absolute value of 
A3 for the sign of (4.11) to be actually negative. Hence: 


A3 <Az2=0 <>, <|A3| (4.12) 


This clearly explains why at least three degrees of freedom are required for 
the attractor and the sensitivity to initial conditions to coexist.?° 

The Lyapunov exponents determine the sensitivity of a process to small 
uncertainties as regards its initial conditions. Equation (4.10) shows that the 
exponents have the dimension of a time inverse. Quantity tT; = 1/A, stands, for 
example, for the characteristic time scale for the distance between trajectories 
to increase in the phase space. It is sometimes referred to as the Lyapunov time 
or the Lyapunov horizon, since it provides a measure of the time from which the 
system is hardly predictable.*! For a sufficiently long time before that horizon, 
the system may be considered a random system, because no memory of the 
earlier time points is retained. 

By means of the concepts we have just set out, the fractal dimension of the 
system’s attractor can be calculated” through the following procedure. Let us 
first consider a d-dimensioned hypercube (i.e. a square for d = 2, an ordinary 
cube for d = 3, etc.). If all the distances are cut into k smaller segments, then 
we get N = k@ hypercubes having the same dimension d as the original one, 
but which are smaller. Generalizing that approach to any object, its dimension 
can be written as 


d = log, N (4.13) 


Let us now consider the attractor, an enlarged schematic view of which is 
shown in Fig. 4.5 (b), and let us estimate its fractal dimension. To this purpose 
let us first turn to a Poincaré section, that is the intersection of the attractor with 
an arbitrary transverse plane. Each point in that section evolves in accordance 
with the law (4.7), and its area S (t) varies according to the law 


S(t) = SpeM1t*3)! < Sy = S(t = 0) (4.14) 


This decrease of areas within the phase space directly results from the 
decrease of volumes, provided that Az = 0. The section comprises N smaller 
elements, all of which are identical to the initial section Sg and each one has 
an area 





s(t) = Sye™*3" (4.15) 
Hence, we get 
8) 
s(t) (4.16) 


= eAi-A3)t SY 


(we may recall, indeed, that A3 is negative). Between the initial time point 
t = 0 and the time point rf, the distance shortening factor k is given by the 
shortening along axis x3, that is 


_ &(t=0) 
— O3(t) (4.17) 
=e 31 


Formula (4.13) can be used to derive therefrom the dimension of the 
Poincaré section. To get the attractor dimension, one also must add 1, cor- 
responding to its dimension along direction x3. With (4.16) and (4.17), we 
get 


(4.18) 


The property (4.12) then states that the relation (4.4) is duly satisfied. 

Like the other attractor’s properties, the fractal nature can theoretically 
be found again in the geometry describing the motion of the system being 
investigated; we will provide an insight into it in the case of a turbulent regime 
flow in Section 4.4.3. 


4.2.3 Scales and spectra 


We have explained, in the previous section, that a system in a chaotic regime 
features a host of frequencies. As soon as that word is used, it is echoed by the 
name of J. Fourier. The tools named after him will be useful to go more deeply 
into the dynamics of these systems, particularly of the fluids in a turbulent 
regime. We may recall that since every quantity A depends on time f, its 
temporal Fourier transform (refer to Appendix B is a function of frequency 
space w as yielded by 


f)= ¢@e a (4.19) 
—0Oo 

Thus, a system obeying an oscillatory regime in the form of a circular 
function with a frequency wo (like the non-damped pendulum in Section 1.4.4) 
is featured by a signal whose Fourier transform is a localized Dirac distribution 
at w = wo (refer to eqn (B.60)). A system having two distinct periods has a 
transform exhibiting two peaks, and so on. Conversely, a chaotic system is 
featured by a continuous band of frequencies, which means that its Fourier 
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23 One could also apply the Fourier transform 
and deduce the forthcoming result from its 
properties. 


24Except in the excessively rarefied gases, as 
happens in the upper layers of the Earth’s 
atmosphere. 


transform has a continuous shape on a given support. We do not intend to 
review all the causes and effects of such a behaviour within the general frame 
of the dynamics of non-linear systems, but we are about to explain why a fluid 
in a turbulent regime can give rise to such a great complexity. 

We have previously said that the advection term in the Navier-Stokes 
equations, because of its non-linearity, is destabilizing, and it is therefore the 
primary cause of a chaos within a fluid. Let us define how it may act upon an 
an elementary oscillation of the velocity field. To that purpose, let us consider 
the ideal case of a one-dimensional and monochromatic velocity field with a 
wavelength i: 





IEE 
u(x) =U sin a (4.20) 
The corresponding advection term is written as~> 
ou 2nU 20x _ 2x 
—u = —— cos —— x U sin — 
ox Xr Xr r 
(4.21) 
mwU* | 4x 
= sin —— 
Xr Xr 


Thus, this term reveals a wavelength which is half the first one: 4/2. The 
same process obviously persists in three dimensions, although it is orchestrated 
in a more complex way. Thus, an oscillation (one eddy or a series of eddies) 
with a characteristic size A is split up into smaller eddies due to the action of 
advection. The eddies generated by that dislocation, of course, are subjected 
to the same process, and we can observe a sequence of smaller and smaller 
eddies. This mechanism induces the spectral complexity of the turbulence, as 
well as its fractal nature. We will come back to this question in Section 4.4.3. 

The process we have just described cannot, of course, indefinitely continue, 
since the eddy sizes are inevitably larger than the molecular mean free path. 
Actually, the process is interrupted on a substantially larger scale,2+ as we 
are going to see. We know, indeed, that the Reynolds number, which is a 
key parameter in the dynamical behaviour of a fluid, represents a measure of 
the conflict existing between the (destabilizing) advection and the (stabilizing) 
viscous forces. Let us try to quantify these two forces on the scale of an eddy 
with a size A and a velocity uy, by analogy with (3.156): 


[grad u- ul ig, = Re, (4.22) 
|vV7u| re v 

Although we have no information so far about the way ua depends on i, 
we can intuitively guess that Re, decreases along with 4 (Section 4.4.3 will 
substantiate this result). Thus, as the eddies become smaller, the viscous forces 
play an increasingly major part in it versus the inertia forces. As the eddies 
are dislocated, such a small scale occurs that the former forces prevail over the 
latter, and so the velocity field becomes smooth in them, viscosity resulting 
in a more homogeneous velocity field (refer to Section 3.4.2). On that scale, 
we can then observe the dying out of the eddies through viscous dissipation. 
That scale X9 is then the characteristic size of the smallest turbulent eddies; it 


is known as the Kolmogorov scale and corresponds to a Re) on the order of 
the unit. Denoting as ug the velocity scale of these small eddies, we then get 
v 
rto~ — (4.23) 


uo 


Let us now briefly introduce the formalism for describing the spectral nature 
of turbulence at a given point and time of an arbitrary flow. To each A-sized 
eddy corresponds a wave number 


K = — 4.24 
= (4.24) 

More precisely, one can build a wave vector K having K as a norm and 
aligned with the eddy’s rotational axis. If the ‘turbulent’ velocity field repre- 
senting the eddies is denoted as u’,”° its spatial Fourier transform can then be 
built (refer to Appendix B), as defined by 


i’ (K, tf) = i w (r, t)e Sar (4.25) 
R3 
and so, conversely: 
1 : 
w (r,t) = —{ [ i (K, 1) EK (4.26) 
(277)° JR3 


The disorderliness of the velocity field over time arises over space as well, 
and the spatial Fourier transform (4.25) brings about the same remarks as 
the temporal transform 4.19). Thus, the turbulence specific quantities are 
distributed over a continuous spectrum. We have just explained that when 
K exceeds”° Ko = 277/Ao (according to (4.24)), i’ tends towards 0 (the 
eddies fade away). For that reason, the convergence of the integral (4.26) is 
possible. Besides, since the eddies cannot have an infinite size, we also get 
a (K = 0) = 0. Since velocities are real functions, we also get (first line in 
eqn (B.39) of Appendix B): 


a (—-K, 1) = a" (K, 1) (4.27) 


where the star stands for the conjugate complex. We will take advantage of 
these considerations in Section 4.4.3. 


4.3 One-point statistical models 


We consider first the Reynolds-averaging operator, and derive its properties. 
The continuity and momentum equations of a continuous medium and a vis- 
cous weakly compressible fluid are averaged, and we introduce the Reynolds 
stress tensor. Finally, we derive an equation governing the behaviour of the 
latter, introducing the production, dissipation and pressure-strain correlation 
tensors. 
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25The exact definition of u’ will be given in 
the next section. 


©The large values of K correspond, of 
course, to the small eddies, and the converse. 
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27To be more precise, the DNS technique is 
generally performed in the Fourier space. 


28Further details will be provided in Sec- 
tion 4.4.6. 


29From a_ statistical point of view, the 
instances are said to be independent and iden- 
tically distributed. 


30 That procedure is required in this case. 
Defining a spatial average as in the elemen- 
tary theory of continuous media (refer to 
Chapter 3, Section 3.2.1) would be unreliable 
because of the too wide range of turbulent 
fluctuations. In order to be more rigorous, 
it would be necessary to introduce a proba- 
bility density of the turbulent quantities and 
formally build the averages as in the frame 
of the switching from the Boltzmann equa- 
tions to those equations governing the con- 
tinuous media (Section 3.5.1). The turbulent 
flow equations can then be obtained from 
an equation governing the transfer of that 
probability density, which is turned into a 
non-linear Boltzmann equation. Many details 
about this topic can be found in Pope (2000). 
The following remark should be made too. 
As explained by Reynolds (1894), for the 
sake of consistency with the ideas expressed 
in Chapter 1, the mean velocity should be 
defined as an average of the density-weighted 
velocities. By analogy with eqn (1.181): 


(4.29) 


The Favre average is then often referred 
to (Favre, 1989). Within the context of the 
weakly compressible flows, however, we may 
consider that that density hardly ever varies 
from one instance to another, as explained in 
the next section. The previous formula then 
comes down to (4.28). 


4.3.1 Reynolds-averaging 


The discussion in Section 4.2.2 leaves a fairly pessimistic feeling as to our 
ability to model the turbulent flows. The latter, indeed, happen to be geo- 
metrically quite complex, rapidly varying over time and highly sensitive to 
the initial conditions (and, it should be added, to the boundary conditions). 
The so-called DNS (Direct Numerical Simulation)*’ approach, which consists 
in wholly modelling that complexity by solving the high Reynolds number 
Navier-Stokes equations, is then still a matter for scientific investigation, 
because it requires a very fine three-dimensional discretization together with 
very short time steps.”° Historically, however, the issues due to the turbulence 
could be addressed through another approach, with the help of one of the dif- 
ficulties encountered (sensitivity to the initial conditions), that is the Reynolds 
averaging approach. This idea is closely related to the notion of Boltzmann 
average as addressed in Section 2.2.1. 

The idea consists of considering a given flow (which means a certain geome- 
try, along with preset average boundary conditions), then achieving (mentally, 
if needed) N occurrences of that flow, which we will refer to as flow instances. 
The minute—yet unavoidable—differences in both initial and boundary con- 
ditions (boundary irregularities, impurities, etc.) will then result in instances 
which will differ from each other on details (remember the example of cigarette 
smoke as mentioned in Section 4.2.2). If one arbitrary point is set in both 
space and time, then a measure of any field A (velocity, pressure) at both 
of these points will therefore yield a series of different values according to 
the flow instance. We will denote these measures as A“), the superscript” 
referring to a particular instance. An experimental (and consistent with intu- 
ition) circumstance subsequently proves helpful: whereas two instances differ 
on details (i.e. on the structure of the turbulent eddies), on the other hand the 
overall flow remains invariant from one instance to another one.2” Thus, the 
smoke plume of a second cigarette is more similar to the smoke plume of a 
first cigarette. Whereas the wreaths differ, the overall motion, conversely, is 
globally unvarying. The word ‘similar’ here means a global resemblance as 
perceived by ‘screwing up’ one’s eyes. This is how we hit upon the idea of 
submitting a statistical average of quantity A: 


(4.28) 


Thus, we define an averaging operator (to be interpreted as a probabilistic 
expectation).°? Nothing but intuition and experience can then a priori secure 
the convergence of that series as N increases; a qualitative justification of it, 
however, will be provided later on. 

It must be repeated that the relation (4.28) is defined at one given point 
in space and time, and so this is a newly defined field, which we will refer 
to as a mean field (according to Reynolds). This field does not depend on 
the instance of the experiment and happen to be a specific flow feature, a 
quantity having a deep physical meaning since it can be replicated from one 
instance to another. On the contrary, each instance is featured by a particular 


distribution of the turbulent eddies, that is by a particular fluctuating field of 
the quantity A: 


AMO = AOA (4.30) 


The field A will henceforth be described as instantaneous or real (in the 
following, we will drop the superscript “) for the sake of clarity). The velocity 
and pressure (and possibly density) fields of a fluid will subsequently be treated 
this way. Hence we will get: 


u=u+u 
(4.31) 
p=p+p' 
which gives the exact definition of the field u’ as mentioned in Section 4.2.3. 
Figure 4.6 illustrates the shape of a real velocity field u and its average u. We 
can already perceive in it the major properties of the mean fields: 


e they are smooth, regular, without the tormented aspect of the instanta- 
neous fields. In this respect, they represent a stable dynamics, free from 
the complexity of the strange attractor; 

e they may exhibit recirculations, but the latter can be replicated and then 
cannot be likened to turbulent eddies, which are sensitive to the initial 
conditions; 

e they may be constant over time, unlike the instantaneous fields which are 
always variable; 

e they may obey an invariance along a given direction and thus occur (for 
example) in the form of two-dimensional fields, whereas the fluctuating 
fields (the eddies) are always three-dimensional. 


It should be kept in mind that the mean fields are not defined by any spatial 
or temporal average, but instead by a statistical average (over a large number of 
instances). If a flow exhibits a time-averaged steady nature, that is if the mean 
fields are permanent (or hardly variable over time), however, the averages can 
be defined as temporal, provided that the selected sampling time is sufficiently 
long with respect to the characteristic time scale of the fluctuating fields,*! that 
is the system’s Lyapunov time (refer to Section 4.2.2). Likewise, if the fields 
are spatially hardly variable, the averages can be defined as locally spatial; this 
is referred to as a homogeneous turbulence.°” 

Since the mean fields can be replicated and are smooth, we will subsequently 
(except for Sections 4.6.1, 4.6.2 and 4.6.3) try to model them. This approach, 
which is known the as one-point statistical average, is the oldest and most 
elementary approach, although it gives rise to many issues; nowadays, it is 

















4.3, One-point statistical models 225 


3! That time scale characteristic will be pro- 
vided in Section 4.4.3. It is noteworthy, how- 
ever, that the presently requisite condition 
itself a priori involves the notion of mean 
quantities, which makes the set forth property 
questionable. 


32 Actually, this condition almost never 
occurs, because of the required presence of 
walls and/or interfaces, affecting the spa- 
tial distribution of the quantities through the 
boundary conditions (refer to Section 4.4.6). 


Fig. 4.6 Exemplary turbulent velocity field 
(Copyright by Onera, French aerospace 
research center) and shape of its Reynolds 
average. 
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33Besides, these properties are partly anal- 
ogous to those of the averages accord- 
ing to Boltzmann which were discussed in 
Sections 2.2.1 and 3.5.1. 


still quite useful for numerical modelling in industry and environment. The 
mean fields, of course, certainly do not satisfy the Navier-Stokes equations, 
which are non-linear and therefore do not obey the superposition principle. We 
will then have to apply the Reynolds’ averaging operator to the Navier-Stokes 
equations in order to obtain those equations governing the mean fields. To do 
this, the mathematical properties of this operator should be set forth (without 
being demonstrated, because of their intuitive nature).°? Thus, for all (scalar, 
vector, tensor) fields A and B, all constants a and 6 and every spatial index 7, 
we have: 


aA+BB=aA+ BB 


dA aA 
‘Or... at (4.32) 
OA OA 
Ox; ~ OX; 


These properties reveal the linearity of the Reynolds averaging operator, that 
is the primary result of its definition (4.28). A further property stems from the 
last of these properties: the averaging operator commutes with all such linear 
differential operators as divergence and gradient. We furthermore must add the 
following complementary properties: 


A’ =0 
Aaa (4.33) 
a=a 


The first results from the definition of the fluctuating fields as a statistical 
deviation from the average (4.30), whereas the second means that the Reynolds 
operator is a projector. Lasly, we must specify an essential counter-property: 
the average of a product is not equal to the product of the averages, unless one 
of the involved quantities is already an average: 

AB#AB 
ee (4.34) 
AB=AB 

In particular, the average does not commute with the Lagrangian derivative 


operator (3.7), which involves an advection term, which is in essence non- 
linear. 


4.3.2 Reynolds equations 


The fact that the averaging operator commutes with the linear differential 
operators has a simple consequence: in the Navier-Stokes’ system (3.126), 
only the advection term in the equation of motion and the second term in 
the continuity equation (both of them being nonlinear) will be affected by the 
averaging operator. We will first treat the continuity equation by breaking up 
both density and velocity into mean and fluctuating parts according to (4.30), 
then by applying the averaging operator: 


dp + p’ 





+ div] G+) Guy] =0 (4.35) 
The non-linear term is treated as follows: 


(9+ p')(a+u) = put p'u+ pu + pv’ 





=put+pu+put+pw (4.36) 

=put+pw 
(we have first used the linearity of the average, then the properties (4.34) and 

(4.33). Thus, (4.35) becomes 

dp 
ot 
The nearly incompressible nature of the flow, however, substantially restricts 
the fluctuations of density. Practically, we may then ignore the term in the right- 
hand side of (4.37) and make jp similar to p (which we always will do in the 


following), and so the continuity equation will remain unchanged (except that 
it is now concerned with the mean velocity field): 


+ div (pW) = ~div (p7u’) (4.37) 


dp 
ar 
Through a calculation identical to that enabling us to switch from (3.42) to 
(3.43), equation (4.38) can also be written as: 
Dp 


Dt 


The Lagrangian derivative provided with a capital D denotes a material 
derivative following the mean motion.** As a rule, the following will be 
defined for every quantity A, by analogy with (3.7): 

DA . dA 
—_ =z rad A-U 4.40 
Dt ot ioe me 

When the flow is really incompressible,*> since the continuity equation is 

linear, it is utterly unchanged by the averaging operator: 


+ div (pu) = 0 (4.38) 


= —pdivu (4.39) 


diva = 0 (4.41) 


We may note that, in this case, the fluctuating velocity field obeys, by 
subtraction, the same equation: 


divu’ = 0 (4.42) 


Let us now turn to what the average of the advection term in the Navier— 
Stokes’ equation of motion (3.139) becomes in the general case where density 
is still assumed to be variable. To that purpose, we will firstly call upon 
equation (3.45), and so we may write 

du op 


u peat 2 
Be del 44 
p 7 + div (pu @u) (4.43) 


We may then treat the velocity field as in (4.36):°° 
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341 should be pointed out that this concept 
has a limited physical, essentially statistical, 
meaning. We will discuss this idea again in 
Chapter 6. 


35 With the reservations expressed in Chapter 
2 (Section 3.4.2). 


36We may note the formal analogy of the 
following with the calculation (3.244). 
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u®@u=(u+w)®(+v) 
(4.44) 
=u®u+w eu 
Lastly, since the equality (3.44) is linked to the continuity equation, it is still 
valid for the mean field, and so, ultimately: 


d apu ———_ 
p= = aE + div (pu ® U) + div (pw’ ® w’) 
: é (4.45) 
ou ac j 
= aes + pgrad u- u + div (oR) 
where a new tensor as defined by 
R=u @w (4.46) 
is introduced, or else, in the form of Cartesian components: 
Rij = uu’; (4.47) 


It happens to be the (symmetric) tensor of statistical self-correlations (which 
are also known as second-order moments) of the fluctuating velocity vector, 
and represent the effect of the velocity fluctuations over the mean flow, which 
results from the non-linearity of the equations. It can be seen that the quantity 

Du . ou 

—_ == radu-u 4.48 

Dt — ot ve 7 
appears in (4.45) in accordance with the notation (4.40). We have then shown 
the following identity: 

du Du 

— = p— +div(pR 4.49 

Pao, (4.49) 

In order to obtain an equation of motion with respect to the mean velocity 
field, we just have to multiply the Navier-Stokes equation by p, average the 
result before dividing it again by e. Only the inertia term, which is nonlinear, 
will be modified by that operation. Using (4.49), the Navier-Stokes equations 
as averaged according to Reynolds—which will now be referred to as the 
Reynolds equations—occur in the following form: 


0 
S, + div (pu) = 0 
4.50 
Du 1 -_ a 1, mee) 
— = —~— grad p* + vV“u — —div(pR) 
Dt p p 
for the weakly compressible flows, or 
divu = 0 
Du (4.51) 


1 
— = —~¢rad p* + vV*u— divR 
ry see 


for the incompressible flows (in the latter case, the new term occurs in the form 
div R). 


These equations are in every respect similar to the Navier-Stokes equations, 
except that they are concerned with the mean fields and include, in the equation 
of motion, an additional term which we have entered into the right-hand side. 
Now, returning to the Cauchy equation of motion (3.71), we can see that the 
same term would appear after the application of the averaging operator: 


ou 
ot 


The above discussion shows that the new term happens to be an additional 
stress tensor (it may be considered as such because it is symmetric); R will 
therefore be called the Reynolds stress tensor.*’ Thus, the quantity between 
brackets in (4.52) stands for the total stress tensor,** or the total momentum 
flux (according to the considerations in Section 3.3.3). The physical expla- 
nation for these additional stresses is as follows: the turbulent eddies (as 
represented by the fluctuant velocity vector u’) act in two ways upon the mean 
flow. To be persuaded of this, let us contemplate a small virtual surface within 
the fluid, oriented by the unit vector n. We can observe the following facts: 


1 
+ grad u-u = an (o — pR)+¢8 (4.52) 


e an eddy whose rotational axis is orthogonal to n will exert a ‘hammering’ 
effect onto the said surface, which will add further to the pressure which 
it is subjected to; 

e an eddy whose rotational axis is oriented along n will induce on the 
surface a shear which will add further to the viscous molecular friction. 


The equation for a scalar (3.61) can be treated likewise, the single term 
affected by the averaging operator being the advection term. We readily get: 
DE = = 
pp = 5B + div (KegradB — Q”) (4.53) 


where Sz is the average of the source term Sz, and by analogy with (4.46): 
Q? = Bw = Blule; (4.54) 


This vector represents a turbulent flux of the scalar, which is diffused 
(mixed) by the turbulent eddies, just like the momentum. The turbulent flux of 
scalar Q® is, versus its molecular flux a? (Section 3.3.1, eqn (3.53)) exactly 
what R is versus 0. We may recall that a scalar is diffused by a vector, whereas 
a vector is diffused by a second-order tensor (refer to Chapter 2, Section 3.3.3). 
Thus, it can be observed that the scalar B is diffused by the vector Q2, the 
vector u being diffused by the tensor R. 


4.3.3 Reynolds stresses 


Just as Cauchy’s equation required, in Chapter 3, the utilization of a closure in 
the form of a behaviour law (Section 3.4.1) expressing o, the new stress tensor 
R demands further relations to close the system (4.50). An initial attempt con- 
sists in seeking an exact formulation for R. In the first place, it is attempted to 
establish a differential equation over R, resulting from the previously available 
equations. This work will be performed in the particular case of incompressible 
flows. We will build this equation from several successive steps. 
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37 Although, strictly speaking, —pR plays 
that role, according to (4.52). 

38 We also may note the analogy of the def- 
inition of R with that of the Cauchy’s tensor 
within the context of the Boltzmann approach 
(eqn (3.250)). Since the Reynolds stresses 
originate from the average of the inertia term, 
they are inherently non-linear. 
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First of all, we may note the following identity, which is based on the 
equality (3.9): 
grad u-u — gradu -u= div(u@u—wu®@u) 


= div(u’ @0+U@u' +u @u) (4.55) 
= gradu’ -u+ gradu-u' + div(u @w) 


(we have used the incompressibility relations, particularly (4.42)). Tensorially 


multiplying the latter equality on the right-hand side by u’, we get (in an 
indicial form, to make the calculations clearer): 


[(grad u-u— grad u-u) @u| 
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Taking the average of the above formula, we soon get, through the already 
known properties of that operator and the definition (4.47) of the Rj; 
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Let us now do the same work, but tensorially multiplying on the left-hand 
side the relation (4.55), which initally amounts to performing a permutation of 
indices i and /: 
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4.3 


(we have used the product derivation rule, then (4.42) in an indicial form 
analogous to (3.48)). Lastly, it is obvious that 
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Adding up (4.57), (4.58) and (4.59), many terms disappear and we get: 
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where we have used the Reynolds tensor’s symmetry and introduced the gra- 
dient tensor of the mean velocity field: 


IT = gradu 


au; (4.61) 
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Furthermore, we can establish the following identity: 
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with 
y’ = gradu’ (4.63) 


We will also need to calculate the following sum: 
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Here we have introduced the fluctuating part of the strain rate tensor, that is 
the symmetric part of (4.63): 





si=y’s 
1 (au, au’ (4.65) 
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We have now got all the requisite elements for establishing a differential 
equation over R. The procedure is as follows: the Reynolds momentum equa- 
tion (4.50) is subtracted from the Navier-Stokes equation (3.123), the result is 
tensorially multiplied by u’ on both sides, then the results are added up, lastly 
the Reynolds averaging operator is applied. Using (4.60), (4.62) and (4.64) we 
come to 


DR OR _ » AR 
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with 
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(in particular, we have used the fact that (div R) ® u’ has a zero average by 
virtue of the property (4.34), because R is already an averaged quantity). 

In the first place, we may note that the first term in the diffusion tensor Q® 
is a triple correlation of fluctuating velocity: 


vRO 
Q =u eu eu (4.68) 


This term can be rearranged as: 
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(we have used the continuity equation for the fluctuating velocity field (4.42)). 
In a developed indicial form, (4.67) can also be written as: 
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We will more thoroughly discuss this equation and its meaning in Sec- 
tion 4.5.2. For the moment, we can make the following remark: we have got a 
tensorial equation which involves new unknown terms, particularly third-order 
moments (4.68) of the fluctuating velocity field in the right-hand side. The 
latter stem from the advection term in the equation for u’, just as the Reynolds 
tensor is a consequence of the advection term in the Navier-Stokes equation. 
Thus, the non-linearity of the equations leads to the following finding: every 
attempt to build an equation for the n-th order moments leads to moments of 
the immediately higher order (on top of further new unknown terms, such as 
the correlations pu, in (4.70)). This is theoretically an infinite hierarchy of 
equations, which does not enable us to settle the issue. What is more, it turns 
out that the calculations will become considerably more and more complex in 
the next steps, provided that one wants to perform them. 

Thus, we must drop this purely mathematical quest, interrupt these algebraic 
calculations and turn to another solution. It will consist of seeking a closure law 
expressing the (n + 1)-th order moments versus the n-th order moments, based 
on heuristic considerations. Depending upon the order 1 of the mathematical 
step at which the model maker wants to stop, one refers to a corresponding 
ordered-closure. Thus, a first-order closure model consists in seeking a relation 
yielding second-order moments as a function of the first-order moments, that 
is expressing the Reynolds stresses versus the mean velocities. As we have just 
explained, the analytical calculation is not suitable for that purpose; we then 
must utilize physical intuition in order to determine a “behaviour law’ for the 
Reynolds stresses, as we did in Chapter 2 for the Cauchy stresses. 


4.4 First-order closure 


In this section we make an attempt to close the Reynolds-averaged momen- 
tum equation from the Boussinesq model, introducing the eddy viscosity and 
turbulent kinetic energy. The equation governing the latter is derived and 
examined. The Kolmogorov analysis leads to estimations of turbulent scales, 
then several closure models are proposed for computing the eddy viscosity, 
in particular the k — e model. A generic example is investigated, namely the 
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39Once again, the notion of strain is impor- 
tant for the turbulent mixing, which was men- 
tioned in Section 4.2.2. 


40Boussinesq (1877) remarkably understood 
the mechanisms of turbulence through empir- 
ical observations. 


41 For the latter, however, please refer to 
Gatski and Bonnet (2009). 


infinite open-channel steady flow, giving birth to simple models for turbulent 
boundary conditions. 


4.4.1 Boussinesq model 


In order to reach the target set by the end of the previous paragraph, it is 
necessary to understand the effects of the eddies over flow. We have already 
pointed out the mixing properties of the turbulence, which characterize chaotic 
processes (Section 4.2.2). Thus, a foreign substance (a passive tracer) initially 
placed in a limited area of a turbulent fluid flow regime will very quickly be dis- 
persed in the whole fluid. This process looks like a diffusion and is much more 
rapid and efficient than the molecular diffusion discussed in Section 3.3.1. 
All the flow specific quantities, indeed, are diffused that way, particularly the 
momentum (through each of its components). Besides, the eddies happen to be 
revolving structures and will therefore exert a significant friction against each 
other (as already evidenced when describing the Reynolds tensor), which in 
turn brings about an energy dissipation. This phenomenon may be explained 
otherwise by considering the instantaneous velocity field, which exhibits great 
velocity variations due to the turbulent oscillations. The rate of strain s is then 
very high in a turbulent flow and the dissipation is much enhanced,*? since 
it is proportional to s? (refer to eqn (3.111)). As previously explained, this 
dissipative nature enables a dynamic system to remain stable on an attractor 
within the phase space. 

Thus, the turbulent eddies feature by a couple of phenomena, namely diffu- 
sion and dissipation. We have explained in Section 3.4 that these two processes 
account for a viscous phenomenon; that is why J. Boussinesq*? was incited to 
propose, for R, a model which is based on an appropriate notion of viscosity. 
We have previously highlighted the role of this tensor exerting ‘pressure’ and 
friction stresses within the fluid; that is why adopting for R a model analogous 
to that of Stokes (Section 3.4.1) for the Cauchy stress tensor o will appear 
suitable. From now on, we will refer to incompressible flows, because our 
arguments will sometimes be rather qualitative, that is applicable to the nearly 
incompressible flows with an approximation of the same order, whereas the 
treatment of compressible flows happens to be more complex.*! The Stokes 
model (3.107), once averaged according to Reynolds, is written as 





I a 
we 2 oS (4.71) 
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where S is the mean strain rate tensor, as defined by 
S=s=Ir' 
1 (au; ‘ au; 2 (4.72) 
=O.\je° ig) 


Thus, since —pR plays a part analogous to o (according to (4.52)), we will 
write the Boussinesq model as 


2 
R = Zk; — 2vr8 (4.73) 


(the 3 factor is a matter of convention; its usefulness will become plain further 
onwards). This equation may be considered as a definition of the quantities k 
and vr. The latter is referred to as (kinematic) eddy viscosity and represents the 
diffusion and dissipation effects of the eddies, whereas the term proportional 
to k stands for the additional ‘pressure’ caused by the eddies, that is the 
hammering force they exert (refer to Section 4.3.2). Sometimes, instead of vr, 
the dynamic eddy viscosity: 


LT = PYT (4.74) 
is used by analogy with (3.110). If we now form the trace of (4.73), we get: 
tr R = 2k (4.75) 


(because, according to (3.19), the strain rate trace equals the velocity field 
divergence, which vanishes according to (4.41)). Hence, returning to the defi- 
nition (4.47) of R, we must define k as follows: 
k= a = ; \w 
Interpreting the quantity k is then easy: it is the kinetic energy of the 
fluctuating velocity field per unit mass, and we will henceforth refer to it as 
the turbulent kinetic energy. According to its definition, it represents a field. 
It formally plays, as regards the Reynolds mean velocities, the same role 
as that played by the internal energy as regards the macroscopic velocities 
in the Boltzmann theory (for instance, refer to eqn (1.235)). It is clear that 
it will play a major part in the following, since it represents a measure of 
turbulence intensity; hence, most of the turbulent quantities are partly related 
to it, as explained later on. As a first illustration thereof, we can temporar- 
ily consider the case of a nearly isotropic turbulence,** that is one whose 
components of the velocity fluctuation vector exhibit identical rms averages 
which are denoted uw’. In this case, the definition (4.76) can be used for 
writing 


Ae (4.76) 


1——__.——._ 3 
k= xe +u?4+u2 = xu (4.77) 


This formula may be compared with (3.251) (or (2.103)), which highlights 
the formal relationship of & with the pressure of a perfect gas through (2.103) 
(more exactly, 2k/3 should be compared with p/p). Just as the molecular 
viscosity depends on temperature (eqn (3.292)), that is on molecular energy, 
it is therefore undoubted that v7 depends on k. 

It is noteworthy that pressure generally prevails over turbulent kinetic 
energy. Indeed, the relation (3.157) can be used to write an estimate of the 


ratio of the spatial variations in pressure dp to k: 
5 UP 
; Begs (4.78) 
3k 2k 


This is the ratio of the kinetic energy of the mean flow to that of the turbulent 
motion. Now, it can be felt that the fluctuating velocities are substantially 
lower than the mean velocities, as confirmed by experience. As explained in 
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“The isotropy/anisotropy properties of tur- 
bulence will be discussed in Section 4.5. 
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43 One should take care not to make the fol- 
lowing error: the relations (2.103) and (4.77) 
suggest 
oD 
P ue 


ae aa? (4.79) 


it representing, it must be repeated, the rms 
velocity of the molecules, which is on the 
order of magnitude of the speed of sound 
within the fluid. This relation, however, is 
erroneous, because we want to compare the 
variations in pressure, not the absolute pres- 
sure. We have already made a similar remark 
in Section 3.4.3. 

“4Some authors utilize the relationship 
between these two terms for simply integrat- 
ing the amount k into pressure. We do not 
think it is an advisable approach, because the 
two quantities do not obey the same boundary 
conditions (refer to Sections 3.4.2 and 4.4.6). 


45 This is how we could determine the molec- 
ular viscosity of a rarefied gas by means 
of the Boltzmann equation (refer to Sec- 
tion 3.5.2). We cannot extend this argument 
to the case of turbulent viscosity. 


Section 4.4.6, the k/U 2 ratio is then on the order of some thousandths.*? In 
quite a lot of cases, the following approximation can then be made:*+ 


2 
=pk « 6p (4.80) 
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We now have to make some essential remarks about vr: 


e vr representing a feature of turbulence, it is in no way an intrinsic prop- 
erty of the fluid (unlike v) but it is specific to a given flow, even at a given 
point in space and time. In other words, it is a field to be determined. This 
major difference with respect to the molecular viscosity results from the 
fact that the latter is a symptom of a motion taking place on a very small 
scale (the mean free path of the molecules, as shown by eqn (3.297)), that 
is does not depend on those macroscopic quantities characterizing a given 
flow,*> whereas the turbulent eddies, on the contrary, have nearly the 
same size as the dimensions of the overall flow, and so their arrangement, 
structure and evolution are very sensitive to the specific macroscopic 
quantities of a particular flow (wall shape, boundary conditions). The 
dependence of v7 on k substantiates this intuition. From that viewpoint, 
the turbulence behaviour may be likened to that of a non-Newtonian fluid 
(refer to Section 3.4.1). Hence, the model (4.73) is not closed yet, but is 
a model family whose various forms are still to be disclosed. 

e Since turbulent diffusion is much more efficient than molecular diffusion, 
as already pointed out, we will certainly have 


v<vr (4.81) 


The values of vr typically range from 10~* to 107! m7s~!, as stated in 
Section 4.4.5 (for the sake of comparison, we may recall that the kinematic 
viscosity of water at 20°C is 10~°, as per Table 3.2). One consequence is that 
the molecular diffusion is now generally unsignificant. Thus, the exact value of 
v has no effect on the mean flow in a turbulent regime. The Reynolds number, 
which is based on the quantity v, then exerts no effect on the macroscopic 
quantities characterizing a given turbulent flow. This result is consistent with 
Section 3.4.3 of Chapter 3. However, restrictions should be placed on the latter 
assertion, which only holds true in the presence of a well developed turbulence, 
that is for a sufficiently high Reynolds number (typically higher than 10+). 

From what was stated above, we can infer that the molecular effects prevail 
over the normal forces in a fluid, whereas the turbulent effects essentially 
prevail over the shear stresses. Introducing the Boussinesq model (4.73) into 
the Reynolds motion equation (4.51), and given the approximations (4.80) and 
(4.81), we get (unless otherwise specified, the mean Lagrangian derivatives as 
defined by (4.40) will henceforth be used): 

Du 1 a ; 
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(4.82) 
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with 


. L 
Um = Vb = 


(4.83) 

We have lumped the two viscosities together in order to lay emphasis on 
their formal and physical relationship (to some extent), which can only be done 
within the divergence symbol, because of the spatially variable nature of eddy 
viscosity. Equation (4.82) is now closed, provided that eddy viscosity can be 
assessed,*° which will be done in the next paragraph. 

Let us make a final remark about the equation we have just obtained. It 
occurs in a mathematical form which is perfectly identical to the Navier— 
Stokes equation, and so it should have the same mathematical and physi- 
cal properties, particularly as regards the stability of the solutions. We then 
must acknowledge, in accordance with the discussion at the beginning of 
Section 4.2.2, that its solutions remain stable as long as the ratio of the 
(destabilizing) inertia forces to the (stabilizing) viscosity forces is not too high. 
This ratio is estimated in the Navier-Stokes equations by a Reynolds number; 
here it should be estimated by a Reynolds number which is based on eddy 
viscosity, by analogy with (3.156): 





grad u- Ul UL 
ldiv[2(v+vr)S]| v+v7 
UL (4.84) 
RO 


where vr is an order of magnitude of vr (we have taken (4.81) into account). 
The comparatively high values of vr suggest that this ‘mean flow Reynolds 
number’ is usually moderate. It will be explained, indeed, in Section 4.4.6 that 
it is on the order of some hundredths, which is below the critical value Re,.2 
for the appearance of chaotic instabilities. A resulting effect consists in the 
stability of the mean velocity field, which never becomes chaotic in turn.*” This 
is the single qualitative ‘evidence’ which we can provide as to the existence of 
the mean quantities. Their very definition as the result of a convergent series 
(4.28) would be challenged if it happened that they would be subject to the 
same kind of instabilities as the real velocity field. 

The equation of a scalar (4.53) may be closed in the same way, noting that 
the turbulent flux of the scalar is propitious to such a kind of model as (3.59): 


Q? = —Ky gradB (4.85) 


which is related to (3.59) just as (4.73) is related to (4.71). However, a sig- 
nificant difference exsists: if the molecular diffusion coefficient Kg of the 
scalar may be quite different from the molecular viscosity v and vary from 
one scalar to another, on the other hand the eddy diffusion coefficient Ky is a 
quantity which does not depend on the scalar, because it represents a process 
as determined by the turbulence.*® Then it is a field which it is well-founded 
to assume is close to the eddy viscosity. Hence we will write 
vr 
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46 As well as turbulent kinetic energy, when it 
is desired to keep it in the equation of motion. 


47The mean velocity field, however, may in 
turn enter a non-chaotic (periodic) oscillatory 
regime, which shows itself in the alternating 
eddying release which can be seen down- 
stream from a solid body (pole of a flapping 
flag). 


48The active scalars (i.e. which affect den- 
sity), however, are an exception to that rule, 
since they damp the turbulence. Such is the 
case with the temperature, even though it may 
be considered passive when its variations are 
quite gentle. Refer, for example, to Violeau 
(2009a). 
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49 Refer, for instance, to Violeau (2009a). 
When the scalar represents the temperature, it 
is usually referred to as the turbulent Prandtl 
number. It is noteworthy that it only takes 
up the presently given constant value when 
there is no variation of density and for simply 
sheared flows (refer to Section 4.4.5). Within 
a more general context, it should be consid- 
ered that it depends on the non-dimensional 
mean scalar strain rate, as defined in Sec- 
tion 4.4.2. 


where o is the turbulent Schmidt number, which approximately equals*? 0.72. 
With this model, (4.53) takes the following closed form: 


DB 


in Sg t+div (KmgradB) (4.87) 
to be compared with (4.82), where 
VT 
OT 


4.4.2 Turbulent kinetic energy 


In order to suggest models enabling us to assess eddy viscosity, one has to 
get a better knowledge of the properties of eddies from what was explained 
in the previous sections. Insofar as vy depends on k, let us first determine an 
equation governing the evolution of that quantity. Given the definition (4.75), 
it is obtained by taking the half-trace in the transport equation of (4.66): 
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(the symmetry of R does provide the first equality). We may already note that 
the term ® in eqn (4.67) has disappeared owing to the continuity equation of 
the fluctuating velocity field (4.42) (we will go back over that circumstance 
in Section 4.5.2). Each of the terms in equation (4.90) is the half-trace of the 
corresponding term in (4.67); in particular, we have: 
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P= Fs P (4.91) 
(in a similar way to (4.75)). 
The following mathematical modification is commonly made: 
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(the second term on the third line, which was artificially added, is identically 
zero by virtue of the continuity equation). Next: 
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(4.94) 
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which stands for the fluctuating strain rate.-° Hence, the elements in (4.90) 
may be rearranged as 


1 (4.95) 
= (sinuru, + ae - 20) ek 
é>e= vs? 
Then we get 
Dk 
a P —«—divQ* (4.96) 


It can already be pointed out that the quantities € and e are numerically very 
close, since the difference does not exceed a few percentiles. Some authors 
sometimes mix them up, but we have preferred distinguishing them for reasons 
which will become clear in the following. 

Equation (4.96) is formally analogous to the transport-diffusion equation of 
a scalar (3.53) (or (4.87)), with source terms P and —e. Vector Q* serves as the 
flux of quantity k, and its definition clearly reveals that it represents a transport 
of both kinetic and potential energies by the eddies and the molecular viscosity. 
The term P, provided with the Boussinesq model (4.73), is reduced to 
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=> vrs? 


(we have used the continuity equation). That formula involves the mean scalar 
strain rate*! §: 
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50Note that it is not the fluctuating part of s, 
contrary to what is suggested by the notation. 


5! Which is not the scalar strain rate average, 
but the norm of the mean strain rate tensor. 
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52We must emphasize that it is a consequence 
of the Boussinesq model (4.73). Practically, 
it happens that P be locally or temporarily 
negative. This is one of the weak points of 
the Boussinesq model; we will review them 
at the end of Sections 4.4.4 and 4.5.1. 


530Qr, more generally, that of the first line in 
(4.90) and (3.85). 


S=vV28:S8 


Thus, P is positive with that model;> hence it is a kinetic energy input. We 
will call it production of turbulent kinetic energy. It can easily be interpreted: 
the mean velocity gradients (which determine S') account for instabililities 
which give rise to the largest eddies, imparting energy to them. These gradients 
are necessarily present, if only because of the nearly inevitable existence of 
solid walls determining a condition on velocity. For instance, just think of a 
train arriving at a platform: the spatial variations of mean velocity as caused by 
the train motion generate an intense eddying agitation. It is attractive, however, 
to consider things from another viewpoint taking into account the affinity of 
(4.97) and (3.111):>? since the Reynolds equation has the same form as the 
Navier-Stokes equation, then the energy which is dissipated by the mean flow 
will naturally take the same form as that mentioned in Chapter 3, as given by 
(3.89) and (3.111), but from now on eddy viscosity comes on top of molecular 
viscosity. If we ignore the energy diffusion term, we get: 

dex (U) 


= —(v+ vr) S? 
dt were) (4.99) 


=—P—vS? 


(4.98) 





By the way, we may note that equation (4.99) can be integrated over the fluid 
volume to yield, through the rule (3.50) and the definition (4.83), the following 
relation: 
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Furthermore, the mean total kinetic energy is written as 
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(the calculation is analogous to (4.44)). That means that a large part of the 
kinetic energy is lost by the mean flow transferred into the fluctuating flow. 
Such is the role of the quantity P, which then stands for an energy flux from the 
mean field to the eddies (the other part of eqn (4.99), namely vS”, represents an 
energy which is dissipated through molecular friction by the mean flow and, by 


comparison, is very low). Now, from Section 4.2.3 we know that the decaying 
eddies generate a set of smaller eddies. This way, the ‘mother’ structures 
transfer some part of their energy to the ‘daughter’ structures; hence, this is 
what is commonly known as an energy cascade, the energy P taken from the 
mean field being passed on “from mother to daughter’ down to the Kolmogorov 
scale at which it is ultimately dissipated. Such dissipation is expressed in 
equation (4.95) by the term —e, which is inherently negative and is referred 
to as the turbulent kinetic energy dissipation rate.*+ One can directly verify 
that the mean flow and the eddies jointly dissipate the whole energy, whose 
actual dissipation rate is given by f = vs: 


+54) (4.102) 


= (Si, Sij + 25,38, ip ij 


iy 
= s2 4572 


whence, owing to (4.95), 


f=vs2=vS +¢ 
(4.103) 


LE 


We now will turn to the particular case of a homogeneous turbulence.>> In 
this case, the diffusion term vanishes and eqn (4.96) is simply reduced to 


Dk 
—=P-e (4.104) 
Dt 
If, additionally, the turbulence is statistically permanent, then we will get 
P=e (4.105) 


The production and dissipation terms are then in equilibrium in this ideal 
case. We are therefore in exactly the same situation as the sustained pendulum 
discussed in Section 4.2.1, and the equilibrium which we have just demon- 
strated is analogous to equation (4.3). The turbulent eddy system then occurs 
in the form of a dramatically complex pendulum whose mechanical behaviour 
can nevertheless be described, on an average, by simple laws. Let us imagine an 
illustrative case of a closed vessel which is filled with water being stirred and 
imparting energy to the whole unit. The velocity differences from one place 
to the other, particularly resulting from the presence of walls, cause turbulent 
kinetic energy to be generated, and the fluid soon enters a turbulent regime if 
the Reynolds number is high enough. The energy cascade then starts running, 
transferring an energy flux P = € towards the smallest eddies, so that they 
can dissipate the whole input energy. The higher the Reynolds number is, the 
greater the energy (4.97) injected into the eddy system is. The Kolmogorov 
cascade is then extended towards the high wave numbers (small eddies) down 
to a scale which is sufficiently small for the production to be balanced by 
dissipation (4.103). If the motion is halted, since the production of energy is 
terminated, then dissipation quickly brings the fluid back to rest like a damped 
simple pendulum (the attractor then suddenly becomes punctual). 
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543 is then often called a “pseudo-dissipation’ 
(Pope, 2000). 


55Tn the meaning as defined in Section 4.3.1, 
with the relevant restrictions. The next result, 
however, could be derived from the inte- 
gration of (4.96) over the whole fluid, the 
diffusion term then coming down to a bound- 
ary integral which vanishes pursuant to the 
boundary conditions. 


242 Turbulent flows 


©The following circumstance should also be 
noticed. The production-dissipation equilib- 
rium could not be explained by an analysis 
of magnitudes if the eddies had a single size 
and a single velocity; the spectral nature of 
turbulence does allow such an equilibrium, as 
explained in the next section. 


57Qbhukov (1962) and other renowned scien- 
tists took part, either independently or not, in 
the elaboration of these foundations. 

58 vr depends on k and P has the same order 
of magnitude as e, and so we ignore them in 
this approach. We may note that only consid- 
ering the quantities k and ¢ is theoretically 
only valid on the assumption of an isotropic 
turbulence, i.e. whose eddies do not have any 
privileged direction. As explained later on 
in this chapter, particularly in Section 4.5.1 
and 4.6.1, this hypothesis is often found to be 
at fault for the biggest eddies. 


59 Spectra, like all the other quantities, a pri- 
ori are fields. We keep, however, ignoring 
their explicit dependence on time and space, 
so much the more as we will make an hypoth- 
esis of spatial homogeousness in the follow- 
ing. Besides, we believe it is impossible to 
confuse the subscript integer i and the unitary 
complex 7. 


We may note that although the equilibrium is only true in the idealized case 
which we have mentioned (4.105), nevertheless it is approximately true most 
of the time,°° and so it may be written that P ~ ¢. Thus, returning to the 
definitions (4.97) and (4.95) of these two quantities, we get 


vr S? ~ vs? (4.106) 


Now, the fluctuating velocity field obviously exhibits much larger variations 
than the mean field. Thus, S is quite small versus s’, and the result (4.81) can 
be found again. 

Let us summarize what we have learnt from the Boussinesq model. 
For model designers adopting a mean field-based approach, intentionally 
ignoring the eddies in the representation of the fields is possible provided that 
eddy viscosity is added to molecular viscosity (which is nearly tantamount 
to substituting the former for the latter, taking their respective orders of 
magnitude into account). In other words, the purpose of eddy viscosity is 
taking from the mean field, in spite of its smooth nature, the dissipation which 
is actually exerted by the genuine velocity field which, as to it, is quite varying. 


4.4.3 Kolmogorov analysis 


We have learnt from Section 4.2.3 that the turbulent fluctuations were dis- 
tributed over a spectrum, and so the same property should characterize all the 
turbulent structure-related quantities. We presently know two of them, namely 
k and e. Kolmogorov’s work (1941, one can refer to its English translation 
published in 1991, or to the paper published in 1962)°’ is based on the 
assumption that these two quantities are sufficient to characterize turbulence 
at a given point in space and time.>® For isotropy reasons, as a first approach, 
only the norm K in the wave vector K will here be of interest. We will then 
attempt to determine a formulation in such a form as 


c= [eax 
: (4.107) 





cf D(K)dK 
0 


where E and D are called the energy and dissipation spectra, respectively.>? 
From the definitions of k and ¢, we will try to relate their respective spectra 
to that of the fluctuating velocity field as given by (4.26). Let us first turn to 
kinetic energy, writing 





1 1 1, . sie ae, 
2" = Gop i if 58) (K,1) a (K’,1) OP KaPK! (4.108) 


According to (4.76), the spectrum of k is then obtained by averaging that 
quantity. We will turn to the case of a homogeneous turbulence, and so the 
averaging operator can be viewed as a space integral: 


k= ee [ [ [ iv’, (K, t) a (K’, 1) FS) PK BK’ ar 
2 (27)? V Ja JR JR3 

(4.109) 
where V denotes the volume of the domain Q, which will be assumed 
to be large enough to be likened to the whole space R?. The integral of 
exp [i (K+ K’) -r] d°r over R® then vanishes, except for K+ K’ = 0, in 
which case it equals V. Thus, we get an integral which is reduced to a single 
wave vector: 


k it, (K, t) a, (—K, t) °K 
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(4.110) 
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(we have used the relation (4.27)). 

The dissipation spectrum is treated in a similar way, but working with the 
pseudo-dissipation €, as given by (4.90), is more convenient. We know that 
the derivation, in the Fourier space, results in a simple multiplication times the 
spectrum variable (refer to eqn (B.53)), whence 

au’, 1 


_ iK ;i. (K, t)e'®*BK 4.111 
ine = Gao fon Ruth K9 (4.111) 








Multiplying that relation by itself, and subsequently adding over the sub- 
scripts i and j, we readily get 
aia Saale -~ | [ Kj Kit, (K, 1) (K’, 1) (OS®) TB Kar K’ 
xj 0x; = (2m)? Jas Js 
(4.112) 
Such an averaging procedure as that we have used for kinetic energy then 
yields 
exka = | K? |a (K,)| aK (4.113) 
(27)? Jr 
The E and D spectra as defined by (4.107) are obtained by integrating 
(4.110) and (4.113) over all the possible directions of the wave vector, that is 
over a unit sphere. Without even carrying on with the integration, it becomes 
manifest that they are related by 


D(K) = 2vK°E(K) (4.114) 


Some first information emerges from that relation: because of the small 
value of the viscosity of ordinary fluids, dissipation only gets significant values 
for high values of K, that is they occur in the small eddies, which corroborates 
the analysis made in Section 4.4.2. From intuitive arguments, we will try to 
guess the shape of these two spectra: 


e Both of them verify the properties of a’ as set out in Section 4.2.3, in 
particular they vanish upon K = 0 and when K tends towards infinity. 

e Near infinity, E tends more quickly towards zero than D, because of 
(4.114), in order to provide for the convergence of the integrals. 
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601t is a natural economy principle which 
suggests they have only one, which assump- 
tion is substantiated by experience. 


6! This principle is consistent with the idea 
that the Reynolds number does not play any 
role when it is very high. More precisely, Re 
only affects the small turbulent structures. 


©2One could think that the dissipation rate 
probably only influences the small scales, 
since they carry most of the dissipation. By 
virtue of (4.105), however, ¢ is in equilibrium 
with P, characterizing the large eddies. 


e Both of them are inherently positive. 
e We know from experience that they are continuous, in accordance with 
the discussion in Section 4.2.2. 


Thus, both spectra should have a maximum, that of E coming before that 
of D (i.e. for a smaller value of K). We may check the latter result through a 
calculation by deriving (4.114): 


dD dE 
— =2vK (|2E+ kK—— 
dK dK 


Thus, when EF reaches its maximum, the derivative of D equals 4v K E which 
is strictly positive, and then D is still growing. Figure 4.10 (a) (Section 4.6.2) 
illustrates the shape of these two spectra; we can see that the large eddies carry 
most of kinetic energy, whereas the small ones dissipate it, as we found on 
several occasions. The dissipation peak is carried by a wave number corre- 
sponding to a scale which is very similar to the Kolmogorov scale Ag = 277/ Kg 
(refer to Section 4.2.3), whereas the peak of energy is carried by eddies the size 
of which will be denoted as L; = 277/K; (refer to (4.24)) and is known as the 
integral scale, corresponding to the characteristic size of the largest eddies. 

Kolmogorov has formulated from the above a number of hypotheses which 
we summarize in the following quite simplified way: 


(4.115) 


e everything connected to the large eddies cannot depend on molecular 
viscosity,°! since it is peculiar to dissipation, which is carried by the 
smallest eddies; 

e everything connected to the small eddies cannot depend on k, since that 
quantity is peculiar to the largest eddies; 

e all the eddies depend on ¢, which stands for the energy flux from the 
larger to the smaller eddies. This flux does not depend on the eddy 
scale.® 


The independence of ¢ with respect to the eddy size is a quite essential 
feature. It is, indeed, a quantity which characterizes the turbulence of the rele- 
vant flow at one given point in time and space. These assertions are obviously 
based on the principle that the large and small structures are uncorrelated, 
which may only hold true if the turbulence is sufficiently ‘developed’; we will 
subsequently provide a sufficient condition for that hypothesis to be valid. 

Let us now make out the list of available independent parameters for 
describing turbulence at one given point in time and space: we must in the 
first place consider the fluid parameters, namely p and v, then those locally 
characterizing turbulence, that is k and ¢. Density, which is the single param- 
eter depending on the mass unit, should be excluded from our reasoning. We 
come to the conclusion that every unknown quantity (independent of the mass 
unit) characterizing turbulence at one point in space should only depend on 
the parameters k, ¢ and v. Considering Kolmogorov’s hypotheses, we may 
write, for instance, that the Kolmogorov scale Ao, characterizing the small 
eddies, may only depend on « and v. Now, the single combination of these 


two quantities which has the dimension of a length is (v3 / e)'/ 2 which gives 
a plausible magnitude of Ag. More rigorously, we may resort to the Vaschy— 


Buckingham theorem as introduced in Section 3.4.3 and state that the problem 
is featured by n — m = 3 — 2 = 1 constant non-dimensional number, that is 
ov? / €. Through that procedure, we readily get the orders of magnitude of 
those scales characterizing the small eddies (length, time, velocity): 


3 1/4 
ho ~ | — 

€ 

vy 1/2 
w~(j) 

€ 


ug ~ (ev)!/4 


(4.116) 


where To is the small eddies’ time scale. We may note that the third equation in 
(4.116) results from the first two equations, or else from the first one together 
with (4.23). For the large eddies, an analogous argument will yield 


k (4.117) 


ee? 


where L;, t and u; are the length, time and velocity scales of large eddies 
(t is sometimes called the turnover time scale). We unsurprisingly find that 
the characteristic velocity of the large fluctuating scales is the square root of k, 
which is consistent with the fact that they carry most of the turbulent kinetic 
energy. We can see too that the small eddies are even larger and slower since 
the fluid is viscous, which fits intuition. The scale ratio of the large structures 
to the small ones can be assessed by 


3/4 
Le (BY (La asia 
Ao ve v : : 


(4.118) 


The turbulent Reynolds number Re; represents the large scales (actually, it 
is the Re, of eqn (4.22), for A = L;). Since the large eddies get their energy 
from the mean flow, it is, indeed, an increasing function of the overall Reynolds 
number Re. Thus, if the latter is high enough, the turbulent spectrum is very 
broad and Kolmogorov’s hypotheses are valid. Then there is a wide range, 
the so-called inertial range, of intermediate eddies between the larger and the 
smaller ones. In that spectrum domain, the eddies merely transfer energy P ~ 
é in a relative equilibrium. Since these eddies are both large-sized before 49 
and small-sized before L;, they satisfy both Kolmogorov’s hypotheses, and 
then the dimensional analysis reveals n = 3 parameters (E, ¢ and the wave 
number K) out of which m = 2 are independent (two physical units), which 
gives a general law for the spectrum E as a function of ¢ and K: 
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63 Although neither largest nor smallest 
eddies are within the inertial range. This is 
a necessary result of dimensional consider- 
ations; there is no evidence, however, that 
the proportionality constants in the equation 
(4.120) are the same as those in equations 
(4.116) and (4.117). 


64This means their velocity increases with 
A. We may notice, however, that their char- 
acteristic time also increases, although less 
quickly, with 2. 


K, < K « Ko, E(K) =cge?? KV 


D(K) = 2ck ve27 K 1/3 CaM 


(the second equality results from (4.114)). These laws are very well verified by 
experience, with cx = 1.5 (Kolmogorov constant). 
The time and velocity scales of the inertial range eddies may also be related 
through that procedure to the eddy size A = 27/K: 
32\1/3 


MMOKAK Ly, TA) ~ (<) (4.120) 


u(r) ~ (ea)! 
with, of course 


r 
u (A) Tm (4.121) 

We may note that these formulas not unexpectedly yield t (L;) ~ T, 
tT (Ag) ~ to, u (Lr) ~ uy; and u (Ag) ~ up © once again. The formulas (4.120) 
indicate that the eddies are even slower™ since they are small, which is still 
consistent with what we have said so far. 

Let us now return to the remarks made by the end of Section 4.4.2, particu- 
larly about the production-dissipation equilibrium (4.105). We can now assess 
the orders of magnitude of these two quantities, knowing that the first one is 
carried by the large-scaled structures and the second one by the small ones. 
From the definition (4.90) and using (4.47), as well as the model (4.73), we get 


U 
P= —uiuh Sik ~ k- (4.122) 


where U is an order of magnitude of the mean velocity and L is a characteristic 
length scale of the mean flow, as in Section 3.4.3. With (4.117), the production- 
to-dissipation ratio is now estimated by 


i (4.123) 


where T is a characteristic time scale of the mean flow. Intuition confirms that 
the product of these two ratios is close to one, which accounts for the estimate 
P ~ e, We may note that if we had used one velocity scale and one spatial 
scale to describe P and e, then we would have come to an absurdity (namely 
P/e ~ 1/Re — 0), which highlights the significance of the spectral nature of 
turbulence. We must point out the paradoxical nature of the relation P ~ e, 
which means that the dissipation does not depend on the value of viscosity, in 
spite of the fact that its definition is based on v. The above analysis sheds light 
on that seeming paradox: when the viscosity is smaller, the small turbulent 
scales become smaller, that is the fluctuating velocity gradients s’ are higher: 
eg (4.124) 
do VV 
The eddy dislocation process then keeps the ¢ = vs” product constant. In 
short, the turbulence gets adapted and generates such small structures that the 
amount of energy P from the mean velocity gradients is dissipated therein. 


Through the elements we have just determined, we can have some notion 
of the fractal nature of turbulence (Frisch, 1995). We may recall, indeed, that 
as explained in Section 4.2.2, the fractality of the attractor in a chaotic system 
should be found again in the actual geometry of the system being investigated. 
We have explained in Section 4.2.3 that this aspect shows itself in the presence 
of a spectrum of eddies which we have just assessed the features of, which 
will enable us to estimate the fractal dimension d of a turbulent flow. We 
know, indeed, that this dimension is calculated by counting the sub-units of the 
object being studied according to their sizes (refer to Section 4.2.2). Denoting 
as dp (A) the proportion of eddies whose sizes range from 4 and 4 + da, we 
can state that the energy they contain equals 


u (A)? 


E (K)dK = dp (4) 





(4.125) 


Let us now turn to a large eddy, containing eddies of each size A < L; 
according to the distribution law p (A). Obviously, the rarer the eddies are as 
their sizes decrease, the smaller the fractal dimension is. A short reflection, 
analogous to the discussion in Section 4.2.2, shows that we have the following 
relation: 


3-d 
iOS (>) (4.126) 
L; 


Hence, if d = 3, the turbulence ‘fills up’ the space, and p (A) is constant. 
Deriving (4.126) and associating the result with (4.125) and (4.24), we find 


5 3-—d 
E(K)« (*) Au) (4.127) 
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For further thought, let us now estimate the energy flux which is transmitted 
by a A-sized eddy lying in the inertial range. The latter releases its whole 


energy within an infinitesimal time dt (A), which yields 
E(K)dK 
<n s (4.128) 
dt (A) 


Time dt (A) is linked to the scale variation di by a dependence analogous 
to (4.121), that is 





dt (A) sk (4.129) 
T EOD : 
Combining (4.127), (4.128), (4.129) and invoking (4.24), we get 
4 \ 3-4 a ay 
e~|— (4.130) 
Lt Xr 
In particular, for A = L;, we have 
uP 
E~— (4.131) 
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©5This is an instance of forgotten initial con- 
ditions as mentioned in Section 4.2.2. This 
phenomenon may also be compared with the 
erratic motion of a particle under the action 
of a collection of molecules (Section 2.5.3). 


66This is a Lagrangian concept, the depen- 
dence on time partly resulting from the 
particle motion (refer, for example, to Sec- 
tion 2.2.1). 


67 The ‘inertial range’ should here be under- 
stood as the range of times ¢” — t’ corre- 
sponding to scales t (A) which are neither too 
small nor too large. 


in accordance with (4.117). The latter equation can be used to rearrange 
(4.130) as 


a\ 
u (A) ~ (>) uo (4.132) 
Ly 
That relation being provided, (4.127) becomes 
2,43 d-8 
E(K)«e3L,? K3 (4.133) 


Formulas (4.132) and (4.133) are in line with (4.119) and (4.120) if d = 3. 
The latest measurements, however, show that d is not necessarily universal and 
that its probable values are closer to 2.8 (Frisch, 1995). These experimental 
results demonstrate that the Kolmogorov theory is not perfect and that it is 
merely one stage in the understanding of turbulence by physicists. Throughout 
the remainder of this book, however, we will, failing anything better, consider 
it is valid. 

For completing this section, let us briefly turn to the question of the temporal 
correlation of the fluctuating velocities. Velocity at one given point in space 
and time depends, via the equations of motion, on the velocity at the time 
points before. The chaotic nature of the velocity field, however, makes the 
velocity signal at one point u(t) so rapidly variable that the flow loses track 
of its past fairly early.°° The velocity deviations at two different time points 
should then statistically increase as the time between them becomes longer. 
One can get some idea of that effect by considering the velocity field temporal 
autocorrelation tensor linked to a fluid particle®® at two given time points ¢/ 
and t”, which necessarily is a function of time deviation t” — t’, by invariance 
with respect to the time origin (refer to Chapter 1): 


D, (¢” — 7’) = fu) — a )] 8 fu) — 0D] 


This definition may be compared with (2.311). The time t of the large 
eddies here plays the part of the Lyapunov time as mentioned at the end of 
Section 4.2.2, and we may state that the velocity signal does not exhibit any 
autocorrelation for a sufficiently large deviation tr” — t’ before t. Within the 
inertial range,’ on the contrary, D, will not be equal to zero. Kolmogorov’s 
hypotheses make it possible to seek a dependence with respect to both ¢ and 
increment t” — t’. We may note too that if the direction of time is reversed, the 
velocities change sign, which leaves D,, unchanged. One then has to seek D,, 
which has the dimension of the square of a velocity, like a function of ¢ and 
|?’ ’—1'|. Thus, there is such a dimensionless tensor D, depending on the fluid 
particle being considered, as: 





(4.134) 


| «| —t| «Kr, Dy (t!- 1) =e|r" -1'|D (4.135) 


The ‘memory’ of the signal u is then proportional to the square root of the 
time increment ¢. Not surprisingly, it can be found that the more dissipative 
the system is, the less it remembers its past for long, which is consistent 
with the fact that it is all the more sensitive to forgetting the initial conditions. 
Under an isotropic turbulence, that is in the absence of any privileged direction 
(particularly, far off the walls), the tensor D must be proportional to the 
identity, which yields 


to «Kt! -t Kt, Dy (t” — 1) = Coe |e” — | (4.136) 


This law is in agreement with equation (2.313) of Chapter 1. To some 
extent, the turbulence may be regarded as a stochastic process governed by 
those laws formulated in Section 2.5.3, which will advantageously be used in 
Section 4.6.3. The value of the dimensionless constant Co is a still unsettled 
question; Pope (2000) suggests Co = 2.1, but he says that higher values (prob- 
ably up to 6) are not impossible. 


4.4.4 Closures for eddy viscosity 


We now have all the required elements for estimating the eddy viscosity. We 
may firstly note that its diffusion role illustrates the large turbulent structures, 
which are the most efficient ones in that process. Thus, we know from the 
Kolmogorov hypotheses as set out in the previous section that vr can only 
depend on k and e, which yields, thanks to the results in Section 3.4.3, 
vr ~ k?/e. There must then be such a constant C yw that: 
k2 
vr = Cus (4.137) 
The value of C, is determined from experience and, for most authors, 
equals® 0,09. In such a way, if we were able to calculate k and ¢ as a function 
of space and time, we would be successful. In addition, we may note that the 
relations (4.117) can be used to write (4.137) as 


vr ~ Lk? (4.138) 


There is nothing surprising about that relation. As in the kinetic theory of 
gases (Section 3.5.2, eqn (3.296)), viscosity happens to be the product of a 
length and a velocity which characterize the agitation motion determining it, 
as given here by the third equation of (4.117). Hence, the macroscopic size 


of the large eddies gives vr a value which expectedly is much higher that v. 
Combining (4.137), (4.138), (4.97) and (4.105), we get 


vr ~ L2S (4.139) 


There still is an unknown, but having returned it to the large scale size is an 
already major advance, because it is a rather intuitive quantity which lends 
itself to observation.’ Like Prandtl (1925) and Smagorinsky (1963),”° we 
will assume there is such a local length Ly (x;, t) that the above relation will 
become exact: 


Lm is on the order of magnitude of L; and is known as mixing length. 
The model (4.140) is named after it, which is advantageously explicit. It 
provides the eddy viscosity field as a function of the mean strain rate, and 
is an increasing function of it, as it should be (we may recall that the strain 
generates eddies via the term P). Moreover, this model requires details on Lyn, 
an unknown quantity which is liable to vary according to the flows, space and 
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68 The fact that it is only given with one sig- 
nificant figure is ... significant: the model 
(4.137) is rather rough, since the very notion 
of turbulent viscosity is based on an assumed 
isotropy of the eddies. We will come back 
to that issue in Section 4.5.1. By the way, 
we notice that with that model the turbulent 
Reynolds number Re;, as defined by (4.118), 
is nothing else but the ratio vr /v = Re/Re, 
where Re is defined by (4.84). Its high value 
is in accordance with eqn (4.81). 


©The size of the large turbulent eddies is 
typically on the order of one tenth of char- 
acteristic size of the flow as a whole. 

7Tt should be pointed out that Prandtl made 
that hypothesis within the frame of simply 
sheared flows (refer to Section 4.4.5). This 
formulation was imagined by Smagorinsky 
for extending the idea to the case of any flow; 
it should be specified, however, that his work 
was initially conducted within the context of 
the large eddy simulation (Section 4.6.1). 
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Tt may be objected that the Cauchy stresses 
exhibit a quadratic shape in (3.250) too. The 
difference stems from the fact that, unlike 
the molecular motion, the turbulent motions 
cannot be disconnected from the mean flow, 
because their spatio-temporal scales are too 
similar. 


72Reynolds (1883), in his basic paper, per- 
fectly understood the link between the occur- 
rence of the turbulence and the quadratic 
behaviour of the energy losses in a fluid. 


731t should be remembered that this time 
scales as sol, according to Section 3.2.2. 


74 According to (4.117), we may only state 
that the following equality should be sub- 
stituted for by the ‘order of magnitude’ 
symbol ~. There is nothing, however, pre- 
venting us from defining t that way, what we 
will do in the following. 


time. It can be observed that this model, as expected, leads to an eddy viscosity 
varying in space and time, as requested. 

An important remark should be made here. In spite of appearance, equa- 
tion (4.138) only has a limited similarity to the molecular model (3.296). 
We, indeed, have laid emphasis, in Section 3.5.2 on the fact that the molec- 
ular and mesoscopic scales are sufficiently distinct to let us assume that the 
molecular viscosity is independent of the fluid velocity. On the other hand, 
since the respective scales of mean flow and turbulence are similar, it may not 
be considered that the eddy viscosity is independent of mean flow velocity. 
Equation (4.140), on the contrary, shows that the eddy viscosity should be 
proportional to the latter. Hence, the Boussinesq model (4.73) shows that the 
Reynolds shear stresses are quadratic functions of velocity: 


Vit j Ri = —2L2,8S;; « U? (4.141) 


All things considered, this result is dimensionally in agreement with their 
definition (4.46). This is a major difference from the Cauchy stresses for a 
Newtonian viscous fluid, whose sheared components (second line in (3.107)) 
are simply proportional to velocity.’! We can infer that all the energy transfer 
processes caused by turbulence depend in a cubic way on velocities. This 
finding is in line with the observation we made in Section 3.4.3, in which 
we discussed the dependence of forces on velocities. As mentioned in that 
section, this result is due to the fact that eddy viscosity is not constant, unlike 
molecular viscosity, but proportional to velocity. This is a general case in 
which the linear (molecular) friction forces can be neglected, compared to the 
(turbulent) quadratic forces,’2 which come within the frame of the discussion 
in Section 2.5.2, with the theory of mirror systems. We will come back to this 
in Chapter 5 (Section 6.5.2) when dealing with turbulence modelling through 
the SPH method. 

The mixing length model is based on so strong hypotheses that it can only 
be valid in simple cases. This is because we have assumed the turbulent equi- 
librium P = e, which only holds true in an approximate way. Let us consider 
the particular case of a flow whose mean quantities (according to Reynolds) 
vary over time with a characteristic time’? of the same order of magnitude as 
the time scale of the large eddies, that is./4 


t= 
é 


(4.142) 


In this case, the equilibrium P = ¢ is much challenged, because some time 
is needed for the energy cascade to be set up, and so an energy input P 
does not instantly induce a dissipation ¢ of the same order of magnitude; that 
equilibrium is only established on completion of a relaxation time on the order 
of t. Likewise, production only generates the energy k after an equivalent 
characteristic time, as illustrated in the kinetic energy equation (4.96). Lastly, 
we may recall that the original of the equation of motion (4.82) includes kinetic 
energy, which in some cases is not negligible as compared to pressure, into the 
pressure term. For all these reasons, the mixing length model should in many 
cases, particularly when the mean flow varies comparatively rapidly, give way 
to more sophisticated models. 


A more suitable model would consist in solving the turbulent kinetic energy 
equation (4.96). Now, this equation is not closed, because it includes the 
quantities Q* and e. However, we have established a link between that equation 
and that of a scalar, and highlighted the role of spatial flux of energy as played 
by Qk (eqn (4.95)); then, by analogy with the model (4.85), it seems it is 
advisable to model this flux as follows: 


Q* = —1% grad k (4.143) 


The diffusion coefficient vz models the diffusion as caused by the molecular 
viscosity (which explicitly appears in (4.95)) and the turbulent processes, 
which we have previously modelled through eddy viscosity. It should then be 
written as 

VT 
Ye =v+— (4.144) 
Ok 

By analogy with (4.88), the dimensionless coefficient o; illustrates the fact 
that the eddy mixing processes probably do not exert quantitatively equal 
actions over momentum and energy. og, however, is probably on the order of 
magnitude of one, and most authors agree to give it the value o, = 1.0. Being 
provided with that model, the transport-diffusion equation of k becomes 

Dk 


me P —e+div (vz grad k) (4.145) 


In order to close that model, dissipation is still to be estimated. A preliminary 
idea consists in temporarily coming back to the equilibrium P = ¢ which, 
along with (4.97), (4.137) and (4.140), yields 


6 = C/4__ (4.146) 


which relation is consistent with the estimate (4.117). Equations (4.145) and 
(4.146) theoretically enable us to calculate k, what subsequently yields vr 
through the model (4.137), which, with (4.146) is now written as 


wpe Crk Ly (4.147) 


This model, which we will henceforth refer to as k — Lym, is also known as 
a one-equation model because it involves an additional differential equation 
to reach our goal. It must therefore be accompanied by boundary conditions 
as regards k; details will be provided in Section 4.4.6. Despite its relative 
complexity compared to the mixing length model, it is much more suitable for 
modelling the quickly varying flows. It is still based, however, on a number of 
approximations, and above all once again utilizes the notion of mixing length, 
with the previously set forth restrictions. 

In order to palliate its drawbacks, Launder and Spalding (1974) have sug- 
gested determining the dissipation value by solving an equation analogous to 
the energy equation, in order to achieve what is commonly known as the k — ¢ 
model. Since the exact equation with respect to ¢ is too complex and involves 
terms whose physical meaning can only be elucidated in the Fourier space, 
these authors have proposed considering a heuristic equation taking a form 
similar to (4.145): 
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75 The models based on the renormalization 
Groups (RNG), however, make it possible 


D 
oF = = (Ce P — Core) + div (ve grad &) (4.148) 
Dt k 
with 
VT 
ie aa (4.149) 
O¢ 


and some constants determined from semi-empirical considerations” as given 
by Table 4.1. We may note that equation (4.148) explicitly involves the 


to calculate, from a rather complex spectral relaxation time required for the action of production, corresponding to the 
formalism, the values of these ‘constants’, as Jarge eddies’ characteristic time t = k/é. Once again, this equation should 


well as other previously mentioned constants 
(for example, refer to Yakhot and Orszag, 


be provided with boundary conditions which are discussed later. 


1986). That theory also suggests the addition The k — € model is now a standard in both industrial and environmental 
of a term into the dissipation equation. modelling practice. There are many variants, such as the Mellor and Yamada 
model (1974). As an example of the drawbacks of this approach, it should be 
Table 4.1 Coefficients of mentioned that the size of the large eddies, as given by the estimate (4.117), 

the main —two-equation 


turbulence closure models. 


k-e 


k-o 


is liable to take arbitrary values, whereas simple physical considerations show 
that it would have to be bounded, a minima by the size L of the flow, and 


Cel Cea Oe even by the distance from the point being considered to the nearest wall. To 
oe i remedy this problem, Yap (1987) suggests increasing ¢ by reducing the very 
g! 9? - dissipation term in the dissipation equation, which amounts to modifying the 


2 0 coefficient C,2 as follows: 


L; in? 
Ce2,Yap = Ce2 — max | 0; 0.83 G - ') (=) (4.150) 


Yap suggests choosing L = xz/ Cr - z being the distance to the closest 
wall. The presence of the constant « (as given by eqn (4.179)) will be substan- 
tiated in Section 4.4.5. 

The best known and mostly used variant of the k — ¢ model, however, is 
the k — w model (Wilcox, 1988). The latter consists of replacing the heuristic 
equation (4.148) with an analogous equation with respect to the large eddies’ 


frequency w as defined by 
= (4.151) 
o=— ; 
Cyk 
From (4.137) onwards, the eddy viscosity can be calculated through 

k 
vr=— (4.152) 

@ 


The transport equation of that quantity, in the simplest variant of the model, 
is written as: 


Do o 2 : 
— = Cyi—P — Ca2W* + div (ve grad @) (4.153) 
Dt k 
with 
VT 
Vo = v+— (4.154) 
Ow 


and constants as given by Table 4.1. 


The two-equation models, in the above set out forms, are found to be 
defective in close proximity to a wall, in the so-called viscous sublayer (refer 
to Section 4.4.6). These gaps are usually bridged through a local change in the 
coefficients of Table 4.1 (for example, refer to Craft et al., 2002). 

Before completing this section, a remark should be made about one of 
the major defects in the two-equation models we have just disclosed. This 
drawback directly results from the shape of the Reynolds tensor as estimated 
by the Boussinesq model (4.73). It can be seen that the dependence on the 
strain tensor S is linear. Now, if this kind of model is suitable for the molecular 
Cauchy stress tensor, it is only coarsely applicable to R, for reasons which 
will be elucidated in Section 4.5.1. We are going to explain several evidently 
erroneous consequences of it. To that purpose, let us rearrange the Boussinesq 
model in a somewhat different form, introducing the non-dimensional deviator 
of R: 


1 
= _RP 
ase 


1 2 
= - (R 2 kts) 
k 3 (4.155) 


2vr 
=-———§ 
k 


= —2C,1tS 


(we have used (4.73), (4.75), (4.137) and (4.142), as well as the definition 
(A.23) from Appendix A with n = 3). Tensor a stands for the portion of R 
which is not proportional to the identity tensor, that is the anisotropic part of 
the Reynolds stresses, and is then referred to as the anisotropy tensor.'° The 
preceding calculation states that the Boussinesq model assumes an anisotropy 
which is everywhere proportional to the strain. Now, as a dimensionless tensor, 
ais certainly norm-bounded. Thus, a cannot be proportional to S (which cannot 
be bounded for any reason), which seems to be at odds with (4.155), unless t 
decreases in 1/S. Another effect of (4.155) is that the production is written, 


according to (4.97), as: 
2 


= —-kS:a— eee 
3 (4.156) 


=-—kS:a 


iG 
<i 
5 


where J J, is the second-order invariant of tensor a, defined as in (3.26). Once 
again, incompressibility was used in the calculation (4.156), while the latest 
inequality results from the Cauchy—Schwartz theorem. Since invariant I Ig 
is necessarily bounded, the relation (4.156) shows that production probably 
behaves at most as a linear function of the strain when the latter is large, 
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Its properties will be disclosed in Sec- 
tion 4.5.1. 
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77 Being symmetric tensors, both are diago- 
nalizable in orthonormal basis, but there is no 
reason why they would coincide, because the 
tensors do not necessarily commute. 


78That means the average quantities vary 
over time (respectively in space) with a char- 
acteristic time (respectivement spatial) scale 
which is close to that of the large turbulent 
scales. 


79The second following condition assumes 
that n is constant. This hypothesis is chal- 
lenged for a solid body which is liable to 
oscillate through eddying agitation. The con- 
ditions under which the motion of a free solid 
would be affected by the turbulent eddies are 
not considered here. 


which is at variance with the quadratic dependence (4.97). For larger strains 
(in close vicinity to a stagnation point immediately upstream of an obstacle, 
for instance), the standard k — ¢ model will then yield too high values of k, and 
hence of vr. In order to palliate this drawback, Guimet and Laurence (2002) 
have put forward the following argument. Turning back to the definition (4.97) 
of production, and using the equilibrium (4.105) and the relation (4.137), 
another formulation of P can be found: 


P = JC, kS 


In order to avoid overestimating k, we then may contemplate selecting, out 
of (4.97) and (4.157), the smaller one, which restricts the production of energy 
to a linear behaviour when the rate of strain S is high. We then achieve a 
semiquadratic, semilinear model for production: 


P=min ar Cuts) af Ck 


We may note that this procedure amounts to increasing the invariant JI, 
by the value it takes for the most naturally and definitely anisotropic flow, 
namely the case of a simple shear flow, that is when velocity is directed along 
one direction. We will show, indeed, in the next section (eqn (4.206)) that in 
such circumstances this invariant then equals 2C,,, a limiting value ascribed 
to it by (4.158) for large strains. This model again provides the quadratic 
dependence (4.97) for small strains, whereas it becomes linear when S is high, 
in accordance with the preceding comments. 

Lastly, it should be pointed out that equation (4.156) suggests that the 
production may be negative, if tensors —S and a are directed along quite 
different specific directions.’’ Such is the case of some flows which are either 
rapidly oscillating or highly variable in space.’® The Reynolds stress equation 
(4.66) suggests in that respect that the latter follow the average flow strain with 
a delay in the order of t, just like kinetic energy. Thus, if the average field 
varies over time with a charactetistic time S~! in the order of t, the specific 
directions of R (hence of a) will possibly be in phase opposition with those 
of —S. Revell et al. (2006) suggest remedying that drawback by calculating 
P (or rather the quantity Cg; = S : a/S) using an additional equation, which 
results in a three-equation model (k — ¢ — Cas model). We will not disclose 
this model in this book; we let inquiring readers discover on their own what is 
one of the latest advances (at the time this page is being written) as regards the 
turbulent flow modelling through Reynolds-averaging type methods. 


(4.157) 


(4.158) 


4.4.5 Generic case study: the infinite open channel 


In order to determine the boundary conditions of those turbulent models we 
have just introduced, we will start from those conditions previously discussed 
in Section 3.4.2 in the general case of the Navier-Stokes equations. Through a 
mere application of the averaging operator, the free surface conditions (3.136) 
and (3.143) will, of course, yield”? 


[p] =90 
[7-n] =0 (4.159) 


U (F = wall) = Uwall wail) 


(the brackets, as in Section 3.4.2, standing for the discontinuity of the quantity 
they encompass when passing through the relevant interface, like a free sur- 
face). Subtracting the new wall condition from the original condition (3.143), 
we find out that there is no velocity fluctuation on the walls: 


WW @=ryeai=—0 (4.160) 


(and no Reynolds stresses either). These conditions, however, are practically 
inapplicable, since the flow is seldom modelled up to the wall under a turbulent 
regime. There are a couple of reasons: first, as subsequently explained in 
this section, the velocity field exhibits a strong gradient near a solid wall, 
which would numerically imply a very fine discretization; next, the very notion 
of wall is quite often ambiguous, particularly for the natural flows (in the 
environment) whose edges exhibit significant irregularities (just think of a 
river bed). 

Going further into these matters, it is convenient to turn to the peculiar case 
of a open channel with an elevation H, having a bed with a gentle slope angle 
0, an ‘infinite’ length and submitted to a longitudinally uniform and steady 
regime. We will utilize the notations from Fig. 4.7, with an origin of the axis 
z being located at the bottom level (note that the axis z is not vertical but 
orthogonal to the bed). One feature of such a flow is that it is invariant along 
the perpendicular direction (denoted as y) to that figure, since all the average 
quantities are invariant. We mean by the phrase ‘longitudinally invariant’ that 
the average quantities do not vary along the axis x, which is made possible by 
the theoretically infinite nature of the bed. Besides, the mean velocity field is in 
every point aligned with x. Thus, the velocity field is written as U = U (x, z) ey 
and the boundary conditions (4.159) are written as80 
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80The second condition, regarding the sur- 
face friction, is written here in the absence 
of wind (no surface friction). 


Fig. 4.7 Free surface infinite channel under 
steady uniform regime. 
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81 Such a flow is said to be simply sheared. 


82That would be untrue in a closed pipe 
where, since there is no free surface, that 
invariance could not be ensured for pressure. 
On the contrary, a longitudinal pressure gra- 
dient can be used, in this case, as a driving 
term in addition to the possible action of 
gravity. 


P (z= 4H) = Patm 


oF ee == (4.161) 


where P,;, denotes the average atmospheric pressure, which is supposedly 
constant. The continuity equation is reduced to 


Ou 


—=0 (4.162) 
ox 
which reveals that U = 7 (z) ey. The strain rate tensor is then written as:°! 
—/001 
lo 
S=5— 000 (4.163) 
“\100 
and its norm simply equals 
aa 
= =| (4.164) 
Oz 





Because of the hypotheses, projecting the Reynolds equation (4.82) onto the 
(x, z) the plane yields two scalar equations for the motion, using the definition 
(3.138) of the dynamic pressure: 


lop. a ou 
(22 eS (v+ vr) —]|+gsiné 
pox a dz 
_ (4.165) 
lop 
——— — gcosé 
p 0z 


It can be observed that the inertia terms have disappeared. Nevertheless, the 
equations are not linear, because of the dependence of vr on the velocities (eqn 
(4.140), for instance). We may recall in that respect that the eddy viscosity vr 
models, through the component R,., of the Reynolds stress tensor, the effect 
of the eddies on the average flow, which effect is inertia, hence not linear. In 
view of the first condition in (4.161), the second equation of (4.165) gives a 
hydrostatic pressure profile which is analogous to (3.135): 


P = Pam + pg (H — z)cosé (4.166) 


and so the pressure does not depend on x (once again, we can observe the lon- 
gitudinal invariance).** The first equation then yields, integrating first over z, 
and using the second condition of (4.161): 


ou Th . 
(v+vr) — = — — gzsiné (4.167) 
Oz p 


The left-hand side (multiplied by e) represents the o,, — oR,, component 
of the total stress tensor (refer to eqn (4.52)), which shows that the integration 
constant Tp is the shear stress at the bed (z = 0). The common practice then 
consists in putting 


ie (4.168) 
p 


That quantity is known as shear velocity, and a physical interpretation of it 
will subsequently be provided. In the absence of wind, the stress vanishes at 
the surface (z = H), according to (4.159), and equation (4.167) is reduced to 


ou 2 Zz 
(y+ or) = =u3 (1- =) (4.169) 


Once again, we observe the quadratic nature of the Reynolds stresses 
which was mentioned in Section 4.4.4. Equation (4.167) also yields the shear 
velocity as 


ux = / gH sind (4.170) 


ux 18, of course, an increasing function of slope;®? this is (like the more gen- 
eral relation (4.167)) an equilibrium between the channel slope, which is the 
flow driving term, and the friction exerted onto the bed, which is a resistance- 
like term allowing a steady regime equilibrium.®* In the case of a laminar 
flow, that is with a Reynolds number below Re,.; (refer to Section 4.2.2), u 
is reduced to the actual velocity field u and the eddy viscosity equals zero. 
Equation (4.169) is then immediately integrated and yields, taking the third 
condition of (4.161) into account: 


pe (1 - =) (4.171) 


The velocity profile is then parabolic. The maximum velocity Umax = 
u (z = #) is given, in view of (4.170), by 


gH? sind 
Unax = ——.—— (4.172) 
2v 
and the Reynolds number as built on Umax and H equals 
gH? sind 
Re = ——_ (4.173) 
2v 


The circumstances governing the establishment of such a flow, however, 
quite seldom occur, the condition Re < Re,,; corresponding to a slope tané ~ 
sin6 <4 x 1077 if the channel is filled with water to a height H = 10 cm. 

In the turbulent case, which is by far the most frequent one, the equilib- 
rium equation (4.169) does not have an exact analytical solution everywhere; 
we then must make a distinction between several cases. We first invoke the 
mixing length model (4.140), which is valid here owing to the steady regime 
hypotheses. With (4.164), we get:®> 


Ou 

2 

vr = Ea, (4.174) 
This is where the mixing length model reveals its true difficulty, because 

Lm is unknown. It can be stated, however, according to Section 4.4.4, that 

it has the same order of magnitude as the size of the large eddies. Now, the 
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83 Once again, this formula is only valid in the 
absence of a horizontal pressure gradient, and 
so it is useless in a closed pipe. Later on, we 
will discuss a general method for assessing 
the friction velocity. 


84This is an old common topic in fluid 
mechanics, where the notion of equilib- 
rium plays a prevailing role: just think of a 
body falling in a viscous fluid, or else the 
production-dissipation balance which is at 
the core of the turbulence mechanisms. 


85 The velocity is assumed to be increasing 
along z, which is both in accordance with 
intuition and right. 
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86Proposed by Prandtl. 


87Here we ignore the gravity waves (swell). 


88 This process is analogous to the gravita- 
tional damping within the stratified turbu- 
lent flows. We may note in that respect that 
this phenomenon makes the velocity fluctua- 
tions very anisotropic near the surface, which 
echoes the remarks made in the preceding 
section and the next ones as regards the valid- 
ity of the Boussinesq model. Such are the 
limits of the notion of turbulent viscosity at 
the free surface. This trouble, however, does 
not affect the arguments in this section, since 
only vertical diffusion is of interest here, the 
flow being horizontally unvarying. 


condition (4.160) tells us that the eddies fade at the bottom. A first attempt®® 
then consists in making a Taylor series expansion yielding Ly, = kz, « being 
a constant which is unknown for the time being. This model, however, is still 
too simplistic, because of the free surface effect. A mere observation of a river 
surface shows, indeed, that the vertical fluctuations of velocity vanish at it,2” 
which may be explained by the great difference of density between water and 
air, since gravity inhibits every incipient vertical fluctuation. Thus, we may 
consider that the mixing length equals zero at the surface. The «z term which 
we have just established should then be multiplied by a function vanishing 
in z = H. We know from experience (refer to Nezu and Nakagawa, 1993) 
that satisfactory results are achieved, in the presently discussed case, with the 


following form: 
Lm = kz,/1— a 


In close vicinity to the bottom, within sufficiently small distances, formula 
(4.175) shows that the eddy viscosity (4.174) tends towards zero. Thus, there 
is a very thin layer, which is known as the viscous sublayer, near the channel 
bottom, where the molecular effects prevail over the turbulent fluctuations. We 
then have a profile which is analogous to (4.171), which can be made even 
simpler by dropping the quadratic term. The characteristic thickness e, of that 
layer depends on both u, and v, and the considerations about dimensions in 
Section 3.4.3 show it is written as 


(4.175) 


(4.176) 


v 

ey ~ 8— 

Ux 

(the factor 8 should be considered as a piece of experimental data). Equation 

(3.160) of Section 3.4.2 shows that e, is expected on the order of magnitude 
of Ly. 

Beyond the viscous sublayer (typically for z > 1007), on the contrary, the 
turbulent forces  R;z do prevail over the molecular forces o,.,, which amounts 
to saying that v < vr in the greater part of the flow (in accordance with eqn 
(4.81)). The equilibrium equation (4.169) and the models (4.174) and (4.175) 
then give the very simple relation 

ot (4.177) 
OZ «KZ 

For building a solution, we still need a boundary condition. Unfortunately, 
since we have only made valid assumptions from a small distance to the wall, 
we may not invoke the condition (4.161). We then have to introduce a further 
empirical constant to reach the following solution: 


1 
tu (mn +.) (4.178) 
K Vv 


Practice yields 


k =0.41 
Cy. 5.2 


(4.179) 


« is referred to as the von Karman constant.8? The logarithmic profile 
(4.178) exhibits a velocity distribution which is much more homogeneous 
along the vertical direction than the laminar parabola (4.171), which reveals 
the significant diffusion (here, of momentum) being exerted by the turbulence. 

At this stage, a remark about the viscous sublayer should be made without 
delay. Formula (4.176) suggests it is very thin (typically less than one mil- 
limetre or even one or two orders of magnitude less), and so its pertinence 
should be questioned, especially in a natural environment. The cemented wall 
of an artificial channel, and even more the natural bed of a river, bear asperities 
whose characteristic size may largely exceed e, on their surfaces. In such a 
case, the viscous sublayer is concealed by the asperities and we must challenge 
our arguments, because the boundary condition at the wall becomes partly 
meaningless since it is determined by these asperities which may have quite 
intricate and irregular shapes. It may be considered that the roughness of a 
wall induces a greater friction, that is more turbulent fluctuations near the 
wall. As such, based on the discussions in Section 4.4.1, it is advisable to 
model that effect by adding some sort of ‘roughness viscosity’, here being 
denoted as vp, to the molecular viscosity. From the dimensional considerations 
in Section 3.4.3, such a ‘roughness viscosity’ can be linked to the characteristic 
size ks of the asperities (which is referred to as the wall roughness) and to ux 
by the following relation: 


VR = Arksuy (4.180) 


with a constant ar = 0.26, as provided by experience. The profile (4.178) 
should then be changed by adding vp to v: 


z Lip _ ge (4.181) 
— — In — = 
os K V+arRKsuy : 


The effect of the asperities can be assessed through the ratio of these two 
viscosities: 


k v k 
fo Aa (4.182) 
v v ey 





Three regimes can be differentiated by means of that shear Reynolds num- 
ber, namely: 


e Re, < 5: smooth regime, in which the molecular viscosity near the wall 
prevails over the effects of the asperities, that is vy < v. The viscous 
sublayer is substantially thicker than the asperities. The profile (4.181) 
once again gives the smooth velocity profile (4.178); 

e 5 < Re, < 70: mixed regime, in which the effects of the asperities are 
of the same order of magnitude as those of molecular viscosity, that is 
Va ~ v. The regime (4.181) remains unchanged; 

e 70 < Re,: rough regime, in which the effects of the asperities prevail 
over molecular viscosity near the wall, that is v < vp. The viscous 
sublayer is concealed by the asperities. The profile (4.181) is simplified 
and gives a rough velocity profile: 


1 
a= (2ine +c.) (4.183) 
K kg 
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89% the literature, scientists are not unani- 
mous about the value of the constant which 
here we call Cy. Values typically ranging 
from 5.0 to 5.5 are reported. 
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01t should be pointed out that the notation 
z? being used is not universal. In most of 
the publications about turbulence, it is rather 
used for denoting zux/v. 


with 
1 
C, = Cy, — —Inar © 8.5 (4.184) 
K 


Whatever regime may be achieved, the formulas (4.174), (4.175) and (4.177) 
yield the eddy viscosity as 


vr = kugz(1- =) (4.185) 


Even in the simple case being dealt with, the equations (4.145) and (4.148) 
in the k — ¢ model do not have any analytical solution; these two quantities, 
however, can be estimated from what was explained above by recovering the 
production-dissipation equilibrium: 


e=P=v7S* 


i) 
KZ A 
(we have taken advantage of (4.164), (4.177) and (4.185)). The dimensional 
relation (4.137) then yields k: 


(4.186) 


pes FE 
Cu 
4 (4.187) 
us, Zz 
-£t-3) 
Cu H 
Thus, the shear velocity is in the form of an order of magnitude of the 
velocity //k of the large eddies near the bottom. The above results may also be 
rearranged in a dimensionless form: 











jee 28 k 1=—g 
“2 a 
+ 
gat 2s (4.188) 
u3 Kzt 
vr 
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with? z+ = z/H. The formulas (4.182), (4.185), (4.186) and (4.187) are fairly 
well confirmed in practice, particularly the velocity and energy dissipation 
profiles (refer to Nezu and Nakagawa, 1993). Some exemplary comparisons 
can be found in Chapter 7, Section 7.2.3. 

The flow whose theory has just been briefly described will be modelled by 
means of the SPH method in Chapter 7 (Section 7.2.3). 


4.4.6 Turbulent boundary conditions 


The behaviour which we have just highlighted may be considered as compar- 
atively general near a wall which is not too curved, with, however, a rather 
coarse approximation in the case of rapidly varying flows. It will then enable 


us to define wall conditions for the turbulent quantities, within a rather general 
frame. Thus, in a rough regime, it will be considered that within a small 
distance 5 from a wall, the conditions on the mean velocity, the kinetic energy 
and its dissipation rate can be specified®! by analogy with (4.183), (4.186) and 
(4.187): 


1 5 
We =8) =u (In? +C,)t 
kK Ok 


Ss 








: 

k(z=4d)= (4.189) 
TG 
== lus|° 
i KO 


where t is the wall-tangential unit vector. We have ignored the terms in 
1 — 5/H, in view of the smallness of 6, which may be arbitrarily chosen, 
but satisfying the condition e, <6 < H, H being, in the general case, a 
characteristic dimension of the overall flow. Numerically, the values given by 
(4.189) at each point of a wall?” are prescribed, which amounts to likening the 
calculation point located on the wall to a virtual point located within the flow 
and at a distance 6 from the wall, in the perpendicular direction to the latter. 

Lastly, these conditions imply an estimated shear velocity, which is by no 
means constant as a rule, whether in time or space. For that reason, in many 
calculation softwares, the mean velocity U is estimated at a distance 6’ from 
the wall which exceeds 4, and u,, is subsequently derived from it by means of 
(4.183): 


I 
uy = > (4.190) 
tine +Cy 


The shear velocity then has the sign of u (z = 6! ) -t, and the velocity 
u(z = 4) can therefore be suitably directed; thus, it may be negative in some 
cases. That is why uw, occurs as an absolute value in the condition with respect 
to e in (4.189), because dissipation is inherently positive. It should be pointed 
out, however, that limitations are encountered in that approach in the case of a 
comparatively variable flow in space and/or time. 

The question of turbulent conditions at a free surface is still partly unsettled. 
Imposing a Von Neumann condition for turbulent kinetic energy looks logical. 
That option is dictated by the model (4.143), given the absence of any energy 
flux at the surface: 


Ok 
ons 
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with, as previously stated, 0A/dn = grad A - n, and n, standing for the unit 
vector normal to the free surface at the point being contemplated. Nezu and 
Nakagawa (1993) recommend relating the dissipation at the surface to the 
value of the turbulent energy, due to dimensional considerations: 
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9! Setting the velocity is one alternative. 
Some authors, however, recommend, instead, 
to set the stress value at the wall, i.e. the 
momentum flux. 


°2The formulas (4.189) are called wall func- 
tions. 
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93 We have used the rough profile (4.183), and 
considered that the integration can be made 
from z=0 without significantly changing 
the result, although that profile is strictly 
exclusively valid for z > ks. 
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Esurf = (4.192) 
where H is the water depth, and with a, = 0.18. Clearly enough, that condition 
is hardly generalizable, since it is based on the water depth concept, which 
is often ill-defined for a complex free surface flow, as in the case of a wave 
breaking. 

To complete this section, we will estimate several orders of magnitude. First, 
uy may be related to the defined averaged velocity U?* by 


1 H 
U=— u(z)d 4.193 
ar ; u (z) dz ( ) 
With the velocity profile (4.183), that yields 
1. A 
U=u, | —In—+4+C, (4.194) 
kK ek, 


where e is the basis of the natural logarithm. Given the usual values of water 
depth and roughness, the shear velocity then typically ranges from 3 to 8% 
of U. The maximum velocity value is reached at the surface and equals 


Wo 
Umax = U (H) = ux (- In — + Cs) (4.195) 
kK ks 
The Ujpax/U ratio depends on both roughness and depth and is typically 
around 1.2. By comparison, the definition (4.193) gives, for the laminar profile 
(4.171): 
3 


Umax = a (4.196) 


((4.171) and (4.172) were used). The parabolic laminar profile is then much 


more heterogeneous than the logarithmic turbulent profile. 
Let us come back to the turbulent case. The formulas (4.186) and (4.187) 


then yield 
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((4.175) was used). We unsurprisingly find that the mixing length provides an 
order of magnitude of the size of the large eddies. As regards the turbulent 
Reynolds number, it is written, according to (4.118) and (4.175) as: 
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(4.198) 
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where the ordinary Reynolds number is here given by 


UH 
Re= =e (4.199) 


In frequent circumstances (natural, industrial or experimental flows), Re; 
takes values ranging from 10+ to 10°, which, by virtue of (4.118), generates 
small eddies which are 10° to 10° times smaller than the large ones. The inertial 
range is then quite well developed. The formulas (4.116) and (4.186) provide 
(dimensionless) time and space scales of the small eddies in the following 


form: 
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The Kolmogorov scale then exhibits the same ratio to the water depth as 
to the large eddies (which means that the size of the latter does not vary as 
a function of the Reynolds number, which size equals L,, according to eqn 
(4.197)). Given the three-dimensionality of the turbulent structures, we may 





(4.200) 





3 
find out that the required spatio-temporal resolution increases as (Re! *) x 


Rel! oe Re?! - Thus, the required resolution for a direct numerical (DNS, 
refer to the beginning of Section 4.3.1) is inhibitory even in this simple case.” 
Lastly, let us turn to the mean flow Reynolds number as defined by (4.84). 
In order to determine an order of magnitude of it, we will temporarily return to 
the case of the H depth channel as defined in Section 4.4.5. It is provided by 


u(z=H)H 
vr (z = H/2) 


4 H 


With the natural values of roughness,”° this number is approximately 300, 
which is substantially below the critical threshold Re,.2 for the onset of chaos, 
which equals about 3000 for an open channel (refer to Section 4.2.2). Although 
it is a rough estimate, it substantiates the mean flow stability, in accordance 
with the comment we made by the end of Section 4.4.1. 

We now can quantitatively compare kinetic energy and pressure in this case 
in order to demonstrate that the approximation (4.80) is justified. We may recall 
that such an approximation consists of ignoring 3 pk before Pp in the mean field 
equation of motion. In the case of the infinite channel, the profiles (4.166) and 
(4.187), together with the equilibrium (4.170), make it possible to write 
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94 A the time these lines are being written, the 
literature mentions a DNS of up to Rey = 
2000 in a channel (Hoyas and Jimenez, 
2006). 


95 Because of the logarithmic dependence, the 
exact value of the water depth-to-roughness 
ratio only slightly affects the result. 
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Our hypothesis then holds true as long as the bed slope is not too steep; for 
ordinary values (tand ~ 10-5 to 10~), the ratio (4.202) hardly exceeds 2%. 
For extending our assertion to the more general case of an undiscriminated 
flow (with a free surface), one can take advantage of (4.202). Since the u,/U 
ratio ranges from 3 to 8% in most cases, and likening cos @ to unit, it is inferred 
that the estimate (4.202) is reduced to 


3 pk 


P — Patm 


where Fr is the Froude number, as defined by (3.154). Thus, we may state that 
the turbulent kinetic energy only takes significant values for Froude numbers 
above 10, which is still fairly rare. The above approximation can be further 
strengthened by writing, owing to (4.187): 


< 0.01 Fr? (4.203) 
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The estimate of u, as it was made above provides values on the order of 
several thousandths for that ratio. The relation (4.78) can be used to conclude. 
The above consideration will, of course, still be restricted to the free surface 
flows, but gives a fairly good idea of the ratio to be found within a more general 
frame. 

Because of needs to be elucidated later on, we lastly calculate an non- 
dimensionalized form of the scalar strain rate, for a simple shear flow, owing 
to (4.164), (4.177), (4.186) and (4.187): 

k |ou 
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That formula gives the anisotropy invariant as mentioned at the end of 
Section 4.4.4: 





= 3.33 (4.205) 
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4.5 Advanced averaged models 


We investigate now more sophisticated averaged models. By reviewing the 
deficiencies of first-order models, we introduce the concept of Lumley real- 
izability of turbulent models. As a second step, we present closure equa- 
tions for the second-order statistical turbulent models. The particular case of 
weak-equilibrium turbulence finally drives us to explicit algebraic models for 
Reynolds stress closure. 


4.5.1 First-order model deficiencies 


The first-order closure models which we have discussed in Section 4.4 exhibit 
deficiencies which are primarily linked to the utilization of the Boussinesq 


model (4.73), which is equivalent to the Stokes model for the Cauchy stress 
tensor. We have previously explained several effects of that approach in the 
assessment of the turbulent kinetic energy production term and mentioned 
some of the available means to remedy these errors; there are, however, addi- 
tional shortcomings in the Boussinesq model; we are going to discuss the main 
ones. Since the trace of R is known through the definition of k, the following 
reasonings will deal with the anisotropy tensor a as defined by (4.155): 


e We explained in Section 3.4.1 that thanks to the isotropic nature of a 
fluid, the Cauchy stress deviator o? only depends on s, because a pure 
rotation does not then generate any friction. Now there is no reason why 
the turbulent eddies would obey such an isotropic property, since they 
are influenced by the nearby solid walls. This is due to their macroscopic 
size, preventing us thinking that their properties are rotationally invariant, 
unlike the molecular motion in the Boltzmann’s approach discussed in 
Chapters 2 and 3. We have previously explained that the size of the 
eddies varies as they come nearer to a wall (Section 4.4.5); the velocity 
fluctuations orthogonal to that wall happen to be more influenced, indeed, 
as one comes nearer to it, which results in an anisotropy of the fluctuating 
velocities, that is of the Reynolds stresses. Thus, the deviator of R prob- 
ably depends not only on the symmetric part S of the velocity gradients 
(which dependence is already included in the Boussinesq model (4.73)), 
but also on its asymmetric part &, representing the rotation of the mean 
field (or mean vorticity tensor), as defined by 


2=o@ 
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where @ is defined by (3.30). 

e That anisotropic property produces other effects: the linear relation estab- 
lished by the Boussinesq model is not written in a general form, and 
would actually have to involve a fourth-order eddy viscosity tensor in 
order to substitute such a formula as 


aij = or, jkUSIk (4.208) 
for (4.155). This would give not 1, but 81 viscosity coefficients (with, as 
it should be acknowledged, symmetry properties which would reduce the 
number of independent coefficients). The Boussinesq model, pursuant 
to (4.155), corresponds to coefficients vy jjx¢ = vrdiid jx, Which is much 
too simplistic for such a complex ‘medium’ as a turbulent flow. 

e The Taylor series expansion (3.102) is only valid because the molecular 
viscous forces within an ordinary fluid are quite moderate due to the 
low value of molecular viscosity. On the other hand, eddy viscosity is a 
sufficiently large quantity for the turbulent shearing to be usually at least 
of the same order of magnitude as the turbulent kinetic energy term in the 
Boussinesq model. For instance, let us consider the infinite channel case 
that will be described in Section 4.4.5: with the formulas (4.164), (4.177), 
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Once again, in every point in time and 
space. It should be pointed out that this result 
holds true provided that the coordinate sys- 
tem is orthonormal, which we had not men- 
tioned in the definition of R. We must also 
specify that the latter is invariant under a 
Galilean transformation, like the Cauchy ten- 
sor (refer to Section 3.4.2). 


°7 That anisotropy map is analogous to the 
Von Mises or Tresca criteria in the theory 
of continuous media. We will express it here 
using Pope’s notations (2000). 

8 Once again, its diagonalization properties 
(particularly its eigendirections) may depend 
on time and space. 


(4.185) and (4.187), the ratio of the first two terms in the Boussinesq 
model is written as 





(4.209) 


Thus, additional terms are expected, at least of the second order either in S 
or &. For instance, terms in such forms as S* and S@ would probably appear. 

All three above comments show that the Boussinesq model is not sufficient 
for a fine approach to turbulence. Before attempting to address this issue, 
another essential remark has to be made. The discussion at the end of Sec- 
tion 4.4.4 suggests that further investigations into the mathematical relations 
which R would necessarily have to verify are useful. Thus, we may state that 
its diagonal values Rj; = uu are positive. Besides, according to (4.47), and 
in so far as the Reynolds stresses happen to be statistical averages, we can 
see they should verify the Cauchy—Schwartz theorem; this is written here as 








2 2, 2 . . . . . 
uiu'. <u ui . Thus, R should theoretically satisfy both following properties: 


' 
mj 
Vi,j Ri < RuRyy 
(4.210) 
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(there is no summation over i and j, as well as in the preceding relations). 
These properties directly result from the mathematical definition of R as a 
statistical autocorrelation tensor. It is well known (refer to Appendix A, eqn 
(A.32)) that the tensor product of two vectors is a tensor. R is then transformed 
like the vector filed u’ which determines it; its properties (4.210) are then inde- 
pendent of the coordinate system and then have a strong physical meaning.”© 
As a consequence, they can probably be expressed as a function of k and the 
invariants of a. The latter, which are defined as in (3.26) (Section 3.2.2) are 
two in number, because a has a zero trace, like any deviator. For the sake of 

convenience, we will note: 


2fihy? (ea 
ta \ oa} =~ \ 0 
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Simple calculations (Pope, 2000) show that the inequalities (4.210) are 
satisfied if and only if these two invariants verify the following relations: 


(4.211) 
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On the (7a, a) plane, these relations mean that one must refer to the inside 
of an area of the so-called Lumley triangle (1978), which is shown?’ in Fig. 4.8. 
Since the tensor R is symmetric, it is diagonalisable?® in an orthonormal basis, 
and its eigenvalues are the squares of the main velocity fluctuations u’, v’ and 
w’, which are defined as the rms values of the fluctuations of the velocity 
components. Tensor a provides a measure of the relative differences between 
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these three quantities: when they are equal, a is zero and the turbulence is 
isotropic (ideal case). The various assumable cases are indicated in Fig. 4.8. 
The upper boundary of the flow domain corresponds to a turbulence with two- 
dimensional fluctuations, occurring at an interface between two fluids having 
quite different densities, as happens with a free surface. 

A turbulence model which satisfies the Lumley conditions (4.210) is said 
to be realizable, since it predicts Reynolds stresses which are compatible 
with the mathematical definition of this tensor. The Boussinesq model, for 
instance, gives 6. = O and ny = Ces with (4.155). As regards the chan- 
nel being studied in Section 4.4.5, equation (4.205) yields na = Cy /V12 = 
7.5 x 1073 < 1/./27 = 0.19. Thus, the model is realizable in this very case, 
but there is no evidence that some flows would not give rise to higher values 
of a. Besides, it was experimentally demonstrated that the anisotropy as 
predicted by the Boussinesq model is erroneous even in this simple case (refer 
to Fig. 4.8). 


4.5.2 Second order closure 


In order to put forward models which (at least partially) satisfy the require- 
ments of the previous paragraph, let us momentarily return to those equations 
governing R, namely (4.66) and (4.67). We may recall that they occur in the 
form 


DR OR = * AR 
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Fig. 4.8 The Lumley triangle. The dimen- 
sions of the ellipsoids correspond to the rms 
values of the velocity component fluctua- 
tions. Point A indicates the predictions of the 
Boussinesq model in the case of a permanent 
open channel, whereas the DNS (after Kim 
et al., 1987) are represented by the grey pat- 
tern. 
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This is an effect of the term ® being con- 
sidered below. 


with 
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This system of equations is not closed, due to many unknown quantities. 
By analogy with the study which we have conducted in Section 4.4.4 about the 
equation with respect to k, the tensor P clearly stands for a production (as in the 
kinetic energy equation), whereas ¢ is a dissipation tensor and Q® a flux (it is 
a third-order tensor). Lastly, ® is referred to as the pressure-strain correlation 
tensor, and we will subsequently explain its function. 

Let us now go into further details as regards each of these terms. Using the 
notations which we introduced in the previous section, the production tensor is 
also written as 


2 2 
je (4.215) 
=-k (Sa+as+9a—ao+ <8) 


It is perfectly determined by the mean quantities and the tensor R being the 
unknown in the equation being considered; it is accordingly explicit and does 
not require any closure model. 

The dissipation tensor represents the energy dissipated by friction, which we 
have explained in Section 4.4.2 it is exerted by the smallest turbulent eddies. 
Now, pursuant to the Kolmogorov cascade, as they break down the eddies 
do not keep track of their anisotropy, if any, and so the small eddies can be 
considered as isotropic.”” It is then all the same with e, and we will write to a 
very good approximation 


a 2 ew a I 
e= ae 3 & ao 3 (4.216) 
and so the half-trace of this term provides the scalar dissipation ¢. 

The flux Q® of Reynolds stresses may be treated like the diffusion term 
of k (4.143). Only the first two terms (characterizing the turbulent diffusion) 
should be modelled, the third one standing for an explicit molecular diffusion. 
Thus, a diffusion coefficient containing a molecular part and a turbulent part, 
by analogy with (4.144), is contemplated. However, because of the anisotropic 
nature of the large eddies, accounting for the mixing processes, we will here 
introduce an eddy viscosity tensor being substituted for a scalar eddy viscosity, 
which looks more like the general form (4.208). Thus, Daly and Harlow (1970) 
suggest putting 


Q® = — (grad R) - vp 
aRij (4.217) 





grad R is a third-order tensor, whereas vr is a second-order tensor as 
given by 


k 
vr =v +C,_R (4.218) 
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The second term in that model stands for the turbulent diffusion, which was 
written by analogy with (4.137) but in a tensor form, R being the single known 
tensor having the same dimension as k. Launder (1990) then suggests!° C, = 
0.22. In the form of components, the models (4.217) and (4.218) are read as 


7 k \ aR; 
Q* = = | vox + Cs = Ri tae Be; Ox (4.219) 
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We still have to consider the tensor ®, which is essential in the next steps 
of our discussion. As explained in Section 4.4.2, the latter does not leave 
any ‘trace’ in the energy equation, which means that it takes part in the 
redistribution of the components of R without modifying its trace, that is the 
energy. For a better understanding of the role of this tensor, we must come back 
to the channel case of Section 4.4.5, but in a possible unsteady flow regime and 
forgetting the diffusion terms (whose action only consists in redistributing each 
stress in space during the time). Adopting the model (4.216) for dissipation, 
the six equations (4.213) are significantly simplified, and only three of them 
remain different from zero: 
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We find out that the production does not influence R,, = uP; intuition 
however suggests (which is experimentally substantiated) that the fluctuations 
of vertical velocity do exist. Thus, the term ®,, actually accounts for the 
occurrence of such fluctuations. Since ® leaves no trace, this term is opposed 
to ®,,, and we come to the conclusion that the tensor ® has drawn energy 
from the fluctuations along x and subsequently restored it into the fluctuations 
along z. This tensor then induces a ‘re-isotropization’ of the fluctuations, 
that is makes the tensor R as isotropic as possible, in other words reduces 
its deviator. That is why Rotta (1951) proposed a simple model of return to 
isotropy representing ® by a term which is based on a relaxation time on the 
order of magnitude of the turbulent time scale tT: 
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100We may note, however, that with that 
model the half trace of the diffusion term 
does not give exactly the same diffusion term 
of k as that modelled in (4.145). 
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101 This model is based on a Poisson equation 
which is satisfied by the pressure fluctuations 
and is close to (3.187), whose solution is 
analogous to (3.191). 


102 As with the two-equation models which 
are set out in Section 4.4.4, the present coef- 
ficients are not valid in a viscous sublayer, 
where corrections are necessary to take the 
effects of Re, into account. 


@ = —Cp_R? 
k (4.221) 
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It can be found that the processes included in the pressure-strain correlation 
term ® are more complex than is suggested by this simple model, since the 
return to isotropy does not only involve the tensor R. From rather complex 
tensorial considerations beyond the scope of this book,!°! Launder et al. (1975) 
have come up with the following more general model, which is referred to as 
LRR-QI: 


® = —Crea— CpP? — CpD? — CskS (4.222) 
where D is a new tensor, looking like P and defined by 


D = —RI —I’?R=-—2(RI)* 


4 (4.223) 
= —k (sa+as - Qa + aQ + <8) 


which may be compared to (4.215). The deviators occurring in the model 
(4.222) are given, according to the definitions of k and P, by 
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(the first of these formulas is identical to (4.155), and we have resorted to 
(4.91)). The constants in the model (4.222) equal 
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Cr is known as the Rotta constant. The coefficient C, which is calibrated 
either on experimental simulations or Direct Simulations (DNS), is discussed 
in many papers. The generally adopted values are C = 0.4 (Launder et al., 
1975) and C = 5/9 (Lumley, 1978). The corresponding values of the coeffi- 
cients (4.225) are given by Table 4.2. As a rule, there is no general agreement 
about the values of the coefficients appearing here; Launder et al. (1975) 
therefore propose a simplified set denoted as LRR-IP, whose values occur in 
the same table.” 


Table 4.2 Coefficients of several second-order turbu- 
lent closure models (LRR-QI-1: Launder et al., 1975; 
LRR-QI-2: Lumley, 1978). 





Model CR Cp Cp Cs 
LRR-IP 1.8 3 0 0 
LRR-QlLI «150.764. = 0.109 0.364 
7 2 8 
LRR-Ql2 1.5 5 5 o 





Anyway, the equations (4.213) and (4.214), being provided with the models 
(4.216), (4.219) and (4.222), get a new form 


DR . D 
Dr = P + div [(grad R) vy] — Crea— CpP 
(4.226) 
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With the formulas (4.215), (4.218) and (4.223) and the definition (4.155) of 
a, these six equations!” are not yet fully closed, because the scalar dissipation 
rate ¢ plays a part (k is not a further unknown, since it is the half trace of R). 
However, supplementing them with the equation (4.148) governing the evolu- 
tion of ¢,!°4 they make up a closed system of seven equations. The solution R 
is directly used for solving the Reynolds equations (4.51). The R;; — ¢ model 
is then referred to; it is a second-order closure model, in accordance with the 
nomenclature being mentioned at the end of Section 4.3.3. 

There are many variants to this kind of model! on top of the three ‘stan- 
dard’ versions which are discussed here; all of them exhibit great qualities. 
In particular, they explain the consequences of the anisotropy of the large 
turbulent structures, notably thanks to the exactness of the production tensor. 
The production term in the equation of ¢ is also accurately represented! by 
the formula (4.90), which makes it possible to avoid the difficulties of the k — ¢ 
models which were spoken of at the end of Section 4.4.4. In addition, these 
models generally satisfy the realizability conditions (Section 4.5.1). Thus, 
they manage to rather closely represent flows having features which cannot 
be replicated with the k — ¢ model, and then are quite useful in industry (for 
instance, refer to Rodi, 2000). 

The second-order models, however, are complex and imply appropriate 
boundary conditions which we will not discuss here. However, we are going 
to use the arguments which were previously put forward and build, in the next 
section, a class of models which will be markedly simpler and will contain a 
good deal of physical information. 


4.5.3. Explicit algebraic models 


In this section, we will come back to the first-order models, attempting to settle 
some of those issues raised by the Boussinesq model, without reaching the 
complexity level of the second-order models. 


4.5 Advanced averaged models 271 


103. We may recall that, as a symmetric tensor, 
R only has six independent components. 


104 Some authors then prefer to model the 
diffusion of ¢ by means of a diffusion tensor 
analogous to (4.218) instead of the scalar tur- 
bulent viscosity model of the standard equa- 
tion (4.148). 


105 4 good review of them is made by Pope 
(2000). 


106With the restrictions as previously 
expressed in Section 4.4.4 as regards the 
validity of that equation. 
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Taking advantage of the first three observations of Section 4.5.1, we could 
try to explicitly determine the Reynolds stresses R in a more general and 
accurate way as the simple Boussinesq model, through similar arguments as 
those in Section 3.4.1. The natural properties of the tensor R (or, rather, of a), 
however, allow us to operate more simply. Since a is a traceless symmetric 
tensor, it should be sought, indeed, in the vector space of the three-dimensional 
second-order tensors satisfying these properties. Gatski and Speziale (1993) 
show that such a space is ten-dimensional, but in the following we will 
restrict our arguments to the case of the statistically invariant flow along one 
direction (which we will denote here as x2 = y) and whose mean velocity 
field (4, Uz) = (u, w) is located within the plane which is orthogonal to it 
(x1, x3) = (x, z). That may be called a ‘two-dimensional’ flow, since the mean 
quantities are two-dimensional too, although the turbulent fluctuations are 
definitely three-dimensional. Examples of flows within that scope are provided 
by the case of a unidirectional wave, as well as that of a sufficiently broad 
channel (as in Section 4.4.5). Under these assumptions, the tensors S and 
are written as 
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We may also define, by analogy with (3.31): 
S292 
= 224 Qi; (4.229) 
= 2/Q,,| 


which represents the mean scalar vorticity. By the way, we may note that in 
such a simple shear flow as that of the infinite channel, that is when the velocity 
is aligned along x and only depends on z, we have Q = S = |du/0z|. 


The anisotropy tensor also gets a simpler form. If the direction of axis y 
is inverted, then it can be seen that the fluctuations u‘, change their signs, 


which also changes the signs of the quantities a,j = ulul, and ay; = wa; 
Now, the physics of turbulence is quite obviously unchanged by that arbitrary 
reversal of the axes,!®’ and so we have dxy = Ayz = 0. The only terms which 
play a role are then dy, dyz and azz, as well as dyy = —dyx — azz. The 
tensor a is then reduced to three degrees of freedom and should be sought 
in a three-dimensional space; we will try to break it down on a basis of that 
space. We already know a traceless symmetric tensor, namely S. Besides, we 
have explained in Section 4.5.1 that a general analytical formula for a would 
probably a minima involve quadratic terms in such forms as SQ and S?. A brief 


calculation will yield, under our assumptions: 


1 (ou e ow 0 Ou 
2\0z ox Ox 
Q 
SQ= > 0 0 0 =-2S 
Ow 0 1 fou 4 ow 
Oz 2\0z ox 


(4.230) 

Thus, this is a traceless tensor and the continuity equation shows it is 

symmetric.!°8 As regards S?, as the square of a symmetric tensor, it has the 

same property. In order to turn it into a traceless tensor, considering its deviator 
is sufficient. Thus, a will be sought in the form 


— ol er 1O*O* ! *2 - 
a = C{S* + C4S*2* + C5 (s*”) (4.231) 


where the C ; s are so far undetermined coefficients. Since a is dimensionless, 


we have non-dimensionalized the tensors S and Q as 
S*=rS 
(4.232) 
Q* = rQ 


The orthogonality of the basis provided by the tensors S*, S*Q* and (S*?) fe 
is a major result. It is one of the consequences of the symmetric and antisym- 
metry properties of S* and Q*. By way of example, let us make the following 
calculation, which is based upon the trace associativity: 


S* : (S*9") = (S7e") 
=«| (s?e")"] 
== | 9°" (s*)’| (4.233) 
=tr (2's) 


= —tr (s*2*) 


=0 
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107Tt isa symmetry-related invariance, which 
was not dealt with in Chapter 1. It does not 
provide, however, any further information as 
regards Hamiltonian mechanics. 


108Tn the general case of a flow varying 
along all three directions, that result would 
be wrong; however, the tensor SQ — QS, 
which complies with the prerequisites, could 
be considered. In the relevant case, the latter 
simply equals 2S. 
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1091 this paragraph, the identity matrix I; 
is definitely a three-dimensional one, even 
though this problem is two-dimensional on 
an average, because the turbulence remains 
three-dimensional, exhibiting transverse fluc- 
tuations to the main directions of the velocity 
field. 


The powers of S* of the third or higher order powers are naturally not taken 
into account in (4.231). This is because the problem we face may be regarded 
as two-dimensional, with respect to the mean velocities, as indicated by the 
formulas (4.228). That being the case, the Cayley—Hamilton theorem states 
that 


S*? — (tr S*) S* + (detS*) bh =0 (4.234) 


(refer to the three-dimensional case (3.27) in Section 3.2.2). Multiplying that 
relation by S*, we may state that S** (and by mathematical induction all the 
higher-order powers) depend on S* and S**. Though similar considerations, 
we can show that no other combination of S* and Q* is required. 

The realizability of the model (4.231) is discussed by Pope (2000). Violeau 
(2009a) also demonstrates that the first realizability condition in (4.212) is 
always satisfied. Due to the orthogonality of the working base, indeed, we can 
write, after making some simple calculations: 


Cc? gx2 gx2 
tra? = (cr + 7a" Coat 


* iy 2 
(4.235) 
cy 12 gr o 
3 24 22 pear 
with the following definitions: 
= 1S = V2S* : S* 
(4.236) 
OF 2704/20" 9 
Lengthy algebraic calculations then yield the following result: 
3 2 
no —éS = (w a’) —6 (w a’) 
(4.237) 


= (crs ea fon) (cr a Q? + CF - 7 20 


which then secures |&| < a for all sets of coefficients C}. 

In order to determine the latter, we will resort to a method which was 
proposed by Pope (1975) as a variant of Rodi’s idea (1976). It consists of 
seeking approximate solutions of equation (4.226) making up the second-order 
models, making a simplifying hypothesis for a reduction to an equation in 
which the partial derivatives of R disappear. To that purpose, we are going 
to assume that the time evolution of Reynolds stresses is basically caused by 
the evolution of energy rather than that of anisotropy, which amounts to stating 
that Da/Dt is nearly zero. Thus, with (4.155) we get!” 


a 
Dt Dt ae as 


2b «8 (4.238) 
Dt k Dt 

_ DkR 
Dt k 


which means that the relative rate of change of each component in R is 
identical to the others, which is consistent with the initially assumed constant 
anisotropy (this is the so-called weak equilibrium). This kind of equilibrium is 
ultimately similar to the hypothesis P = ¢ which we have already come upon 
when preparing much simpler models; the presently achieved equilibrium, 
however, is more sophisticated, especially because it is pertinent to tensorial 
quantities. We will make the same hypothesis for the diffusion term, which is 
written as: 
+ OR ak) 
div Q® = (diva ) Zz (4.239) 
Combining the latter two relations, the tensor transport equation (4.226) 
becomes 


2 
P — Crea — CpP? — CpD? — CskS — 36h 


Dk R 
= (| — _ qdivo* |) — 
(F ivg') © 


=( Ne 


(4.240) 


the latter equality resulting from the energy equation (4.96). Turning back to 
the definitions (4.155), (4.215) and (4.223) of a, P and D, and after some 
algebraic calculations (especially utilizing (4.224)), that equation is rearranged 
in the form of a linear implicit relation!!® in a with coefficients which are 
functions of the non-dimensional velocity gradients: 


Coa + C (S*a + aS*) + Cz (Q*a — a0") 
+C3S* + Cytr (aS*) Ig = 0 


where the following has be defined 


(4.241) 


p* = — 
" € 


Co = P*+Cr-1 





f= 06 
Oe pon 
IC 41 (4.242) 
top eere = 
Hace s 
oe Gg eee te 
18C +10 


Cite OS 
ae ae 
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110 Actually nearly-linear, because the coef- 
ficients C; depend via (4.242) on P* = 
—tr(aS*), as evidenced by (4.243). Here the 
equation is linearized by temporarily assum- 
ing that P* is constant. 
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'11 Properties especially resulting from the 
two-dimensional frame in which we are 
placed. 


In order to get equation (4.241), we have used the relation 
ktr(Sa) =kS:a=-—P (4.243) 


(in which the third line of (4.156) occurs). We also have utilized the following 
calculation: 


tr (Qa) = tr [ (ea) | 
= tf (a’9") 
= tr[a(—Q)] 


= —tr (Qa) 
=0 


(4.244) 


Substituting the form being sought for a, that is (4.231), into the behaviour 
equation (4.241), we get a system of three equations whose three unknowns are 
C1, C2 and C3. Solving it is a lengthy task, but owing to simple properties!!! 
of tensors S and &, many terms are simplified and the solution is ultimately 
reduced to 

C)==2C, 
Cy = —4B2C,, (4.245) 
C3 = —2B\C, 
with 
Ci 
Co 
C2 
Co 
C3 
Co 


By = 


Bo = 
(4.246) 
Bs 


B3/2 


C7, = —— 
~ Tp2 2 
1B? 52 _ B2Q#2 — | 


Given these coefficients, and turning back to the dimensional quantities, we 
may write the Reynolds tensor as 


2 ke k k fa9\P 
R = <kI3 — 2C, — |S + 2B2.-SQ + By - (s ) (4.247) 
3 € € € 

The Boussinesq model (4.73) provided with the model (4.137) for estimat- 
ing the tubulent viscosity can be recognized in the first two terms, except 
that the coefficient C,,, which is presently given by (4.246), is no longer a 
constant but is a function of S*, Q* and P* (through the agency of Co, which 
is given by (4.242)). Thus, we have determined an extension of the Boussinesq 
model containing the expected non-linear, vorticity-related terms; this is what 
is known as an explicit algebraic Reynolds stress model. 


In the particular case where C = 5/9 (refer to Table 4.2, Section 4.5.2), the 
coefficient C; vanishes and we get the Wallin and Johansson model (2000): 


2 k k 
R= gids —2C,— (S+2B.-S2 (4.248) 
E E 


with, taking (4.242) into account: 


Co = P* + Bo 
By =Cr-1 
4 
3G; 
¢ (4.249) 
8 
B3 = —— 
15Co 
B3/2 
C, =-> 
* BBQ +1 


By means of the asymmetry relation (4.230), the non-linear model (4.247) 
may also be formulated as 


a= —2C, (Ih + 2B2T&) tS (4.250) 


which corresponds to the general model (4.208) for the eddy viscosity tensor, 
with from now on 


k2 
VTijkl = Ca (5:15 jx + 2B 27 Qi45j1) (4.251) 


Once again, it could be reduced to a second-order viscous tensor in which 
(4.208) would be substituted for by 


2 
aij = — Ur ik Ski (4.252) 
where 
k2 
VT ik = Cus (d;4 + 2Bot Qix) (4.253) 


has been defined. The first term duly corresponds to the Boussinesq linear 
isotropic model. 

We may recall that the production term implicitly occurs in the coefficients 
of this model, via (4.242), and then is still to be calculated. To that purpose, let 
us come back to the definition (4.90) of P and write, based on (4.248): 


P=—-S:R 


2 Kk? k 
=-S: [5h - 2C,— (s + 2682) | (4.254) 


2 
=16,05 2.8) es 
é 
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112-This is a well-known phenomenon, analo- 
gous to the gravitational damping which is a 
specific feature of the density-stratified flows. 


(we have taken advantage of the tensor basis orthogonality). The resulting 
relation is analogous to (4.97) as combined with (4.137), but with a coefficient 
C,, which depends on the very production, as we have just explained it. Thus, 
the term SQ does not dissipate the mean energy nor, which comes to the same 
thing, produce any turbulent kinetic energy. Combining (4.249) with (4.254), 
we get a third-order polynomial equation in P* with coefficients which are 
functions of S* and Q*: 


BoB 
oe =0 (4.255) 


B 
P* 4 2ByP*? + (Fs° + BRO" + 85) P* 4 
We directly give its single positive solution (Girimaji, 1995): 


2, 4 
3 Bo + 5 (Pi + vP2)'” 


‘ if P, > 0 
é 1/3 
+ on (Pi _ VP) | Pi — P,| / 
* 2 4 1/6 : 
e —= By + = (P? — Py)! C238) 
3 9 
4 P| if P» <0 
x COS — COS sss 
,/ P? — Po 
with 
2 
pps 3Bo 9 oxo _ Lowe 
4 \ 16 © 40 3 
(4.257) 
9B (9 la : 
Pps PP = | 
rn 16 20° 13 


The production then presently depends not merely on the scalar strain rate, 
but also on the mean scalar vorticity. Figure 4.9 (a) illustrates the variation 
of the dimensionless production P* = P/e with respect to S* and Q*. It 
can be seen that in the case of a simple shear flow (as it is with the infinite 
channel), the graphs corresponding to S* = Q* behave quadratically (as with 
the Boussinesq model (4.97)) for small strain values, then looks more like the 
semi-linear model (4.158) upon large strains. Thus, this model addresses one 
of the issues mentioned in Section 4.5.1; on the contrary, it always results in 
positive production values, and then does not cover the theoretical cases which 
can be addressed using the three-equation model mentioned at the end of the 
same section. Besides, we can see that the production of energy is reduced 
by the vorticity of the mean flow, which is accounted for by the occurrence 
of inertial forces counteracting the development of eddies and stabilizing the 
flow.!!? 

In the infinite channel case (with $* = 3.33 according to (4.205)), the Wallin 
and Johansson model yields P* = 0.982, which is near equilibrium P = ¢ (i.e. 
P* = 1) which we have used many a time (particularly in Section 4.4.5 for 
analytically treating the flow in the said channel). The C,, function is illustrated 
in Fig. 4.9 (b) with respect to S* and Q*. In the infinite channel case, its value 


(b) 




















is found to be 0.0897 (which is close to the 0.09 value being used within the 
frame of the standard k — ¢ model). 

The model we have just disclosed is simple and smart because it consists 
of specifying the eddy viscosity in the form of a tensor as given by (4.251). 
More generally, this model explicitly gives the Reynolds tensor R via (4.248), 
in order to solve the Reynolds equations (4.51). Since all the quantities are 
based upon k and ¢ (notably S* and Q*), it necessitates using the equations 
of the standard k — ¢ model,!'!? except that the production is presently (better) 
estimated by (4.256) and (4.257). For that reason, a non-linear k — € model 
is often referred to. The production calculation step is the most complex one 
in it—that is the most time consuming in software terms; it should be pointed 
out, however, that the main advantage of this model lies in properly predicted 
production. In the case of a flow upstream of a body, for instance, we have 
previously mentioned the high strain. Thus, the standard k — ¢ model will 
overrate the kinetic energy, providing too high eddy viscosity values near the 
stagnation point. That shortcoming significantly affects the flow shape in the 
wake immediately downstream of the solid, as already explained at the end 
of Section 4.4.4 (Guimet and Laurence, 2002). These problems can be solved 
almost as properly as the second-order models, at a lesser cost, by the explicit 
algebraic models. Furthermore, it is noteworthy that the absence of differential 
equations governing the Reynolds stresses makes it possible to get free of the 
tricky issue of the boundary conditions. 

The boundary conditions relative to k and ¢ in the non-linear k — ¢ model 
are left unchanged with respect to those in the standard model; these conditions 
were explained in Section 4.4.4. This is because the ideal case of the infinite 
channel is not affected by the presently introduced non-linear terms, as we 
have just explained. 

It is noteworthy that some authors have derived explicit algebraic models for 
the Reynolds stresses from the Boltzmann equations, applying them in such a 
treatment as we did for the continua in Chapter 3, Section 3.5.2. The calcu- 
lations, however, are excessively complex because of the required estimate of 
the higher than first-order terms upon the estimate of the collision integral in 
the Boltzmann equation. In addition, it should be pointed out that these models 
usually result in forms which are analogous to the presently disclosed models, 
but provided with constant coefficients which generally do not properly reflect 


4.5 Advanced averaged models 279 


Fig. 4.9 Wallin and Johansson model: non- 
dimensionalized production of turbulent 
kinetic energy (a) and C, function (b) with 
respect to the mean strain rate and vorticity. 
Each curve corresponds to a value of vortic- 
ity; the values on the graph () are the same 
as on (a). The grey point on each graph stands 
for the case of a permanent infinite channel, 
and the thick curve illustrates the Guimet and 
Laurence model (2002). 


1131 this case, energy k cannot be calcu- 
lated, as in the case of the second-order 
models being described in Section 4.5.2, by 
taking the half trace of the Reynolds ten- 
sor (4.248), because that operation would, by 
construction, result in a tautology. 
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all the physical processes pertaining to an efficient turbulence model. The work 
by Chen et al. (2004), for instance, does not take the effect of the pressure 
gradient into account, and so the pressure-strains correlations tensor ® plays 
no part in it, whereas its physical role is crucial, as previously explained. 

Similar considerations may be formulated in order to set up algebraic 
closures for a turbulent scalar flux Q¥, as defined by (4.54), improving the 
simplistic model (4.85) (for example, refer to Violeau, 2009a). 


4.6 Non-averaged models 


To conclude this overview of the main models of turbulence, we give a few 
features regarding non-averaged models, starting with large eddy simulation 
(LES). The a model, less popular but based on attractive theoretical grounds, 
is then briefly presented. Lastly, we consider stochastic models, on the basis of 
the Langevin-type equations introduced at the end of Chapter 2. 


4.6.1 Large eddy simulation 


The Reynolds average approach which this chapter almost exclusively deals 
with is attractive because it represents the motion with steady, smooth fields. 
However, it is disadvantageous in that it requires resorting to more or less 
complex closure models, with the obvious consequence that adequate models 
are obtained at the cost of more complexity. Furthermore, the mean fields are 
often not sufficient for engineering purposes, where some information about 
fluctuating quantities may be useful in order to address a number of practical 
problems. Thus, the solid structures in contact with fluids (vehicles, industrial 
pipes, etc.) are subject to vibration which is directly related to the behaviour 
of the largest adjoining turbulent eddies. The Kolmogorov analysis which was 
disclosed in Section 4.4.3 makes it possible, indeed, to assess the characteristic 
scales via quantities (kinetic energy and dissipation rate) which can be fairly 
accurately determined through most of the previously discussed models. The 
anisotropic nature of the large structures, however, do not come under the first- 
order models, and the second-order models only take their effects into account 
as regards their influence over the mean quantities. 

Besides, we mentioned in Section 4.3.1 the practical impossibility of accu- 
rately modelling all the turbulent structures by means of a thorough numerical 
simulation of the Navier-Stokes equations because of the very fine spatio- 
temporal resolution which such an approach (DNS) would require (also refer 
to Section 4.4.6). In spite of the increasing calculation capacity of computers, 
an intermediate method between the DNS and the mean Reynolds analysis 
was developed in the 1980s (although its foundations date back to 1960); 
this method offers advantages since it is more precise than the latter without 
featuring the same impracticable computational time and storage capacity. The 
aim is to simulate the larger turbulent structures by means of the resolution 
made possible by the selected discretization, while using closure equations for 
modelling the effects of the smaller structures, which are beyond the reach of 
the spatial resolution. This is known as LES (large eddy simulation), and we 


will review its broad outlines, focussing on the weakly compressible flows, as 
we have done since the beginning of this chapter. 

In order to only keep, out of the velocity and pressure signals, those varia- 
tions corresponding to the largest structures, each field A is associated with a 
filtered field A: 


A(r, t) = / Ar,t) Gaara (4.258) 
Q 


where 2 is the fluid domain being considered. The filter function G~ may take 

the shape either of a Gaussian with a characteristic ‘size’ A or of a rectangular 
function with a width A. As a rule, A is a filter scale which represents the 
typical size of the smallest modelled structures, and then is on the order of 
magnitude of the spatial resolution in the calculation being contemplated.!!4 
It generally has, for practical applications, a compact support with a size A, 
which we will assume in the following. The filter function should also satisfy 
the following normalization condition: 


Yr, | Gatgr)¢r=! (4.259) 
Q 


From now on, we will consider the more general case of a filter which only 
depends on distance: 


Ga (r, r’) = Ga ([r-r'|) (4.260) 


Temporarily reasoning in one dimension, the following exemplary filter can 
be used: 
K Ar 


1 
Ga(r) = a sin 





(4.261) 


with 
20 
Ka = — 4.262 
Ata ( ) 
More generally, the filter has the dimension of the inverse of a volume. 
With the property (4.260), the filter operator (4.258) is in the form of a 
convolution. Hence, the Fourier transforms of both original and filtered fields 
are related by 


A(K,t) = 4(K,1) Ga (K) (4.263) 


where Ga is the filter transform (Appendix B, eqn (B.10)). With the option 
(4.261), it is a gate function which only depends on the norm K of the wave 
vector K (refer to eqn (B.66)): 
a . Ka 
Ga(K)=1 if |K| < — 
(4.264) 
=0 else 
Thus, the relation (4.263) shows that the filter (4.261) deletes all the oscil- 


latory modes whose wave number exceeds the threshold Ka. As a rule, that 
reasoning shows that Ga behaves like a low-pass filter, only keeping the small 
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4 For practical applications, it should be 
pointed out that the characteristic time of the 
smallest simulated structures is also made 
longer with respect to the time scale of the 
smallest eddies physically existing within the 
flow; thus, the selected time step can be larger 
than in DNS. 
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115 Qne may have noticed that the hypothesis 
of a filter only depending on distance is cru- 
cial in this demonstration, via the the equality 
(4.267). 

1l6We hope that the notation u for filtered 
velocity will not allow confusion with the 
molecule velocity of Chapters 2 and 3. 


wave numbers, that is the largest turbulent structures. Figures 7.12 and 8.16 
(Chapters 7 and 8) illustrate examples of a filtered velocity field. 

The residual field is defined as the difference between the real field and the 
filtered field: 


A" =A-A (4.265) 


That relation may be likened to (4.30), except for an essential difference: 
unlike the first property of (4.33), the filtered value of a residual field is non- 
Zero: 


A” £0 (4.266) 
Instead, the linearity properties (4.32) are satisfied by the filter operator, as 
can readily be seen from its definition (4.258). In particular, if the property of 
commutation with the partial time derivative operator is obvious, the commu- 
tation with the spatial derivatives needs to be demonstrated. Let us start with 
observing the following relation: 
dG (|r—r']) 


dGa (|r — r’|) = (4.267) 
Ox; Ox; ; 





where x; and x‘ denote the components of r and r’vectors, respectively. Using 
that result, we refer, as in Section 4.4.3, to the case in which the fluid domain 
is extended to the whole space, and write (dropping the time dependency for 
the sake of simplicity): 





aA) _ » 9Ga(Ir—r']) 3, 
OX; --[ a) Ox! on 


dA (r’) 


[ * (r’) Ga (\r—r’}) 
R3 Ox! Ox! 


=- alr) Ga (|r —¥'|) n'a’ 


dA (r’ 
R 





Ga (|r “) d°r' 


(4.268) 





a4 ay 
=—(r 
OX; 


(the boundary integral is zero because the filter has a compact support).!!> 

That commutation property, of course, covers all the spatial differentiation 
operators. Thus, for an incompressible fluid, the filtered velocity field obeys 
the standard continuity equation:!!® 


diva = 0 (4.269) 


The weakly compressible continuity equation, through a treatment analo- 
gous to the calculation (4.35)-(4.38), yields the following filtered form: 


dp 


7 + div (pti) = 0 


(4.270) 


Through a suitable treatment, we get an equation similar to (4.39): 


Dp 


pp = PM (4.271) 


the symbol D meaning that the derivation takes places along the filtered 
velocity field: 
DA 08 dA-t 4.272 
ae ae i oa 
As in the Reynolds average treatment being carried out in Section 4.3.3, 
the advection term, because of its non-linearity, will only be modified by the 
application of the filter, and generate an additional term on the right-hand side 
of the equation of motion (by analogy with the calculations (4.43) through 
(4.45)). This term is the divergence of a new stress tensor which is known as 
the residual tensor: 





TR=UGQuU—-U@eU (4.273) 


Because of the counter-property (4.266), this tensor, unlike R, cannot be 
reduced to such a simple expression as (4.46). The equation of motion of the 
filtered fields is then written as 

a = 7 + gradu-u= eT, p* + vV7a — div tp (4.274) 
Dt ot p 

The tensor T z represents the impact of the residual structures on the filtered 
field, and the aim is to model it. It then appears that we are back to the issues 
raised by the Reynolds-averaging approach; one circumstance, however, will 
help us. We have explained in Section 4.2.3 that when the eddies decay in 
the Kolmogorov cascade process, they gradually recover isotropy, and so if 
A is small enough,!!” the residual structures may be regarded as isotropic. 
Let us put A into the inertial range.'!® Since it is unlikely that the modelling 
specialist will define A as smaller than the Kolmogorov scale,!!° that amounts 
to prescribing that A be sufficiently smaller than the size of the large eddies 
L;, that is taking (4.117) and (4.197) into account: 


53/2 is 
A<—_= 3/4 
Cu 





(4.275) 


Section 4.4.2 then states that these eddies transfer the energy towards the 
smaller structures without any effect of the large eddies on the process. Fur- 
thermore, the relative smallness of A gives the residual tensor values which 
are substantially lower than the Reynolds stresses and so, on initial exam- 
ination, the non-linear contributions of the strain can be ignored (refer to 
Section 4.5.1). Thus, on the scale of eddies with sizes similar to A, this is 
a comparatively moderate, isotropic and quasi-equilibrium turbulence, which 
allows us to invoke a model analogous to that of Boussinesq (4.73), provided 
with a ‘mixing length’ type closure (eqn (4.140)), namely: 


2 
TRE= 3 kal — 2vs§ (4.276) 
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lI7As explained below, it cannot be too 
small. 


1187 may be recalled it is the broad range of 
medium-sized eddies, between the smallest 
and the largest ones (refer to Section 4.4.3). 


9That would amount, indeed, to imple- 
menting the DNS. 
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120That wording refers to the mesh methods. 
In the second Part of the book, dealing with 
the SPH method, we will obviously speak of 
sub-particle viscosity. 


121 As in (4.82), we assume that the residual 
energy is negligible when compared with the 
filtered pressure. 


with 


vy = L258 (4.277) 


The quantity v, is often referred to as subgrid viscosity,!*° whereas kp 


stands for the residual kinetic energy, § is the filtered strain tensor and 5 is 
its second-order invariant (filtered scalar strain rate), as defined by 








kre = xt 
R 5 I'TR 
~. 1 (du; | du; (4.278) 
ag (= = me ee 
s=V28:58 
The equation of motion (4.274) then takes a form analogous to (4.82);12! 
Di 1 P 
= = —arad p* — div (vu) (4.279) 
with 
VM =V+0s (4.280) 


Comparing (4.279) with (4.82), we find that as compared with those models 
based upon the Reynolds averages, the subgrid viscosity supersedes the eddy 
viscosity. It represents the dissipative and diffusive effect being exerted by the 
unsolved (residual) structures, that is the sizes of which are smaller than A. 
Thus, it seems we may justifiably seek the length L,, representing a numerical 
mixing scale, or a ‘sub-grid’ scale which characterizes these structures, in the 
following form 


Ls =csA (4.281) 


(Smagorinsky, 1963). In order to determine the Smagorinsky constant cs, we 
will conduct some energy-oriented reasonings similar to those which were 
developed for treating the first-order Reynolds models, but without getting 
deep into the details (we will primarily rely on Section 4.4.2). By analogy with 
(4.99), the energy dissipated by the viscous term in equation (4.279) equals 


dex (a) 
dt 


The molecular dissipation is patently negligible when compared with the 
dissipation induced by the residual scales, because A is large enough in the 
face of the Kolmogorov scale. Energy is then essentially dissipated by the 
smallest solved scales, which typically have a size Ls. Inasmuch as that scale 
lies within the inertial range, these eddies, as previously noted, are subject to 
a production-dissipation equilibrium owing to which it can be stated that this 
dissipated energy is, on an average (in the Reynolds sense), nearly equal to ¢: 


= — (v4 v5) 57 (4.282) 





6% v5? = L253 (4.283) 


(using (4.277)). The energy lost due to molecular viscosity and occurring in 
(4.282) is featured, on an average, by a spectrum:!?? 


Hr 


= +00 | 
= vs? = / D(K)dK (4.284) 
0 


We will attempt to relate that spectrum to that of the true fluctuating velocity 
field, always looking at the case in which the fluid domain encompasses the 
whole space. By analogy with (4.113), it can then be written 








D(K) = wis a(K, pf 
(2x) _ 
vK2 : 3 
— a G gl —iK-r 73 ! DP 
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= / r” 
=e te te feed ae ,t) Ga (\r—1'|) 


x Gx (\r’—r’”|) &K Or) Bey ar er” 
(we have used the definitions (4.25) and (4.258), then expressed the squared 
norm of a complex z as zz”). Since the terms in Gq are the only terms depend- 


ing on the variables r and r”, it is possible to isolate them, and afterwards to 
split up the exponential into three contributions to get: 


~ vK2 . mt 
D(K) = r” iK-(r’”—r’) 
(K) aoe fs fo UA che 


x [ Ga (rr) ORO (4.286) 
R3 
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In the last two integrals, the respective changes r— r’ > rand r’”—r” > 


rv’ of variables can be made and the Fourier transform of the filter G A appears 
twice. Hence: 


ry) _A 2 eikr 
D(KY=GAK) = ffm r’, 1) 


. [u (r” t) eer | Pr By" 





(4.287) 


=O ge - |i (K, 1)|° 





= Ga(K)’D(K) 
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122 as with 3, and contrary to what is sug- 
gested by the notations being adopted, € is 
not the result of the filtering of e. The same 
remark can be made about the D(K) spec- 
trum. This is an effect of the non-linearity of 
the formulas relating these quantities to the 
velocity field. 


286 Turbulent flows 


1231) the jargon of statisticians, it is the 
inverse cube of a quantity which is referred 
to as the spectrum ‘asymmetry’. 


1247 this textbook, we only deal with three- 
dimensional turbulence. Two-dimensional 
turbulence, however, can exist in some spe- 
cial cases, such as large-scale atmospheric 
flows. It is noteworthy that its proper- 
ties are significantly different than those of 
three-dimensional turbulence (see e.g. Frisch, 
1995, as well as the end of Section 6.5.1). 


Equation (4.284) then yields 


3] 


= =f dij ax 
v JO 


(4.288) 





= sf Ga(K)?D(K)dK 
v JO 


Since the important scales for our arguments lie in the inertial range, we can 
approach the previous integral by means of the Kolmogorov spectrum (4.119), 
which yields: 


_ +00 
c= dene f Ga(KyYK'PdK (4.289) 
0 


The integral only depends on the selected filter and its width A. As regards 
the filter (4.261), it is 3(7/A)*/? /4. With such an option, recombining (4.281), 
(4.283) and (4.289), we ultimately find: 


172 3/2 


ty oye 
ee an 4.290 
cs ~(5-) =iB ( ) 


Lilly (1992) has discussed that model and made the hypothesis that the last 
term inside parentheses!*? is equal to one, which gives 


cs © 0.17 (4.291) 


Other filters provide values of the same order of magnitude, which are still 
often used in large eddy simulation, although there are more sophisticated 
models (in particular, refer to Pope, 2000). 

Equations (4.269) and (4.279), fitted with the models (4.277) and (4.281), 
are the standard model of LES. Its simplicity is beneficial, since the equation 
ultimately comes down, at least formally, to the mixing length model. This 
is why it is more and more used in industry and has recently been applied 
in environmental science, but it requires a rather intensive spatio-temporal 
discretization. Above all, it can theoretically only work in three dimensions, 
because the simulated structures are three-dimensional. It is sometimes used, 
however, in two dimensions, and the comparisons of two-dimensional !24 with 
three-dimensional give suitable results, although the large structures are too 
marked in two dimensions because of the lack of energy transfer over the 
third dimension. The two-dimensional LES, however, may to some extent 
be considered an alternative to the conventional mixing length model, being 
advantageous in that the mixing length is known and constant. 

One of the difficulties with the LES lies in that, for many applications, it 
needs to have access to the mean quantities after the calculation. In the general 
case, they are obtained through several simulations from slightly different 
initial conditions before carrying out a statistical averaging analogous to the 
Reynolds average (4.28). That approach, however, is lengthy and costly. In the 
case of a statistically steady flow, however, an averaging of all the quantities 
can be made over time. 


It should also be pointed out that the initial conditions should be treated in 
a specific way in order to represent a satisfactory spatial distribution of the 
velocity fluctuations. Several methods can be used for preparing a “synthetic 
turbulence’ as an adequate starting point. A further difficulty stems from the 
choice of the spatial discretization size A, whose condition (4.275) shows that 
it depends on both space and time via the quantities k and ¢. Sometimes, the 
modelling specialists make a preliminary calculation based upon the k — ¢ 
model (Section 4.4.4) and resting on a comparatively coarse discretization, 
before deriving therefrom a discretization which is suitable for the LES. 


4.6.2 Thea model 


The issue of the existence, unicity and regularity of the solutions to the Navier— 
Stokes equations has fueled considerable controversy and has been the subject 
of lots of works. The problem is not settled yet and is one of the major open 
questions in theoretical physics, since it calls into question the validity of most 
of the topics being discussed in this chapter. It appears indeed that due to the 
lack of certainty as regards the regularity of the velocity fields for a fluid in a 
turbulent regime, nobody really knows whether the viscous term sets a lower 
limit for the turbulent fluctuations of velocity. As explained in Section 4.2.3, 
the inertia term is at the origin of those instabilities, and so one may imagine 
that a formal modification of the advection velocity could provide part of 
the answer to that question. Among the major advances as proposed to the 
physicist community on the matter is the Leray’s theorem for regularization 
(1934), which states that the existence, unicity and regularity of the velocity 
field can be secured provided that a regularized velocity is substituted for the 
advection velocity, which makes it possible to define a regularized operator of 
Lagrangian derivative: 


pe es + gradA -t (4.292) 
— = radA - : 
Di a ® = 
where U is a regularized velocity related to ‘true’ velocity by a so far unknown 
linear operator as denoted by O: 


u= Ou (4.293) 


If we now decide to substitute the regularized advection for the standard 
advection, the Navier-Stokes equation of motion (3.139) then becomes 
Du au : 1 
— = — + grad u- ii = ——grad p* + vV7u (4.294) 
Dt ot p 
Holm (1999) has demonstrated that the continuous variational method as set 
out in Section 3.6 makes it possible to build the regularized equation (4.294) 


from the following amended Lagrangian:!7° 


% 1. 
L (r,u) = guutre-r (4.295) 
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125 The formulation (4.295) suggests an affin- 
ity with the mirror systems discussed in Sec- 
tion 2.5.2 of Chapter 2 which, moreover, 
could have been extended to the continuous 
frame owing to the content of Section 3.6 in 
Chapter 3. We will make use thereof in a dis- 
crete framework in Section 6.5.2 (Chapter 6). 
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This Lagrangian supersedes (3.342), provided that it is considered that the 
mesoscopic fluid particles are now moving at the velocity u: 
dr 
dt 
Holm also explains how this approach enables us to contemplate a smart 


modelling of turbulence, considering, in order to define (4.293), the Helmoltz 
operator: 


u= 


(4.296) 


O =kh-a’V" (4.297) 


where a is a distance whose meaning will become clear later on. The regular- 
ized velocity is now defined by 


i= (Is = ay?) u (4.298) 


As with the filter (4.258), it may be noticed that the operator commutes with 
the partial temporal and spatial derivatives. In particular, we have 


divu = div (OW) 


i (4.299) 
= Odivu 


We therefore come to the conclusion that the regularized field obeys an 
continuity equation which is analogous to the initial field: 


divi = 0 (4.300) 


A calculation identical to (4.35)-(4.39) will yield, in the weakly compress- 
ible case: 
Dp 


Dt 


It is noteworthy that the regularized velocity shall duly be used in the 
continuity equation, jointly with the regularized equation of motion (4.294). 
This is because the conservation of mass as established in Section 3.2.3 relies 
on the analysis of motion of the mesoscopic particles making up the fluid. 
Now, equation (4.296) indicates that the Lagrangian derivative of the position 
presently equals u. 

For the same reason, in the state vector y (r, t) of a fluid particle, as given 
by (3.366), the relevant velocity should then be u. The definition (4.295) of 
the Lagrangian then shows that the vector de/dy as defined by (3.367) is left 
unchanged. Since the equation of motion (4.294) is about u, the calculation 
(3.369) is still valid if one ignores the dissipative forces, but the velocity is not 
the same in the two terms of the integral: 

dH 


“=| (-w- grad p* — p*divit) do (4.302) 
dt Qt) 


= —pdivia (4.301) 


Thus, the energy is not conserved: the velocity field is subject to dissipative 
forces. More specifically, the energy built on the Lagrangian form (4.295) 
is conserved, as expected. The traditional energy, being defined based on 
the square of the velocity field, however, is not conserved, the renormalized 


velocity field giving up some energy to the real velocity field.!*° For getting 
more deeply into that process, we have to modify the equation governing u so 
that the advection involves u itself. To that purpose, we just have to invoke the 
transformation (3.9) and (4.300) and write 


grad u- tu — gradu-u=div(u@t—u@u) (4.303) 
Thus, the equation of motion (4.294) yields 
d 0 1 
eee + grad u-u = ——grad p* + vV*u — div T, (4.304) 
dt ot p 


with 
Ty =uU@u—u®u (4.305) 


This quantity represents a further stress tensor, whose formal affinity with 
(4.273) will have been noticed. With the operator (4.298), (4.305) is also 
written as 


Ty =u® (u—u) 


ee - (4.306) 
=au® (v it) 

Once again, we can find, in the definition (4.306), the quadratic nature of the 
turbulent stresses which were mentioned in Section 4.4.4. 

Equation (4.304) is often referred to either as the Navier—Stokes-a equation, 
or as the viscous Camassa—Holm equation. It may have been noticed that it 
involves a standard Lagrangian temporal derivative, which is no longer based 
upon an amended velocity field (such as U, U or WU). For interpreting the 
meaning of the tensor (4.305), we may introduce the strain rate tensor of the 
regularized field (denoted as S) and its second-order invariant: 


1 (di | ditj)) Oe. 
TONG axe 


wc 





(4.307) 


wme 


28: 


tac 
l| 


If can then be noticed that (4.306) allows us to make the following estimate: 


aU \? 
Tal ~ (=) 
(4.308) 


~ (a3) [3 


which is similar to the viscous part of (4.276). Thus, we can define a regular- 
ized viscosity: 


b~ ars (4.309) 


Through a brief analogy with (4.277), we can find that a serves as a 
numerical mixing length,!?’ just like L; ~ A in large scale simulation. The 
regularization procedure is then something like a form of LES, filtering the 
quickest oscillatory modes. !78 
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1261p order to echo the previous margin note, 
it is a process which could be described 
within the context of the dissipative ‘mirror’ 
systems (refer to Chapter 2, Section 2.5.2). 


127 should, of course, be distinguished from 
the kinetic coefficients of Section 2.4.2. 


128Details about that affinity can be found in 
Foias et al. (2001), as well as in Guermond 
et al. (2003). The latter also analyze other 
formulations of the momentum equation with 
respect to invariance under a change of refer- 
ence frame. 
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1291¢ the fluid is bounded, Shkoller (1999) 
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For a deeper insight into the effects of that regularization, let us now turn 
to the kinetic energy. The Lagrangian (4.295) suggests that kinetic energy will 
henceforth be written as 


1 » 
B= f =pu-udQ (4.310) 
Q2 


With the Helmholtz operator (4.297), an integration by parts will yield 


Ex = | 50[(n-e2v’) a] ian 
_ fl fee toe)» 
=| ei — (e?v7ii) -i] ae 
re 1 oe 
= — pil aa § ~p[(grad ui) i] -n dP 
Q 2 aQ 2 


+f ae (grad i)” dQ 
a) 


(4.311) 


The second integral (4.311) extends to the boundary of the fluid domain. If 
the latter extends to infinity!”? (as in Section 4.6.1), it vanishes and yields: 


shows that the second term in (4.312) should 1 2 
be replaced by 48 : § = 257. Ex = / ae [i? +o” (grad ti) jas (4.312) 
Q 


This formula (which is still a positive definite quadratic form) shows that the 
regularization term increases energy. The same result will obviously apply to 
the turbulent kinetic energy, whose spectrum (as introduced in Section 4.4.3) 
is then affected. In the inertial range, for such wave numbers K asakK <1, 
the term in (grad ii)” is negligible with respect to the standard term, and the 
spectrum is unchanged when compared to the Kolmogorov spectrum as given 
by (4.119). Moreover, for the wave numbers satisfying | << aK (i.e. for those 
turbulent eddies with a sufficiently small size when compared to a), the first 
term of (4.312), indeed, is negligible when compared to the second. Thus, a 
cut-off wave number is defined 


20 


Ka = (4.313) 


a 
The velocity field regularization amounts to only modelling the largest 
eddies, that is the small wave numbers (K < Kj). As regards the large wave 
numbers, they are distributed over a spectrum. Our method in Section 4.4.3 
for determining the Kolmogorov spectrum may be repeated here, to within 
one detail: at such a scale, the energy flux characterizing the energy cascade 
concerns the quantity (grad ii)” (and not %) and then is measured in s~> (not 
longer in m2s~*). We will denote it as 7, and the Kolmogorov hypotheses make 
it possible to seek the regularized spectrum Eas being a function of 7 and K 
(whereas the spectrum E of Section 4.4.3 depends on ¢ and K). We get: 


Ka « K & Ko, E(K) =cxn??K~3 


: 4.314 
D(K) = 2cgvn?3 K7! Gal 


We may attempt to unify the spectrum (4.314) with the Kolmogorov spec- 
trum by reasoning about the fluctuating velocities of the regularized velocity 
field. This is because the Fourier transform of the standard fluctuating velocity 
is written as: 


a (K,t) = (Is 7 V2) w 
= (1 + a°k?) iv (K, t) ee 


(we have used the property (B.42) of Appendix B). The turbulent kinetic 
energy related to the regularized field is written, by analogy with (4.110) and 
(4.310), as: 


a 1 Al a 3 
k = ——— u (K,?¢)- uw (K,t)d°K 4.316 
200) i (K, 1) - u’ (K, r) ( ) 


Introducing (4.315) thereinto, we can see that the standard and regularized 
energy spectra are connected by 


(4.317) 


It would be wrong not to go more deeply into the estimate of E, because the 
regularization, as we have just explained it, also affects the energy flux supplied 
to the Kolmogorov cascade. For quantifying this effect, we initally write that 
the time 7, characterizing a turbulent structure with a scale A = 27/K in the 
regularized spectrum is related to its characteristic velocity m1), by 


c 1 1 1+a2K2 
Ths K ow ms E(K)K (4.318) 
Uy E(K)K (K) 


We subsequently notice that t, stands for the lifetime of an eddy, and so we 
may write the energy flux it transfers to the immediately smaller structures as 


2 
_ ow, [E(K)K 
ia eee ee 4.319 
ey ON Lee? Ga) 


In the specific case where a = 0, the Kolmogorov spectrum should be found 
again, which requires 





e=éV1+a2K2 (4.320) 


Combining (4.317) and (4.320), and utilizing (4.119), we ultimately get: 


22 1/3 
Bi |——" —___. (4.321) 
i aoe 
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130Refer to Foias et al. (2001) for further 
details on that matter. 


Fig. 4.10 The Kolmogorov spectra (a) and 
the truncated kinetic energy spectrum for the 
a model (b). 


We can lastly invoke the relation (4.114) to come to the regularized Kol- 
mogorov spectra: 


a 173 
: é 
K, <K « Ko, E(K) =cx || 
+a-K K 
( ) bi (4.322) 

7 a°K 
B(K) = 2ckv| —~——, 

(1 + a?K?) 


For smaller wavenumbers (K < Ky), we come across the usual spectrum 
(4.119), whereas the large wavenumbers are featured by (4.314), with 
n= -5 (4.323) 
a 
as was suggested by the initial reasoning. 

Thus, the smoothing carried out by the Helmoltz operator results in deleting 
the small structures from the spectrum, as substantiated by the decrease in 
K~} which is valid for K >> Ky. The spectrum is then considerably restricted 
to the large wave numbers (refer to Fig. 4.10 (b)), which smoothes the velocity 
field, settling the problem set out at the beginning of this section, but also 
allowing us to apply a coarser time discretization upon a numerical modelling, 
as in LES.'3° The smoothing caused by the Helmoltz operator, however, is less 
abrupt than the smoothing implemented by the LES filter as proposed by the 
formula (4.261), for example. 

It can be seen that the regularization also results in an energy flux which 
varies depending on the scale, since the smoothed structures transfer more 
energy in order to compensate for the spectrum narrowing. The choice of the 
length @ will, of course, be left up to the user (just like the length A in LES), 
but should satisfy 


Ka <L, (4.324) 


where the turbulence scales are given by (4.116) and (4.117). If the first 
condition is not satisfied (a@ is too small), the model takes all the turbulent 
structures into account and is then reduced to a DNS, that is to solving the ordi- 
nary Navier-Stokes equations, the Helmoltz operator coinciding with identity. 
Moreover, the second condition in (4.324) is essential, because choosing too 


(a) (b) 
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high an a would be physically meaningless with respect to being necessarily 
bounded. With (4.117), it is also written as 


k3/2 
a < min — (4.325) 
€ 


The generic case of the channel as discussed in Section 4.4.5 gives, with 
(4.197): 


a Lan 
— ge tA K/2 0. 4.32 
a a cvV2 = 0.58 (4.326) 


Foias et al. (2001) develop interesting considerations about the anisotropy 
and realizability of that model, whereas Chen et al. (1999) apply it to the steady 
infinite channel case dealt with in Section 4.4.5, providing more accurate 
velocity profiles than the logarithmic law (4.181). 


4.6.3 Stochastic models 


To complete this brief overview of the best known and most used turbulent 
models, we will turn to the stochastic models, which are very promising 
(particularly in the Lagrangian formalisms) because they make it possible to 
model a large part of turbulent physics at little cost (one may refer in the first 
place to Pope, 1994; 2000). 

The initial paragraphs in this chapter have described turbulence as a process 
which may be viewed as a random signal, though it obeys some rules. The 
velocity of a fluid particle may be regarded as consisting of a steady part 
(the mean field as understood by Reynolds) and a fluctuating part, which is 
tantamount to a stochastic signal. As we have seen it, that process may be 
formally likened, to some extent, to the molecular motion. The fluctuating 
velocity field could then be regarded as a rapidly varying stochastic signal 
affecting the motion of a fluid particle like Brownian motion.!*! On the basis 
of the arguments expressed in Section 2.5.3, we will then write that the velocity 
of a fluid particle varies, during an infinitesimal time dt, by a term which 
is proportional to dt and represents the internal (pressure), external (gravity) 
and dissipative (viscous friction) forces, according to equation (2.285), com- 
plemented by a further term which is proportional to dt and represents the 
stochastic signal (2.281)): 


du= |—cerad p -Gu- | dt + Zdté (4.327) 


where & (r,f) is a random vector field with components being independent 
standard normal distributions. The symbol du here denotes a variation of 
u during dt following the instantaneous motion of a particle rather than its 
mean motion (the symbol Du being, it will remembered, used solely with 
that concept). Compared with Section 2.5.3, it will have been noticed that the 
fluctuating velocity u — U does determine the friction force.!>* Moreover, the 
Reynolds average is substituted for the Boltzmann average. 

Thus, we will mutatis mutandis apply the results of Section 2.5.3, formally 
switching from the molecular context to the turbulent context, which, in 
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131 pope (2000) reviews the stochastic mod- 
els being dealt with in this Section on the 
basis of the probability density of the tur- 
bulent velocity (refer to the margin note of 
Section 4.3.1). The equation governing the 
transport of that probability density is then 
similar to the Fokker—Planck equation (refer 
to Section 2.5.3). 


132 This is because, in Section 2.5.3, the cal- 
culations were made in the fluid’s local iner- 
tial frame of reference. 
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133Ror that reason, we must use a suffi- 
ciently small time increment dt, which is a 
stronger restriction than the physical condi- 
tion (4.329). 


particular, will induce changes in the specific time scales of the stochastic 
signal. The two characteristic time scales are that of the agitation motion which 
is modelled by the stochastic signal (in this case the smallest eddies, formally 
playing the part of t,,) and that of the mean motion (in this case being at least 
equal to the time scale of the largest eddies, here formally playing the part 
of Tr). Thus, we shift from the molecular formalism of Section 2.5.3 to the 
turbulence formalism through the following transformations: 


(A)<—A 


os (4.328) 


Tr <—T 

Eint <— k 
where To is the Kolmogorov time scale and t is the time scale for the large 
eddies; these scales were introduced in (4.116) and (4.117). According to 


equation (2.274), we must, upon a numerical interpretation of equation (4.327), 
prescribe the following condition for the time step dt: 


1/2 k 
(-) ~u<dt<r~~— (4.329) 
E E 


In accordance with equations (2.275) and (2.284), we prescribe the follow- 
ing conditions for the quantities G and &: 


G=G=G 

&=0 
ae (4.330) 
&é@é=L 
ESu=0 


We should recall that the symmetry of G is based on the Onsager theorem 
(Section 2.4.1). We add the further property G = G, which is not mentioned 
in Section 2.5.3. It should be pointed out that the second and third properties 
(4.330) are centralization and statistical normalization conditions, whereas the 
last one prescribes the independence of the stochastic process € with respect 
to the velocity field, according to equation (2.316) in Section 2.5.3. We should 
note that it immediately implies 








éQu =F Qu-EQU 
=0 


(4.331) 


(we have used the properties (4.33) of the average operator). 

We are going to discuss the statistical properties of the stochastic model we 
have just set up, firstly disclosing an important property enabling us to make 
its content clearer in terms of temporal correlations. For a time increment dt 
satisfying the conditions (4.329), and writing u (¢”) — u(¢’) = du, the model 
(4.327) allows us to write the velocity correlation tensor as defined in (4.134) in 
a simple form. Only keeping!*? the first-order terms in dt and taking advantage 
of the properties (4.330), we actually get: 


D, (dt) =du@du 
= Zdt’ @E (4.332) 
= Zdth 
This law is in accordance with (2.313) and (4.136), which suggests 
Z = Coe (4.333) 


Since the dissipation of turbulent kinetic energy per unit mass is defined by 
é, this result agrees with equation (2.318), the dissipation being closely related 
to the fluctuations. The cause of the Co factor will become clear later on. We 
will write, instead of (4.327): 


1 
du= (-<eraa Pp - Gu’) dt + /Coedté (4.334) 
p 


with, as usual, u’ = u— J. 
Let us now turn to the behaviour of the statistical velocity moments as 
provided in the model being considered. The averaging of equation (4.334) 
yields, due to the conditions (4.330): 
du 1 
— = —~grad p* (4.335) 
dt p 

However, the relation (4.49) with a constant p gives 


du Du . 
ae Bs + divR (4.336) 
Making the latter two equations equivalent, we find 
Du 1 % . 
— = —~— grad p* — divR (4.337) 
Dt p 

The incompressible Reynolds equation (4.51) is then satisfied'** (on a first- 
order statistical average) by the model (4.334). It might be said that (4.334) 
implicitly and stochastically includes the Reynolds equation of motion. 

To further investigate the behaviour of that model, we then have to look at 
the statistical evolution it provides to the Reynolds stress tensor R = w’ @ w’. 
To that purpose, we might believe that referring to the derivations in Sec- 
tion 4.5.2 is enough; here, however, that reasoning is partially wrong. It 
should be kept in mind, indeed, that the velocity field as defined by (4.334) 
is theoretically underivable, and so we have to proceed otherwise.!*> We will 
write that the increment of R between two time points which are separate by 
dt (following the mean velocity field) is given by 





DR=W @uw (t+dt)-—wW @uW (t) 








= (u' + Dw’) @ (u' + Dw’) —-u @u (4.338) 


= 2w ®@ Du” + Du’ ® Dw 
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134The molecular viscosity term is not 
included in it, but it may, of course, be added 
into the generic model (4.334). Here we take 
advantage of the fact that turbulent diffusion 
largely prevails over molecular diffusion, to 
ignore the latter just for the sake of simplicity. 


135.We have faced the same problem in Sec- 
tion 2.5.3 upon the derivation of the Fokker— 
Planck equation. 
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Subsequently, from the definition of the instantaneous (d/dt) and mean 
(D/Dt) Lagrangian derivatives, we get: 











Pet oe + gradu’. 
De ie 
du / / / 
at grad u’- u— gradu’ -u (4.339) 
du’ Paar 
a 7" 
where y’ is defined by (4.63). Through the relation (A.43) in Appendix 1, it 
follows 
Du’ du 
; =u @—-y' (wv ; 4.340 
To Ee y’ (u' @u’) ( ) 
Consequently, invoking (4.69) and the definition (4.68), (4.340) yields 
Du'\* du'\* »R 
2( uw @ —) =2[(u @ —) -di 4.341 
(ve) (ve) ivQ ( ) 


Furthermore, re-using (4.339) and still only keeping the first-order terms in 
dt, we may write 


Dw ® Dw’ = dw ® dw’ 


(4.338) is then reduced to the following form 
DR »R dw\* dw @dw 

— = -di 2| uw’ @ — —_ 4.342 

Dt ne (ve) dt ( ) 
Compared with such a reasoning as (4.44), we now find that a new term 
appears, since du’ @ du’ has a first-order term in dt via the last term in the 
initial equation (4.334). The increment of the du’ fluctuation is now to be 


related to the fluctuation of the ‘ increment by writing!*° 
136 Ag is by now well established, these two (du) y & 


operators will obviously not commute. ( duy’ Jadu 
__ (4.343) 
= du +du-—du 
Let us now calculate the following term: 
du au ——_________ 
u ® — =u ® 5, + W® (gradu w) 
(4.344) 


a re 

-W@—~+vweCrwn 
ot 

=T( @u) 


(we have used the definitions of a Lagrangian derivative and the mean veloc- 
ity gradient I’, as well as the properties (4.32) and (4.33) of the averaging 
operator). Invoking the same properties of the average, we also have 





Tw @u=Twew)+Traeuv) 





(4.345) 
=TIR 
and 
ioe ae 5 4,346 
me dt . dt ene) 
Thus, with (4.343), (4.344), (4.345) and (4.346) we may write 
du’ (du)’ 
/@ —=wW —IR 4.347 
= dt dt ( ) 
Equation (4.342) then becomes, due to the definition (4.67) of P: 
—$ 5 es 
DR vR (du)y’ dw @ du’ 
— =P-di 2( ua! @ —— ——_—_. 4.34 
pk av" +2(w'e ) +8 (4.348) 


We still have to calculate the last two terms of that equation. The quantity 
(du)’ is derived from the initial model (4.334): 





(du)’ = —Gu'dt + /Coedté (4.349) 
We have in particular, with (4.331) and the definition of R: 
day ———.. /Gs—_— 
/ = —w ® Gu’ yy 
er a Pe a ae (4.350) 


= —GR 


To calculate the last term in (4.348), we will write the following relation: 


ane + grad u-u 
a ae 
ou eae oy 
= qe ee 
Du (4.351) 
= 47d 
Dr a u 
du 
= _divR+T-u 
dt 
(we have utilized (4.336)). We then have 
dw = du—du 
(4.352) 


= (du) + (divR—T-w’) dt 


In the above expression, only (du)’ has a term in J dr (according to equa- 
tion (4.349)), and so we have, once again to the first order: 


du’ @ du’ = (du)’ @ (du)’ (4.353) 
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137Provided that the flux Qk is considered 


as being restricted to its part oO. Pope 
(2000) argues that this is a relevant approx- 
imation. Besides, it may be pointed out that 
with a Gaussian fluctuating signal, the third- 
order moments are null, and the definition 


(4.68) then indicates that the flux oO” of the 
Reynolds stresses is null. Strictly speaking, 
this model represents a homogeneous turbu- 
lence. 


138Tt should be pointed out, however, that 
actually this may not always be true (refer to 
the end of Section 4.4.4). 


Lastly, with the normalization property (4.330), it follows 
dw @dw = Coedté @& 
= Coedtls 


(4.354) 


which may be compared with (4.332). Let us now come back to the transport 
equation (4.348); the formulas (4.350) and 4.354) ultimately yield: 
DR 


a Potiea a 9 (GR’) el (4.355) 
Dt 2 ; 


That equation is perfectly identical?” to equation (4.66), provided that the 
following is prescribed 


2 (GR’) + Coelz = @—€ (4.356) 


With the LRR-QI (or LRR-IP) model for ® (eqn (4.222)), supplemented 
by the isotropic dissipation model (4.216), that is tantamount to the following 
equality, taking the definitions (4.67) and (4.223) into account: 


—2(GR)* + Coelg = — Crea— CpP? — CpD? 


2 
= CskS— 365 


: s (4357) 
=— Cr+ 2Cp (FR)5 +2Cp (r7R) 


2 
= IC kr? + 5 [(Cp + Cp) P* + Cr — Jel 


for the LRR-IP model (Cp = Cs = 0), the following option is suitable: 


C 
ee Soh = Cer 
(4.358) 


2 
Co= 3 (CeP* + Cr— 1) 


Due to that option, the stochastic model (4.334) is written as follows for the 
velocity increment: 


1 Cc 
du= —-graa pt — —* Su! + Cpru’ dt 
p 2k 


2 
45 [CpP + (Cr -—leldté 


This is the generalized Langevin model. We have just explained that it is 
statistically compatible with the (exact) Reynolds equation for the first-order 
moments and with the (closed, i.e. approximate) equation of the LRR-IP model 
for the second-order moments. We may recall that the constants in the latter 
model are provided by Table 4.2. Due to their positive nature, Co is positive if 
P* = P/e is positive, which is satisfied with the conventional models (4.97) 
and (4.158).!38 


(4.359) 


Moreover, other second-order closure models could be invoked!?? ade- 


quately specifying the tensor G. The simplified Langevin model, for instance, 
consists of specifying Cp = Cp = Cs = 0, that is 
Cre 
G= —*-1, 


an (4.360) 


2 
Cr =3 a=) 


It is therefore compatible with a closure of the Reynolds stress equation 
based upon the simplified Rotta model (4.221). 

An important remark should be made here. The fluctuation-dissipation the- 
orem (2.300) is theoretically applicable to this case, Coe playing the part of Z 
(eqn (4.333)) and t = k/e playing the part of Tr, according to (4.328). With 
the second line of (4.360), that yields 


Gs" 
4k? 


= Cr-1 & i 
2 =&k 

Compared with the first line in (4.360), the presence of the factor Cr — 1 
instead of Cr is caused by the fact that the fluctuation-dissipation theorem 
rests on the assumption of a particle in thermodynamic equilibrium with the 
surrounding particles. In this case, this amounts to assuming that k is constant, 
that is Dk/Dt = 0, whereas equation (4.104) yields Dk/Dt = P — ¢. The 
presence of the gradient T in the more general case of equation (4.358) is 
caused by the non-linearity of the turbulence, whereas the molecular argu- 
ments in Section 2.5.3 rely on a linear theory of friction.'4° Moreover, it 
should be kept in mind that most of the arguments in Section 2.5.3 are based 
upon the assumption of constant external parameters, unlike the pressure and 
friction forces in this case, because p* is variable, as well as G. Anyway, 
equation (4.360) shows that the quantity Crt/2 (rather than t) does play the 
formal part of Tr. 

So, with the simplified model (4.360), the velocity increment is given by 


1 C 2 
du = ( ——grad p* — —* ©’) at +.,/< (Cr — 1 edté (4.362) 
p 2k 3 


Contrary to what is suggested by a superficial examination, this model is 
duly non-linear, because ¢ and k implicitly depend on the mean velocity field. 

The expected benefits from these models are obvious: using the explicit 
equation (4.359) (or (4.362)), a complex physics can be explained at a low cost. 
In addition, as with the explicit algebraic models (refer to Section 4.5.3), there 
is no need to use boundary conditions for the second-order moments. These 
conclusions, however, are to be qualified by means of a couple of remarks: 


(4.361) 





e The physical content of this model is only valid on an average; so, it looks 
like an LES type model (refer to the preceding two sections) with the 
same remarks about the interpretation of the quantity u. An objection is 
that the mean velocity U occurs in equation (4.359) through the quantities 
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139The LRR-QI model, which is more gen- 
eral, is troublesome: adding the term C prt 
to the definition (4.358) of G does allow us to 


T Ss 
get the term 2C p (r R) of (4.357), but the 


term —2C skT 5 cannot be recovered through 
that procedure. 


140We may also recall the hypothesis of an 
erratic isotropic motion of the molecules, 
which was defeated as regards the turbulent 
fluctuations. 
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1411) line with the reservations expressed 
above as regards the approximation of the 
diffusion term. 


u’ = u—1J, but this is more a problem than an adavantage, because U 
(and p) are still to be calculated, which may be an awkward task. Using 
the Reynolds equation to that purpose would result in wasting the whole 
benefit from the stochastic model, whose virtue lies in the estimate of a 
turbulent velocity field which implicitly satisfies the Reynolds equations 
without solving them. 

e The model requires knowledge of the quantities k, ¢ and P, which is 
possible through the (either conventional or non-linear) k — ¢ models. 
It would be naive, however, to believe that k and P = —R:S can be 
determined otherwise, from the very model (4.359). We may recall, 
indeed, that the equation for R is only implicitly contained by the model, 
since equation (4.355) is not solved. The same applies!*! to the equation 
for k. Here, one of the advantages of the second-order models is lost 
(refer to Section 4.5.2). 

e Lastly, we may notice that if we assume, just for a moment, that the 
production-dissipation equilibrium is valid P* = 1, then the quantity Co 
as given by (4.358) becomes 


2 
Co= 5 (Cp +Cr-1) (4.363) 


With the constants of the LRR-IP model (Table 4.2, Section 4.5.2), we 
find Co = 0.93, which is lower than the 2.1 value mentioned at the end of 
Section 4.4.3, but is still a suitable order of magnitude. It is recommended, 
however, to keep (4.358). 

The stochastic models also find many applications in the field of effluent 
dilution in natural or industrial environments. This approach is sometimes 
preferable to solving a transport-diffusion equation of a scalar (eqn (4.87)) 
when the amount of material being transported occurs in the form of a collec- 
tion of small bodies (corrosion or combustion products, sand grains, etc.). The 
review by Peirano et al. (2006) may be referred to about that matter. A practical 
application to a natural environment can be found in Issa et al. (2009b). 
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Principles of the SPH 
method 


5.1 Introduction 


The SPH (Smoothed Particle Hydrodynamics) numerical method was devel- 
oped in the late 1970s for treating the behaviour of the systems existing in 
Astrophysics, for which the (Eulerian) mesh-based methods are found to be 
quite unsuitable due to the lack of defined boundaries (Lucy, 1977; Gingold 
and Monaghan, 1977). After being subsequently tailored to the modelling of 
elastic media, particularly for the calculation of the very large strains and 
the fracture phenomenon (see e.g. Campbell et al., 2000; Maurel, 2008), it 
was repeatedly improved before being applied, as of the early 1990s, first to 
weakly compressible hydrodynamics, then to strongly compressible (Sigalotti 
et al., 2009) and truly incompressible (Cummins and Rudman, 1999) hydrody- 
namics. SPH is now the most popular meshfree method in scientific literature 
and is close to the MPS (moving particle semi-implicit method, refer e.g. to 
Gotoh et al., 2005) and DPD (dissipative particle dynamics, refer among others 
to Espafiol, 1995) methods. In addition, it has given rise to such interesting 
variants as remeshed SPH (Chaniotis et al., 2002) and PVFM (particle finite 
volume method, refer e.g. to Nestor and Quinlan, 2009). This presentation will 
only deal with the standard SPH method, although some of the concepts we 
will discuss can be extended to these closely related methods! . 

Among the main attractions of SPH is its ability to predict highly strained 
motions without utilizing any computational mesh or grid, on the basis of a 
collection of macroscopic particles. It is based on the use of a ‘kernel’ function 
which is suitable for representing the derivatives of continuous fields in a 
discrete form. This formalism is achieved on completion of two successive, 
respectively continuous and discrete, interpolations. The resulting equations 
then consist of discrete mechanical systems in which the interactions between 
particles are expressed by fluxes which depend, in particular, on their mutual 
distances and their mechanical and thermodynamic features. One of the most 
attractive advantages of that approach is the consistency of that method with 
both Lagrangian and Hamiltonian mechanics as set out in Chapter 1, partic- 
ularly in terms of conservativity. In addition, the development of the large 
system modelling for astrophysics allows us to extend that notion to the 
discrete treatment of time, making SPH a fully conservative method, provided 
that some care is exercised. 
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‘it is interesting to mention another class 
of numerical particle-based methods, which 
could be labelled as semi-Lagrangian. These 
are the Lattice-Boltzmann type methods in 
which the particles can freely move over a 
fixed network while being subject to mutual 
collisions. The Boltzmann theory discussed 
in Chapter 2 is at the core of this approach. 
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2There are lots of scientific papers about the 
subject of this section. For example, refer 
to Oger et al. (2007), as well as Marongiu 
(2007). 


SPH has been somewhat distrusted by some theoricists and modelling spe- 
cialists, because of the relatively ‘experimental’ nature of its initial devel- 
opments. Nowadays, it is regarded as a quite reliable method due to fur- 
ther improvements which provided it with a number of properties which are 
deemed essential to the trustworthiness of a numerical method. In particular, 
tools provide for the consistency of the SPH interpolations under some condi- 
tions. Recent papers also substantiate its properties of convergence (Di Lisio 
et al., 1998; Ben Moussa, 2006), although some gaps are still to be bridged in 
that respect, and further investigations into that method have therefore become 
excessively appealing. 

The first stage in the disclosure of the SPH method will consist in explaining 
the continuous and discrete interpolations and their main properties, then we 
will introduce some of the most commonly used kernels before reviewing the 
renormalization schemes. This will lead to the notion of discrete operators, 
which will make it possible to establish discrete forms of the continuity and 
Euler equations as built in Chapter 3 in a continuous formalism. The link to 
Chapter 1 (Lagrange and Hamilton equations) will then be set up through 
a variational method which will enable us to build the usual conservation 
laws for the SPH method, within the context of a time being considered as 
a continuous variable. The requisite time discretization will then lead us to 
the notion of temporal integrators, particularly symplectic integrators (based 
on the Hamilton equations), together with their exact conservation properties. 
These integrators will be illustrated by means of the simple pendulum case 
which was briefly discussed in Chapter 1. We will complete this presenta- 
tion with an analysis of the numerical stability of the equations in the SPH 
method. 


5.2 Lagrangian interpolation 


We begin our analysis of the SPH method with the continuous interpolation 
process and its properties. Interpolating kernel examples are presented and 
analysed. The discrete (particle-based) interpolation is then considered, and the 
question of its numerical accuracy is addressed. This leads us to the concept of 
discrete differential operators. We finally review some kernel renormalization 
techniques. 


5.2.1 Kernel and continuous interpolation 


One of the major issues with respect to numerical modelling consists of actu- 
ally switching from a continuous formalism to a discrete set for modelling 
the derivation operators occurring in the equations of motion (e.g. advection, 
diffusion). Within the frame of the SPH method, a two-step approach should 
be adopted; we will introduce a continuous interpolation scheme in this and the 
next sections before dealing with the (discrete) particle-based discretization. 
Let us start with writing an arbitrary scalar field A as a spatial convolution 
product with the Dirac distribution 5 (refer to Appendix B, eqn (B.56)): 


A(r, t) = (A*6) (r,t) 


=| A(r,t)é(r—r')d’r’ 
Q 


where (2 denotes the whole continuous medium. Having regard to 2- and 
3-dimensional applications, we denote the dimension of the problem as n, 
without loss of generality (the dimension n = | will also be briefly discussed 
in the next paragraph). For practical reasons, the Dirac distribution should be 
approached through an interpolation kernel, here being denoted as wy, (r —r ), 
which is a regular function and has non-zero values on a compact or infinite- 
sized support. The size of that support, when finite, is on the order of mag- 
nitude of a length parameter h/ a precise definition of which will be given 
in Section 5.2.2. This kernel may, for instance, be either a Gaussian function 
(in such a case, it continuously tends towards zero at infinity) or a Gaussian- 
like function with a compact support (in such a case, it equals zero at a finite 
distance). We will denote the r point-centred domain as Q;, wy, getting non- 
zero values at that point. We then will write? 


(5.1) 


A(r, t) ¥ [A], (r, =f A(r’,t)wa(r—r)d’r’ 
Qx (5.2) 


= (A * wh) (Fr, f) 


which defines an interpolated field* being denoted as [A],. Considering the 
definition of the kernel support (,, the integration can be extended to Q, and 
(5.1) then shows that [A], (r, f) is close to A (r, t). In order to determine the 
accuracy” of the approximation (5.2), we now write the field A (assumed to be 
regular enough) in the form of a second-order Taylor series expansion about 
the point r, putting fr =r—r: 


2 
A(t) =A@. 0-5 B+ Se Set 0 (lel) (5.3) 


2 or? 


where the derivatives are considered at points r in space and ¢ in time. Then, 
substituting that formulation into (5.2): 


[A]. (t,t) = A(r, 1) i wy (Bare — 24. / Fwy, (B) a'r’ 
Qo or 20 
(5.4) 


| i @ twp arr +f 0 (f°) wa (a'r 
Qo Qo 


where Qo is a copy of &, translated about the origin vector. Noting that 
d"r' = d"r, for the approximation [A], * A to be accurate to the first order, 
the following two conditions should be satisfied: 


/ wy (8) dF = 1 
Qo 


i 102A 
2 or? 


(5.5) 


and 


(5.6) 


i wy (B) Fa"F = 0 
20 
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3 The subscript ¢ in the notation [A]; refers to 
a continuous interpolation, unlike what will 
be done in Section 5.2.3. 


4We may notice that the definition (5.2) is 
closely related to the formula (2.3) giving 
n(r,t) in the Boltzmann theory as set out in 
Chapter 2. The MPS (moving particle semi- 
implicit) method, which is closely related to 
SPH, takes advantage of that affinity to define 
the density of particles per unit volume (refer, 
for instance, to Gotoh et al., 2005). 

In addition, a formal analogy can be found 
between (5.2) and the definition (4.258) of 
the filtered fields for the treatment of tur- 
bulence by the large eddy simulation (Sec- 
tion 4.6.1). This link will become clearer in 
Section 6.5.1. 


5The following is valid for a point lying 
far enough from the boundary of the fluid 
domain (refer to Fig. 5.1). Section 5.2.5 will 
provide further information in this respect. 
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See margin note 5. 


The condition (5.5) stipulates that the kernel average (its zeroth-order 
moment) should be equal to one (like the Dirac distribution), which is a 
normalization condition about which we will assume it will always be verified 
in the rest of this paragraph. Under that hypothesis, and noting that w;, (r) d"r' 
is substantially equal to one, the last integral in (5.4) is a O (hn), the last but 
one isa O (h?). As regards the condition (5.6), it stipulates that the kernel first- 
order moment should be zero and is far from trivial. It can be contemplated 
again, however, where Qp is central-symmetrically invariant® and where the 
kernel is even, that is if verifies 


Vr, wh (-r) = Wh (7) (5.7) 
We may incidentally note that the condition (5.7) immediately leads to 
Vuh (—r) = —Vwn (r) (5.8) 


where Vw, denotes the kernel gradient. Under that condition, making the 
variable change fr’ + —F in the first integral of (5.6) is helpful. The element 
of n—integration volume is then left unchanged (d"r’ = d"F ); thus, using 
equation (5.7), we get: 


i wy, (®)Fa"E = i wy (EE dE 
Qo 


Qo 
= -{ Wh (7) rd" 
26 


where 2g is the mirror image of Qo under central symmetry with respect to the 
origin 0. If Qo is symmetrically invariant (i.e. if Qo = Qo), the integral then 
equals its opposite, that is it is zero, and the condition (5.6) is satisfied. 

A Taylor series expansion to a higher order than (5.3) would not give rise 
to more difficulties and would unsurprisingly lead to zero conditions of the m- 
th-order moments for a consistency with the corresponding order. Under the 
hypothesis (5.7), the kernel moments of odd orders are identically zero, for the 
same reasons as above. More generally, we have: 


(5.9) 


[row (F)r@...@rd"r=0 (5.10) 
Q -— v= 
2m+1 


for every natural integer m and every function F of the norm r = |r| of r, 
because F is then even with respect to the vector r. On the other hand, this 
procedure has no effect on the moments of even order of wy, especially on the 
last but one integral of (5.4). The second-order moment, for instance, which 
will sometimes be useful in the following, is a second-order tensor which is 
denoted here as 


Mp,» a. Wh (tf) F @ Fd" (5.11) 
Qo 


(its components will be calculated in the next section). Of course, it can only 
be zero if the kernel gets negative values over some part of its support, which 
is troublesome from a physical point of view, as explained later on. Thus, the 


property (5.7), which will from now on presumably be true, only provides the 
consistency of continuous interpolation to the first order in h. 
Owing to the results we have just come to, (5.4) is reduced to 


102A 


Alo =AR Os =o 


> Mo.» +0 (n*) (5.12) 


= A(r,t) +O (1?) 


We are going to take a closer look at the way the continuous interpolation 
procedure we have introduced behaves with respect to the first-order deriva- 
tives of a scalar field. To that purpose, let us apply the approximation (5.2) to 
the field grad A: 


0A (r’, 
[grad A]. (r,t) = / oe (r—r’)d"r 
Qy or’ 
= [ a [A (r,t) wn, (r—r’)|a"r’ (5.13) 
dwnp (r— 1’) 
_ 0 ny! 
[acoA d"r 


(we have written the gradients like vectorial derivatives to lay emphasis on the 
derivation variable r’). We may subsequently notice the following identity: 
Ow, (r —r’ Owy, (r — rv’ 
eS (5.14) 
or’ or 
Besides, the first integral of (5.13) may be turned into a surface integral 
through the Gauss theorem (refer to Appendix A), whereas the property (5.14) 
allows us to change the sign of the second integral and yield: 





[grad A]. (r, t) = § A(r’,t) wa (r—r')n(r’) a? 9 
Oy 


+f aeo 


n (r’ ) being the unit vector normal to dQ, at point r’ and directed towards 
the outside (the first integration is made on the element of (n — 1) —surface 
d"~'T), If the kernel has an infinite support (e.g. Gaussian), the surface 
integral only certainly vanishes in the case of a fluid which is infinite in 
all directions (which almost never occurs), or even when the field A has a 
compact support (which seldom occurs). Moreover, with a kernel having a 
compact support, the surface integral is reduced to the intersection of Q,y 
with dQ, that is QM Q, (refer to Fig. 5.1). The same applies to the volume 
integral. Once again as regards a compact support kernel, if the calculation 
point r is sufficiently far off 0Q (Fig. 5.1), the boundary integral vanishes and 
QQ; = Q;, which ultimately yields 


(5.15) 
dWh (r = r’) d'y 


[grad A]. (r,t) = [ A(r’,t) Vu, (r—r’) d’r’ (5.16) 
Qy 
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Fig. 5.1 Continuous approximation of a field 
by means of a compact support kernel. 





Formula (5.16) defines a continuously interpolated gradient operator. We 
may note that the interpolation (5.16) is identical to that of the initial function 
(5.2), but using the kernel gradient as an interpolation function. That relation 
could be directly obtained deriving the original formula (5.2), on the basis of 
the previously mentioned properties: 


grad [A], (r, t) = ca 7 A(r’,t) wa (r—1’)d"r 
or Qe 


0 
= [4 (r’, t) ag wh (r—r’) d"r 


a 17 
=— ff Ae.) some) are (5.17) 


aA (r’, t) 
=} ae we (r—r')a’r’ 


= [grad A], (r, f) 


which means that the grad and [-].. operators commute. 
Applying the gradient operator to (5.12), we immediately get: 


grad [A], (r, tf) = (grad A) (r,t) + O (1?) (5.18) 


Another demonstration of that result can be achieved through the previously 
adopted procedure, that is inserting (5.3) into (5.16): 


[grad A]. (r,t) = A (r,t) / Vy (F) a"r’ 
Qr 


~*~ = WJ dA 
-[ fv @) er ‘|S (5.19) 


1 - Zam fly! aA 2 
+5|[, vin @ oF era |: Se +0(r) 


(the integral giving the error is an O (h?) because Vwy (7) d"r' is on the 
order of 1/h). The conditions to be fulfilled for a second-order accuracy of 
the [grad A]. © grad A approximation are then 


[ Vuy (2) a" = 0 

Qo 

[ Vu (2) @Fd"F = —I, (5.20) 
Qo 


/ Vun (tf) @F@rd'rF=0 
Qo 


where I, is the n-dimensional identity tensor,’ characterizing the problem. The 
first condition is satisfied with the property (5.8). This is because the change 
of variable r’ = —F gives 


i Vp (2) d"F = — Vwp (-#) a" 
26 


29 


(5.21) 
_ -{ Vw a) dx —0 
Qo 
And, likewise: 
/ Vu» (@) @F@F ae = — | Vun (F) @F @Fd"r=0 (5.22) 
Qo Qo 


Conversely, this procedure does not make it possible to draw a conclusion 
about the second integral of (5.20). We may, however, modify it and write: 


[,onmoters [8 ton-mt(%)"o 


-¢ wa (F)F@ n(F)d"'T (5.23) 
AQ0 


: (/, ine a’) I, 


(once again, we have used the Gauss theorem and the fact that ar/dr = I,). 
The surface integral is zero in this calculation because wa, vanishes at the 
boundaries of its support if the latter does not intersect 0&2, whereas the 
property (5.5) ultimately provides for the fulfillment of the second condition 
of (5.20). Lastly, the estimate (5.19) is reduced to (5.18). 

The m-th-order consistency of the interpolation of gradient (5.16) would, of 
course, imply the nullity of the corresponding order moments, the definitions 
of which are analogous to (5.20). A procedure like the one above would show 
that, under the selected conditions, all the even-order moments of the kernel 
gradient equal zero, and furthermore that 


[rev (7) @F@...@rd"F=0 (5.24) 
Q —_—_——— 

2m 
for every natural integer m and every function F (which may be compared 


with (5.10)). On the contrary, nothing can a priori be stated about the odd- 
order moments of Vwy. An integration by parts similar to (5.23) would 
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7™We may recall that we are contemplating 
the general case of an arbitrary dimension, 
contrary to the first section of the book in 
which, for physical reasons, we were practi- 
cally limited ton = 3. 
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lead, for instance, for the third-order moment of Vw, at a point within the 
domain, to 


/ Vun @ steterae=—| | Wh @reras] ot, (5.25) 
Qo Qo 


Now, the right-hand integral is the second-order moment of w,which, as 
previously explained, is not necessarily zero. 
To sum up our calculations, we can state that the interpolation method based 
upon the use of a kernel is consistent at the first order inclusively for both 
8These two results are coherent with each scalar fields and assessment of scalar gradients. That property rests on the 
other, since every scalar may be consideredas_— ¢gnditions (5.5) and (5.7) (which yields (5.8)), and then holds true for all such 
acomponent of the gradient of another scalar. points as 82.0 Q, = @ within the domain. 
Similar arguments can be developed for the vector fields A. In particular, 
we get: 


A(r, t) © [A], (r,t) = i: A(r’,t) w,(r—r’) a" (5.26) 
Qr 

with a first-order consistency, subject to the conditions (5.5) and (5.7) for a 

point which is sufficiently far off the boundary. This result does not require 

any demonstration, since the above demonstrated properties remain true for 

each component of the field A. We also may write, under the same conditions 

as previously, a continuously interpolated divergence operator: 


[divA], (r,t) = i = -A(t’, t) wa (r—4') d’r 
Qr or’ 


=) 2 TA .)wa(r—v)]@r 6.27) 
Qe or’ 


0 —_ 
-{ A (r’, t) Z dwn (t—¥) any 
OR r 


The first integral vanishes pursuant to the Gauss theorem and the second one 


Developing that procedure, it would be is antisymmetric due to the change of r’ into r, so that? 
shown that the div and [-]. operators com- 
mute. 


[divA],. (r, tf) = / A (r’, t) -Vwn (r _ r’) d"y (5.28) 
Qy 
and 


[divA]. (r,t) =A(r,t)- | Vwa (F) ar 
Qx 


i 8 aA 
_ | Vwn (Fr) aia'r| oe (5.29) 
Qe or 
2 


1 7 ee -0-A 
+5[ fi vm @ eterar [75 +0(1) 


(8*A/dr? is a third-order tensor, here being contracted over its three subscripts 
with the tensor occurring under the integral; refer to Appendix A for further 


details about the tensor calculations). The conditions (5.20) then secures the 
first-order consistency as for the gradients. 

A few additional remarks of a general nature are still to be made. The whole 
preceding discussion could readily be applied to the tensor fields and continu- 
ous differential operators of any order. It may be noticed that a linear operator 
remains linear after being interpolated that way. Lastly, it is noteworthy before 
carrying on with this chapter to mention a crucial property of the interpolated 
gradient and divergence operators. On the ground of the antisymmetry property 
(5.8), we can indeed write the scalar product of an arbitrary scalar field A times 
the interpolated divergence of a vector field B, on the basis of equation (3.194) 
in Section 3.4.4: 


(A, [divB],.) = i, A(r, t) 
Q 


x i B(r’,t) -Vwp (vr —2’) d"r'd"r 
Q (5.30) 


= -| B(r’, 2) | A (r,t) Vn (r’ —r) d"rd"r 
Q Q 
= —([grad A], , B) 


Thus, the interpolated operators are skew-adjoint, like the standard operators 
(eqn (3.198)). 


5.2.2 Kernel examples 


The simplest way to secure the symmetry condition (5.7) is by making the 
kernel a function of the distance between spatial points: 


wy (F) = wa (|F|) = wa ®) (5.31) 


The continuous approximations (5.2), (5.16), (5.26) and (5.28) are now 
written, in view of the results of the previous section, as: 


[Ale() =f) A(t) we (We= eae 
2 
= A(r.t) +0 (1) 
[grad A].. (r, t) -| A (r,t) Vwn (|r —r']) a'r’ 
2 


= (grad A) (r,t) +O (1?) 


[A]. (r,t) = A(r’,t) wa ([r—2'|) ar’ 
Q 


ir 


(5.32) 


=A(r.1) +0 (i) 


[divA]. (r, ¢) =| A(r’,t)- Vn (\r—r'|) dr’ 
2 


= (divA) (r,t) + O (1?) 
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10% this book, we consider a constant 
smoothing length h, in view of the nearly 
incompressible flows, for which the inter- 
particular distance then only slightly varies 
(refer to Section 5.2.3). The effect of a 
variable h was investigated by Bonet and 
Rodriguez-Paz (2005), among others. 


11 Whereas Vwy (or wh) isinr @+), 


12Its positive nature is a priori unnecessary at 
this stage of our discussion, but it will later 
on be found that it is the best physical option. 


131 is an ordinary angle if n = 2, a solid 
angle ifn = 3. 


Through the hypothesis (5.31), we immediately find 


Vu, (*) = wi, @) : 


jh an 


= —Vuwyz (—r) 


where Wh, (7) is the derivative of wy (7), being considered as a function of the 
scalar variable r. As expected, the antisymmetry requirement of the gradient 
(5.8) is then systematically satisfied. The property (5.24) is now written as 
/ F (fF) w, 7) @F®@...@rd"r=0 (5.34) 
Q _-—_—— 
2m+1 


As a consequence, the kernel support is also rotation invariant, that is 
occurring in the form of a n—sphere (n being, by definition, the dimension 
of the problem being addressed). We will explain in Section 5.3.3 a significant 
effect of this option. When the support is compact, the radius of that sphere 
will be denoted as h;. In order to encompass the case of an infinite support 
in our discussion, however, we introduce!® a smoothing length denoted h, 
characterizing the dependence of wy, with respect tor = |r|. More specifically, 
wanting to write the kernel in a dimensionless form, we arbitrarily set before 
making the following change of variable: 

JF] r=r' 


ae i 


Furthermore, the discussion in the previous section (e.g. eqn (5.2)) show that 
wh is homogeneous!! to a length raised to the (—n)-th power. We then define 
the kernel as follows: 


(5.35) 


Own 


hn 


where f is a function defined over R*, which is positive,!* sufficiently regular, 
that is at least once continuously derivable, and @,,,, is a dimensionless con- 
stant depending on the kernel and the space dimension, which is calculated in 
such a way that the normalization condition (5.5) is met, which is now written 
as 





[@ (5.36) 


wh (F) = 


cnn f f (qaa"q=1 (5.37) 
Qq 

where q is the vector r/h (with a norm q) and Qg stands for the domain defined 
by all possible values of q. We may notice that the positive nature of f makes 
Qw,n positive too. The domain Qg is a n—sphere, whose n—volume element 
equals d"q = q"~'dqdw, dw being the infinitesimal n—angle!? and so the 
condition (5.37) may also be written as 


Rr mill 
Awan = Ey tf (q) aaa | (5.38) 


where Ry is the (possibly infinite) radius of the n—sphere making up the 
support of the function f, and S, is the surface area of the n—sphere of unit 
radius, that is 
on” /2 
Sn = ay 
r (5) 
I’ being the Euler function of the second kind (refer to Kendall 1961). In 
particular, we get 


(5.39) 


S; = 2 
S3 = 40 


As regards a kernel with a compact support of radius h;, we obviously get: 


hr 


Rf = h 


(5.41) 


The gradient of wy, will henceforth be expressed with respect to the deriva- 
tive f’of f: 
Own of (q) 
h" or 
own Af (q)18|r—r'| 


= — (5.42) 
hn” dq har 


Vun (7) = 














= ; f@=z 
z 


which gives a relation between the derivatives of the dimensional and dimen- 
sionless kernels, along the lines of (5.36): 


Own 





wh O = Tait’ @) (5.43) 
The higher order derivatives obey an identical law: 
k) px Aw, 
wy = SS @ (5.44) 


There are many examples of kernels and we do not intend to review all of 
them; we will just refer to some of the most popular ones.!* The most natural 
choice, as mentioned at the beginning of the previous section, is provided by a 
Gaussian function f = fg: 


= 28 
fe (q) =e4 
(5.45) 
ih J. —q? 
fe (QM = —2qe 
In this case, the support is infinite. The normalization constants oy, = @G,n 


equal, according to (5.38) (with Re = Rg = +00): 
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'44 more thorough review can be found in 
Liu and Liu (2003). 
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5 The first sub-script of aj,» here refers to 
the order M of the spline; the second one 
refers to the spatial dimension n. 


re 
Q7n/2 ie eV g—ldq 
1 
= gn /2 


(5.46) 


We will subsequently find that one can conveniently work on kernels with 
compact supports, frequent examples of which are given here, namely the B- 
splines (refer, for instance, to Monaghan, 1985a). An M-degree B-spline is a 
piecewise polynomial function of degree M, defined over R* by 


M+1 
_ i r{({M+1 
ful = a COL 7 ) 
k=0 
M 
x max (0; + “F* 2) 


where the brackets stand for the binomial coefficients. The size of its support is 
(M + 1) /2. It was demonstrated (De Boor, 2001) that fjy is the most regular 
piecewise polynomial function for a support with such a size. The B-spline 
of order M = 3 (very commonly used in the literature dealing with the SPH 
method, though it is rather inaccurate) is of degree 3 and has a support Rf = 
R3 = 2, and is written as 


(5.47) 


3 3 
1—ig*+-g? O<q<!1 
nd +44 qs 
£3 (q) = (2-9)3 i228 (5.48) 
0 2<4q 


The normalization condition provides the constants ay, = Qy,, in the 
form!> 


2 
a3 = 3 
10 
32 = 1 (5.49) 
1 
03.3 = a 
Its derivative is given by 
9 2 
arog Saget 
AQM=) 39 9)? 1<¢q<2 (5.50) 
goody lege 
0 2<4q 


The B-spline of order M = 4 (of degree 4 and with a support Rr = Ry = 
5/2) is provided by 


f4(qQ) = 


S~ 


The normalization condition yields 


a4) = 


NILaAnl nanin 

| 

as) 

eee 
& 
| 

n 

i 

NI] vw 
| 

& 

n_” 
fice 





24 
96 
4.2 = 11000 
- i 
43 = 20m 


Its derivative is given by 


— 
5 
fq) =—-44\2— 


(3-4 
G-» 


(4) 1-0 + (0) 
)-a@-9 


O0<q<05 
05<q<1.5 


iS 2g235 


2.5<4q 
(5.53) 


We will also consider the B-spline of order M = 5, with a support Rr = 


O2¢s1 
l<q<2 
2<q<3 
3<q 


(5.54) 


(5.55) 


O<q<l 
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Re-=-3: 
G—4) —~6@—4)' + 150-49)” 
_ JGB-aq)y-62-4q) 
fs (q) 3-4) 
0 
with 
i 1 
vee = FG 
7 
a = = 
3:2 A180 
_ 1 
a 0 
and 
(3-—q)*-6(2—q)*+ 1I5(1—q)* 
fq =—-51 3-9, -82-a 


(3-q)* 
0 


l<q<2 
2<q<3 
3<q 


(5.56) 
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Lastly, we may mention the Wendland kernels (1995), which are advanta- 
geously uniform (i.e. based upon one algebraic equation) while having com- 
pact supports. Here we provide only one, of order 4, with Rr = Rw = 2: 


q\4 
—=) d+2 <q<2 
pgelG=2) 022) Oss (5.57) 
0 2<q 
The normalization constants equal 
3 
awa =- 
WI=F 
2 (5.58) 
aw. = — : 
Wo An 
21 
Ow 3 Tn 


and 


2 
1-2) osqs? 


fw (@ = ri 2 (5.59) 


2<q 


The ay nf (gq) and ay.» f’ (q) functions are illustrated in Fig. 5.2, forn = 2 
and n = 3. As can be seen, they get their maximum at zero and are decreasing, 
whereas their derivatives (which are consequently negative) get a minimum 
before increasing towards zero. Determining the behaviour of f’ near zero is 
interesting. We find, for the selected three examples: 


fe) for 1—q’ (5.60) 


3 
~ 1[— gq? 
f3 (q) 4 54 




















Fig. 5.2 Graphs of the kernels used in the present section and of their derivatives. For each value of the dimension (n) (=2 and 3), the kernels are 
positive, while their derivatives are negative. The curves are displayed in the same order as in the legend. 


115 


ee iy 
A@ 8 q 


fs (q) ~. 66 — 60g? 
q->0 

fw (q) ~~. 16 — 404? 
q->0 


We can see that all the first derivatives f’ (0) are zero, whereas the second 
derivatives f” (0) are strictly negative. These kernels are then ‘bell-shaped’. 
We may note that the spline of order 5 looks much like the Gaussian kernel. 

We are now going to calculate the components of the second-order moment 
of the kernel as given by (5.11), a tensor whose components equal 


M2,w,ij = [ Wh (7) Xjxjd"T (5.61) 
Qo 
where the x; are the components of r. As a rule, we can first estimate 
i F (fr) XjXjd"Fr (5.62) 
Qo , 


where F is an arbitrary function. Changing x; into —x; will, of course, leave the 
integral unchanged, since the sphere is invariant under all the reflections around 
planes containing the origin. Thus, only those integrals of (5.61) corresponding 
toi = j do not vanish. An isotropic argument shows that the latter (which are 
n in number) are equal, and their sum equals the integral of F (7) 7*, which 
gives: 


a ee ~) x2 n= 
F(r)r@rd'r=— F (F)Fd"r | I, (5.63) 
Qo n Qo 
In particular: 
M 
Mb,w = —"h, (5.64) 
with 
Mow = 1 wh F)Pd"E (5.65) 
26 
= Cy 2h 
and 
Rr i 
Cw,2 = anny f ft (q) q"t dq (5.66) 
0 


From the above, the estimation (5.12) may be written as 


2 
Apa den 4 (=) +0 () 





an (5.67) 


Cu 
= Ar, t+ 22V72A(r, D+ 0 (n*) 
2n 
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!6The factor 2 in (5.72) corresponds to Sj 
(refer to equation (5.40)). This is because f 
is only defined over Rt, whereas this inte- 
gration should be made over R, by analogy 
with (5.38). It is presently considered that f 
is even, in order to remain consistent with 
the fact that the kernel is a function of the 
distance between two points. In addition, that 
property enables us to calculate the Fourier 
transforms by substituting cos (K tq) for the 
term exp (-ikK +q), which therefore turns 
them into real functions. 


We will give the current value for the Gaussian kernel (5.45). Due to (5.46), 
we get: 


+00 ay 
CG,2 a wonSn f e-* gq" dq 
0 


= rG+)) (5.68) 


(5) 


n 
2 
that is with (5.64): 


2 


h 
Mic = Th (5.69) 


Lastly, we will sometimes resort in the following (particularly in Sec- 
tion 5.4.4) to the Fourier transform of the kernel (refer to Appendix B): 


io, (K) = i w (7) exp (—iK - #) d"t (5.70) 


where K is an arbitrary wave vector. In the dimension n = 1, the transform 
of wy (7) will obviously become identical to that of the dimensionless kernel 


f (q): 


On (K) = Ow,1f (K*) (5.71) 
with!© 
Zs +00 
F(K*)=2} fF @)eos (K*q) dq (5.72) 
and 
Kt 2 AK (5.73) 


The transforms wy, and f are dimensionless. The B-spline transform (5.47) 
is provided by 


Kt M+1 
) (5.74) 


i 2 
tu (K*) = (= sin are 
with the limiting value at the origin fu (0) = 1 (refer to Appendix 2, eqn 
(B.64)). The Fourier transform of the Wendland kernel (5.57) is given by 
~ 30 1 
= 42) i pte + 94 gin? et 
tw (K) = a0 (« + ae sin2K 2 sin’ K ) (5.75) 
with the limiting value at the origin Fw (0) = 4/3. 
As regards an arbitrary isotropic kernel wy (7) of any dimension, it is well- 
known that the Fourier transform is only a function of the norm K of the wave 
vector (refer to Appendix B): 


wh (K) = wp (K) (5.76) 


There is a general relation linking the multi-dimensional Fourier transform 
of a radial function wy (7) to the transform of the function of a real variable 
J (q) (refer to eqn (B.46) of Appendix B). It only seldom leads, however, to 
simple algebraic results. Nevertheless, in the case of a Gaussian kernel, the 
Fourier transform of a Gaussian being a Gaussian (eqn (B.51)) is of great help. 
We may write, for an arbitrary dimension n, using (5.46): 


wh (K) = 








(/zh)" exp - 


exp (—q2) (K) 





(5.77) 


(Kh)? 
4 


)] 


For n = 1, the relation (5.71) yields, with (5.46): 


fg (K+) = 





-) 
= 7 exp -(¥) | (5.78) 


In the case of a Gaussian kernel, regardless of the dimension, we may note 
that wy, (K) is, like wy, (7), positive and decreasing. Furthermore, it is lower 
than one. These conditions, which will be efficiently utilized in Section 5.4.4, 
are far from insignificant. It can readily be verified that (5.75) satisfies them 
too, whereas the sign and the growth of (5.74) remain undetermined. The 
functions dw, f (K =) are illustrated in Fig. 5.3 and show that the splines 


(6) 
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Fig. 5.3 Graphs of the Fourier transforms of the kernels introduced in this paragraph 
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, on linear (a) and logarithmic (b) scales. The B-splines of 
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!7 Although there is normally nothing wrong 
with considering mesoscopic scale particles. 


181n the two-dimensional simulations, like all 
the additive quantities, mass is measured per 
unit length according to the invariance direc- 
tion of the problem. 


19 This assumption is consistent with that 
of a constant smoothing length, which was 
expressed in the preceding section. It should 
be kept in mind, however, that it is an hypoth- 
esis which other authors drop for treating 
flows with a substantially variable density. 


20The next equation remains valid, for exam- 
ple, for vector fields. 


do have decreasing Fourier transforms near the origin before being subject to 
oscillations for sufficiently high values of the dimensionless wave number K*. 


5.2.3 Particles and discrete interpolation 


The basic idea in the SPH method consists of modelling a continuous medium, 
considering it as a collection of particles as defined in Chapters 1 and 2. From 
a dynamic point of view, the particles then behave like material points (refer 
to Section 1.3.1) but actually are macroscopic entities,!’ bearing kinematic 
(velocity ug, etc.) and thermodynamic (pressure pg, etc.) quantities A, defined 
as in Chapter 2, and moving over time. In particular, the position ry will be 
defined as the centre of inertia of a set of molecules having a fixed mass Maq,'® 
whereas the volume V, and the density pq are linked by the second line in 
(1.254), which we recall here: 


(5.79) 


Since we are dealing with weakly compressible flows, it may be considered 
that each particle is featured by a rather stable specific size or diameter. Thus, it 
may be considered that the particles volumes are very close to a mean value!? 
V,. The mean diameter dr of a particle can then be introduced: 


br = V,/" 


(5.80) 

If the particles lie, upon the initial point in time, at the vertices of a rect- 
angular grid, then dr also stands for the initial interparticular distance, that is 
the grid size. This item is usually chosen first, and the formulas (5.80) and 
(5.79) are used for deriving the volume, then the mass of the particles, which 
in this case is constant for each particle, if the density is constant as well. In 
the case of a flow involving several fluids, the particle masses are constant for 
each fluid. 

The //édr ratio, where h is the smoothing length of the kernel defined in the 
previous section, clearly plays a major part. It is also recommended to give 
that parameter values order unity. We then will provide the following order of 
magnitude: 


h 
— ~ 1.0 to 2.0 (5.81) 
or 


Now that we are back to the Lagrangian formalism of Chapters 1 and 2, 
we may state that every quantity characterizing a given particle only formally 
depends on time (refer to Section 2.2.1). As a particle a moves about, an 
arbitrary quantity2? A, which is assigned to it will be subject over time to 
a variation rate as given by its Lagrangian derivative: 


 dAg (t) 


Aa = 5.82 
a7 (5.82) 


Thus, the velocity of a particle is given by the derivative of the position 
according to the natural equation (1.2): 


eF (5.83) 

Compared with an Eulerian approach, such a concept is advantageous in that 
it does not use any advection term occurring in the definition (3.7), so that it 
is not necessary to pay attention to their discretization, which is all the less 
convenient because they are nonlinear. 

In order to discretize the other operators occurring in the mechanical equa- 
tions, we start from the continuous approximation as described in the preced- 
ing paragraph, then we approximate the integrals through discrete sums. To do 
this, it should be pointed out that the integral of an arbitrary function C can be 
approximated through a Riemann sum: 


[c@.nar~Dew,.nvy 
Qe 


b 


(5.84) 


Here the summation points are the particle positions rp, (playing the part 
of the continuous variable r’ in the integral), whereas the volume Vj, of each 
particule is substituted for the integration volume d"r’. We are now going to 
apply this method to the continuous approximation (5.32), that is putting 


C (r’) =A (r’) Wh (|r — r'|) (5.85) 
We get, for a scalar field: 
(Ale = f A(t.) un (e—r)a"e 
i (5.86) 


~ 0A (tp, 1) wa (lt — Fol) Vb = [Ala (2, 0) 
b 


which defines a discrete interpolation of the field, being denoted as [A]7. The 
discrete sum covers all the particles. If the kernel support is compact, however, 
that sum is reduced to the particles b lying around the selected point r in a 
n—Ssphere of radius h; (refer to Fig. 5.4). Thus, each particle interacts with a 
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Fig. 5.4 Discrete approximation of a field by 
means of a compact support kernel and a col- 
lection of particles. 
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finite number N,, of adjacent particles, which can be estimated at V,,h?/V,, 
V;, = S,/n being the volume of the unit n—sphere. In view of (5.39), (5.41) 
and (5.80), N, can be estimated as 


Qn"/? (Reh\" 
Nn © - n ( i ) (5.87) 
al (3) or 


With those values of Ry as provided in the previous section, and due to 
the order of magnitude (5.81), Nz ranges from 30 to 50, N3 ranges from 80 
to 200. These values are significantly higher than the number of elements 
adjacent to an element in the frame of the mesh methods, which is a weakness 
in the SPH method. An examplary discrete interpolation can be seen in Fig. 7.1 
(Chapter 7). 

We may note that if the kernel is equated to the Dirac distribution, as in the 
beginning of Section 5.2.1 (eqn (5.1)), the formula (5.86) becomes 


[Ala (r,t) © D0 VbA (ty, 1) 5 (Ir — rol) (5.88) 
b 








which is tantamount to considering that the field A is ‘focused’ on the centres 
of inertia of the particles. 

The discrete operator (5.86) may now be applied to the vectors and differ- 
ential operators and yields 


[Ala ©, 1) = D0 VbA (tp, 1) wa (It — Ppl) © AC, 1) 
b 


[grad A], (r,t) = > VpA (Fp, t) Vwn (\r — Fol) © (grad A) (r, £) 
b 


(5.89) 
[Ala (r,t) = D0 VbA (tp, £) wa (It — Ppl) © AC, 1) 
b 


[divA], (r, t) = ~~ VpA (rp, t) - Vwr (lv — rol) © (divA) (r, ft) 
b 
We may note right now that all the above equations are linked: the third 
one is a vector form of the first one, whereas the second and fourth are 
achieved though a termwise derivation of the first and third. This is because 
the discretely interpolated fields are still functions of the continuous variable 
r. For example: 


Wn (It — Fol) 


grad ([A]q) (r,t) = )) Vb (tp, 1) 
b 


= DS VA (tp, 1) Vn (lr — ol) (5.90) 
b 


= [grad A], (r, ft) 
Thus, we have two commutation relations: 
grad [A]z = [grad A], 


(5.91) 
div [A], = [divA]y 


The first of these two relations may be compared with (5.17), in a continuous 
viewpoint. 

It should be pointed out that we are now faced with two approximations: first 
the continuous interpolator considered in Section 5.2.1, second the discrete 
interpolator which we have just introduced. We have seen that the continuous 
interpolation operator [-], as defined by (5.2) approaches a field within an error 
margin of h? (eqns (5.12) and (5.18)). Estimating the error made by the discrete 
operator [-]z is more complicated because it depends on the particle positions. 
When the latter are evenly distributed (for instance in a Cartesian grid), there is 
a precise answer to that problem which we are about to provide. If, conversely, 
the particles lie in positions which can said to be random positions, the discrete 
interpolation operator is similar to a Monte Carlo type statistical evaluation. 
Theoretical means are then available to provide an estimation of the mean error 
being made (for instance, refer to Pope, 2000). The particles, however, usually 
exhibit a more disorderly configuration than a Cartesian grid, but which is 
much more orderly than a random cloud. It then seems that neither of these 
two approaches is quite suitable. Another issue arises, in the frame of the SPH 
method: the particles experience a motion prescribed by discrete deterministic 
equations which will be given in Section 5.3 and which approximates to the 
most possible extent the equations of the real fluids being discussed in Chap- 
ter 3. So, the particle disorder is fully determined by these discrete equations. If 
this disorder can be measured by some quantities, the latter are then weak but 
non-zero and vary over space and time. This creates a significant complication 
in the assessment of the accuracy of the discrete interpolation, which remains 
an open problem (refer, in particular, to Monaghan, 1985b). 

Let us get into the issue of the accuracy of the discrete interpolator in an 
elementary case. Since the configuration assumed by the whole set of particles 
is generally fairly regular, particularly as regards a weakly compressible flow, 
it is advisable to consider in the first place the ideal case in which the particles 
cover an infinite regular Cartesian grid with an arbitrary dimension n. For an 
arbitrary (scalar, vector or tensor) field?! C (r’ ), we define the discrete error 
being made taking on the relation (5.84) as follows: 


EalC O1= SC) Vo - [ C(r) a" (5.92) 
b 


ie 


where the dot in the notation C (-) stands for the spatial variable (continuous 
r’ or discrete rp, variable). Since the grid is regular, all the volumes V;, equal 
V, (eqn (5.80)). Besides, the rj, coordinates are multiples of the spacing dr. A 
fundamental wavenumber can then be defined: 

20 

Ks, = (5.93) 

or 
and the Poisson formula can be applied (refer to Appendix B, eqn (B.54) as 
well as Stein and Weiss, 1971), here being written as: 


1 ~ 

Y > C (mor, ..., mndr) = — > C(ki Kor, -knKor) (5.94) 
or” 

{mj;}eZ" {ki}eZ" 
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21T> make the notations easier to read, we 
will henceforth ignore the explicit time- 
dependence. 
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where C is the space Fourier transform of the function C. The {m;} range over 
all the relative integers in the expression (5.94), and the left-hand side then 
equals the discrete sum of (5.92): 


Vy COS >) COKincs keke) (5.95) 
b {kj}eZ" 


Furthermore, the integral C (r’ ) equals the value of the Fourier transform at 
the origin (refer to eqn (B.2)): 


/ C(r') d"r =C 0) (5.96) 
Qy 
Combining (5.95) and (5.96), the discrete error (5.92) is written as 
EglC (=D) Cr Kory ooo kn Kor) (5.97) 
{ki }€Z"\{0} 


where at least one of the integers {k;} is non-zero. Let us now return to the case 
(5.85), in order to assess the error in the discrete SPH interpolation. To do this, 
we temporarily make a change of origin: 


Eq [A (-) wa (ie — -)] = Ea [A — +) wa 0-1] (5.98) 


(which amounts to performing a translation of the system, without any effect 
onto the error). We also may note that the function C (r’ ) vanishes, like 
wy (|r —¥’|), for |r — | > hy (refer to Section 5.2.1). Since the integration 
takes place over a comparatively small domain, it is probably appropriate to 
expand the first-order Taylor series function A (r’ ) in a manner similar to (5.3): 





aA 1 a7A 
A(r—-)=A(r)— 5 +507 F540 (HF) (5.99) 


where the derivatives are considered at the point r. Inserting (5.99) into (5.98), 
we find 


0A 
Ea lA C) wa (ie — +I] = A @) Ba [wa (D1 — 2: Ba [wa (1D) ©] 6-100) 


107A 
+5 or 
+ Ea[0 (i) wi (-D] 


Since the function rw, (|r|) is odd, its integral is zero (refer to Sec- 
tion 5.2.1). It is all the same with the corresponding discrete sum, because 
of the regular nature of the particle network. We then may state that 
Ea ((-) wn (-|)] = 0, which is substantiated by the relation (5.97), since an 
odd real function features a Fourier transform whose real part is zero (refer 
to Appendix B). Furthermore, the last term in (5.100) is at most of the order of 
h?. As regards the other quantities occurring in that development, we resort to 
equation (5.97) to assess them. In particular, we note the following relation: 


: Ea lwn DO) ® ©) 


cat. a-m,h, 
wa (In|) r @r = ——T ek @ ex (5.101) 





with 
ex = S (5.102) 
‘Ko ar K : 
With the above arguments, we get: 
Egtun(-Dl= >) oh (Kor) 
{kj}EZ"\ {0} 
Ea [wa (1-1) (1 = 0 (5.103) 
aw, 
Edlund DO@Ol=— DQ) sex (Kor) er Be 
{kj}EZ"\ {0} 


We here have used the fact that the kernel Fourier transform is a function of 
the wavenumber norm (Section 5.2.2, eqn (5.76)), and defined 


ke 1 (5.104) 


en = (ky, tees kn) 


1 
k 
where the {k;}, as it should be remembered, are integers not all of which are 
zero. With (5.103), the estimation (5.100) now gives 





Eg(A()wn(r—-DI=A@) >) wy (KK) (5.105) 
{ki}eZ"\ {0} 
1 «OA \ ot — 
ate lie KK sr) 
2 » | (e =e) 7 (Kor 
{k:}eZ"\(0} 7 ae 


+0 (n°) 


Section 5.2.2 explains that iw; is a rapidly decreasing function. According to 
Fig. 5.3, it may be considered that t;, (K =) is negligible (about 0.01) as soon 
as Kt = hK is higher than 10. Thus, only the {k;} such as hk Ks, < 10 can be 
kept in the estimation (5.105), that is with (5.93): 


oe ell 5.106 
~ on h ele) 
(the estimation (5.81) was used). Thus, it is sufficient, as an initial approxima- 
tion, to only keep the {k;} one of which equals 1 whereas all of the others are 
zero, which corresponds to k = 1. Thus, there are n possible choices, which 
ultimately makes it possible to write 
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22We may recall that these numbers are 
defined as the polynomial development coef- 
ficients for the sum of the integral powers of 
the first integers: 


n 


2 y ("2") 
= k 
m+ lim 


x Ban!" + 1k 


Except for B,, the By are zero for odd 
k. The first values in that series are By = 
1, By = 1/2, By = 1/6, Bg = —1/30, Bo = 
1/42, Bg = —1/30, Bip = 5/66. 





Ea [A (-) wa (Ir — -|)] = A) ny (Kor) 


1 0° wh 
—-WA(r 
2 () aK2 


(5.107) 





(Ksr) + O (n°) 


Restricting ourselves to a first-order development, we can simplify that 
formula and ultimately write 


Ea(A@wn(ie—-Dl (4 2h | 2 
a (« =< 10) +0 (1 ) (5.108) 


With the kernels as disclosed in Section 5.2.2, the relative error in the 
discrete interpolation is then in the order of magnitude of a few per cent. We 
may recall, however, that this result is valid for a Cartesian regular arrangement 
of the particles and is subject to an approximation of the order of h?. 

It is noteworthy that the kernel Fourier transform plays a crucial role in 
the error being made, as confirmed by several authors (in particular, refer to 
Monaghan, 2005).We now must make an important remark about the above 
result. The higher //dr, the lower wy, (27h /65r) if the kernel has a decreasing 
Fourier transform (we may recall that such is the case with the Gaussian (5.45) 
and Wendland (5.57) kernels). Moreover, the higher h, the higher the term 
O (h?). Thus, the smoothing length produces two contradictory effects. In 
order to clarify this point, we can accurately calculate the discrete error in the 
one-dimensional case (n = 1). The integration domain Q,, which is centred 
on the point x (playing the part of r in one dimension) is then reduced to the 
segment [x — h;; x + h;]. Still in the particular case in which the particles are 
equidistant, and if no other particle coincides with the ends of the domain, the 
second Euler—MacLaurin formula (refer, e.g. to Abramovitz and Stegun, 1972) 
can be used to write the error (5.92) as 


+00 (1 _ ae) Box ys 


EalC l= 2 ap 


i=l (5.109) 


i eo? (x + hy) — CHD @ ni) | 


(Quinlan et al., 2006). In this equation, the B, stand for the Bernoulli num- 
bers,2? and CC@K-)) designates the (2k — 1)-th-order derivative in the function 
C. Before applying the above formula to the case of the discrete SPH inter- 
polation, that is defining C by (5.85), we already may note that, since the 
kernel derivatives are inversely proportional to h”+?*—! = h? (refer to eqn 
(5.44)), each of the terms in the sum (5.109) is proportional to (6r/ ny, 
and then is of a lower order than the previous one. Furthermore, some of 
the C2@-) (x + h,) terms are obviously zero, because the kernel and its first 
derivatives are zero at the ends of the integration domain. The first non-zero 
term in the sum (5.109) appears when the integer 2k — | is large enough for 
the (2k — 1) —th kernel derivative not to vanish in h;. We denote as B, the 
smallest integer verifying that condition, that is the smallest odd integer such 
that we? w) (h;) # 0. For the Gaussian kernel, the M-order B-splines and the 
Wendland kernel (refer to Section 5.2.2), these integers equal, respectively 


Bc = +00 
bu =M+1 if M even 
(5.110) 
=M if M odd 
Bw =5 


The first non-zero term in the sum (5.109), that is the prevailing term, then 
corresponds to 2k — 1 = By. The quantities C‘’») (x + h,) are then propor- 
tional to we w) (h;), and (5.109) can be approached by? 

(1 _ 2~Pw) Bg,,+1 
(Bw + 1)! 


x [A(x +h,) — A(x —hy)] + O (sr6e+3) 


Eq(A(-) wa (lx — I) = Srbutl yy Fo) (hy (5.111) 


The term between square brackets can still be developed: 
0A 3 
A(x+ hy) — A(e— hy) = 2h + 0 (n°) (5.112) 
x 


Lastly, (5.111) can be simplified using the dimensionless kernel as defined 
by (5.36) and the relation (5.44): 


2(1—27F) Be 41 
(Bw + 1)! 


x (xy eo +0 () +0 (FE) | 
“Ae 


Let us now estimate the error being made when likening the discrete and 
continuous interpolations. We may rearrange (5.92) as 
[Ala (r,t) — [Ale 1) = Ea [AC t) wa (lr — +1] (5.114) 
With (5.12) and (5.113), that yields 


br \ but 
[A]g (r, t) = [A], r,t) + O (7) 


Ea{A(-) wa (x — DI) = awn f %» (1) (5.113) 


h 


= A(r,t) +0 (n?) +0 (Cm 


This confirms that the SPH interpolation is accompanied by an error com- 
prising two terms, so we can find once again the two contradictory effects 
of the smoothing length. The first error, in 7, stems from the continuous 
interpolation and is an increasing function of h, whereas the second error, in 
(6r/h)but!, is a decreasing function of it, which results from the discrete 
interpolator. Thus, contrary to the continuous interpolation as described in 
Section 5.2.1, the discrete approximation is not even accurate at the zeroth 


(5.115) 


5.2. Lagrangian interpolation 327 


23 The Gaussian kernel case clearly cannot be 
assessed as follows, because both its support 
and fg are infinite. 
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4Pope (2000) achieves a qualitatively simi- 
lar outcome for randomly arranged particles. 


25This is one of the least attractive features 
of the SPH methods, as compared with the 
conventional mesh-based methods. 


©The quantities Ap and A, then implicitly 
depend on time f. 


order. This result may be generalized to the case of a collection of arbitrarily 
arranged particles (refer to Quinlan et al., 2006).24 

This phenomenon can be explained as follows: the higher h/ér, the larger 
the number of particles involved in the discrete sum, which tends to reduce 
the statistical inaccuracy of the discrete estimation; on the other hand, the 
higher , the broader the integration domain, which disrupts the estimation 
of the interpolated quantity at the point of interest and causes all the greater 
errors (the bias). It can be inferred from the above that the convergence of 
the discrete interpolation is subject to two conditions,”> namely h should tend 
towards zero whereas h/5r should tend towards infinity. The particle size shall 
then obviously be as small as possible. The expression (5.115) also shows that 
there should be an optimal value of the /dr ratio; that value, however, is not 
universal (it depends of the particle arrangements as well as on the interpolated 
quantity A). 


5.2.4 SPH operators 


Let us now apply the relations (5.89) to the case in which the estimation point 
r coincides with the position of a particle a. With respect to the continuous 
interpolation of Section 5.2.1, that amounts to an integration over the volume 
Qa encompassing all the points interacting with particle a (Fig. 5.4). We get, 
by means of the usual notation?® A, = A (rp, t): 


[Ala fa, t) = >) VoApwn (rab) 
b 


[grad Aly (Fa, t) = )) VoAoVawn (ran) 
b 


[Ala (Pa, t) = D> VoApwn (rab) 
b 


[divA]a (ta, t) = D> VbAy - Vawn (av) 
b 


(5.116) 


where we have noted rg, = |rap| with rap = Yq — Fp (as in Chapter 1, Sec- 
tion 1.3.2), and 


0 
VaWn (Tab) = at Cat) 
a 


dwn av) (5.117) 
orp 
= —Vpwnh (Tab) 


The second line in the above calculation is based on the kernel symmetry 
property (5.8). Noting egy = Yap/rab, aS in Chapter 1 (Section 1.3.3), the 
relation (5.33) also shows that 


VaWn (Tab) = Wh, (Tab) Cab (5.118) 


Through (5.116), we have defined linear operators transforming a discrete 
field {Aq} into another discrete field {[A]g (Ta, t)}, etc. The discrete operators 
approximating”’ the identity operator will be denoted as J (for the scalar 
fields) and J (for the vector fields), whereas we will denote as G and D 
the discrete operators approaching the continuous operators grad and div 
respectively, which, using (5.118), will yield:7® 


J {Aa} =} > VoAnwan } © {Aa} 
b 


G {Aa} =} > VoAnwi pean ¢ © {(grad A),} 


b 
(5.119) 


J{Aa} = } >> VoAowan f © {Aa} 
b 


D {Aa} = } >> Von: why@ab ¢ © {(divA)a} 
b 


The braces {-} in these relations, as in Chapters | and 2, symbolize a discrete 
set of values the discrete subscript of which is the free label a (it is appropriate 
to ensure that the free label be identical on both sides when handling such an 
equality). We have also introduced the notations”? 


Wab = Wh (Tab) = Wba 


(5.120) 


Wab = Wh (Tab) = Wha 


(the symmetry relations stem from the hypothesis (5.7) and are consistent with 
(5.117) and (5.118)). We, of course, get from them: 


(5.121) 


’ ! 
Waplab = —Wphqeba 


which is equivalent to (5.8). In view of (5.36) and (5.42), the definitions (5.120) 
could be rearranged as 


Awn 
hn 


a 
4 f’ (dab) 





Wab = f (av) 


(5.122) 


a 
Wap = 





with gap = Tap/h. For the sake of the simplicity of notations, we will quite 
often use the values of the discrete fields J {A,}, and so on at the point being 
occupied by a given particle a.°° We then will note 


Ja {Ab} = >> Vo Awan 
b 


Ga {Ap} = > Vp Aw) pad 
b 


(5.123) 
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270ne may notice that it is an actual approx- 
imation, J {Aq} usually not being equal to 
{Aq}, as explained in the preceding section. 
The estimation of a function at the point 
being occupied by a particle by the discrete 
SPH operator is then not equal to the value of 
that function at that point. 


28 As pointed out in Section 5.2.1, this is 
still possible for the higher-ordered tensors 
or operators. Examples will be provided a bit 
later on. 


2°The remark made in Chapter 1 about 
the ambiguity of some notations has to be 
repeated here: whereas Ag, stands for the 
difference Ag — Ap, Wap does not happen to 
be the difference between two terms. 


30We will sometimes talk about ‘the opera- 
tor Gq’, although it is misleading. More pre- 
cisely, it is the value of the field resulting 
from the application of the operator G to the 
field {Ap}, a value corresponding to the par- 
ticle a. 
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Ja {Av} = > VbApwar 
b 


Da {Ao} = >> VoAp - wh ,eab 
b 


which amounts to defining J; {Ap} = [Al]g (fa, t), and so on. 

Formulas (5.123) are not the only ones which make it possible to approx- 
imate either the gradient or the divergence of a field through the procedure 
being introduced. To be convinced of it, let us have a look, for instance, at 
the following identities, which are valid for every real k (refer to Appendix A, 
particularly eqn (A.65)): 


- A A 
grad A = p*grad | + pe erad (0') 
i; a (5.124) 
ck ah oy 2. k 
divA = ~ a + ak grad (p ) 


Let us now rearrange these two expressions at the point being occupied by 
the particle a, approximating the continuous operators in the right-hand sides 
of (5.124) by means of the just defined discrete operators G and D. We get 


(grad A), © piG, (4) } + 1G, {(o*), f 


(divA), © pk Da {(=),| + x Ga {(o*), | 


3lWe could have made this work earlier, (Monaghan, 1992). Using the definitions (5.123) and taking advantage?! of the 
using the continuous operators (5.32). relation (5.79), we soon find other discrete approximations of the continuous 
operators: 


(5.125) 


tae + pe Ag 


2 
; p 
Gi {Ap} = y Vp (amy w! peab © (grad A), 
b ‘aPb 


(5.126) 
KA + pokAy 


2 
: Py F . 

D* {A,} = Y°V, - Ww peab © (divA) 
: dX (Pa pv) oe ‘ 


These relations define two infinite sets of ‘gradient’ and ‘divergence’ dis- 
crete operators, which are denoted as Gé and D*. For k = 0, for example, 
we get 


GP {Av} = > Vp (Aa + Ad) wiyeab 
b 


(5.127) 
Di {Ab} = >| Vo (Aa + Ab) - wapeab 
b 


and for k = 1: 


A Ap 
G, {Ap} = Pa ) Mp $ e 2 w,€ab 
b Pa p 


b 
(5.128) 
A Ap 
D} {Ap} = Pa Yimp — + =o) 2 w) p€ab 
D Pa Pb 
We can proceed differently by writing a variant of (5.124): 
1 A 
grad A = — grad (pA) — grad (o*) 
. : (5.129) 


1 A : 
divA = —div (p*A) — — - grad (*) 
p p 
Following the same procedure, we then can find another series of operators: 
~k 1 
Gy (Ab) = Se Y> Vb (pare) Aabw year © (grad A), (5.130) 
ab 


& 1 : 
Di {As} + — a Y= Vb (rab) Mab * Wex@ab © (divA)a 


a ob 
with, as in Chapter 1 and 2, Agpy = Ag — Ap and Agy = Ag — Ap. For k = 0, 
that yields 


~0 
G, {Ap} = — x Vp AabW,p€ab 
b 


; (5.131) 
pe {Ap} = — > VpAap - W7p€ab 
b 
and for k = 1: 
sai 1 
G, {Ap} = —— So mpAawhy€ab 
Pa b 
(5.132) 


~ 1 
Dj {Ao} = ~ > mpAab * Wip€ab 
a 
b 


Two remarks are immediately to be made about these proposed forms of 
discrete operators: on the one hand, all of them consist of linear operators. 
Moreover, when we apply them to a constant field, the forms (5.130) provide 
discrete gradients and divergences which are strictly zero, as expected (since, 
in this case, Agy = 0). Through linearity, this property is reduced to the fol- 
lowing formulas: 


~k 
G, {jj =0 
. (5.133) 
D* {1} =0 
The forms (5.123) and (5.126), on the other hand, do not have this elemen- 
tary property. It is also vital to remember that the basic discrete interpolation 
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corresponding to the first line in (5.123) does a priori not verify J, {1} = 1, in 
accordance with the calculations in Section 5.2.3. Among the anti-properties 
of the discrete operators, we then will mention the following: 


Ja {lj #1 
G, {1} £0 
G‘ {1} 40 (5.134) 
D, {1} £0 
Di {1} #0 


We will deal again with these ideas in Section 5.2.5, and try to remedy them. 

As previously explained, these arguments can be readily applied to the 
higher-ordered tensors or operators. Thus, for example, we may write approx- 
imations of the gradient tensor of a vector A and of the divergence vector of 
a second-order tensor in the following forms, which are analogous to (5.127) 
and (5.131), respectively: 


GP {Av} = 9° Vp (Aa + Ap) @ wi,€a © (grad A), 
b 


(5.135) 
DY {Av} = >> Vb (Aa + An) wi,y@ab © (div A), 
b 


and 
~0 
G, {Ap} = — > VoAav ® wean © (grad A), 
b 


‘ (5.136) 
D, {Ao} = — )) VpAapwhyear © (div A), 
b 

Making a choice among the proposed formulas (5.127), (5.128), (5.131) and 
(5.132) (and other possible ones) is not inconsequential, as explained in the 
following. Each of these operators has, indeed (unlike the original formulas 
(5.119)), conspicuous properties of symmetry and antisymmetry with respect 
to the a and b subscripts; using one instead of the other is therefore suitable 
depending on the circumstances. More precisely, pursuant to the law (5.121) 


the G* and Dé operators are antisymmetric, whereas Gr and Dt are sym- 
metric. That means that those terms occurring under the summation symbols 
consist of symmetric or antisymmetric expressions with respect to the a and b 
subscripts. 

The series of operators which we have used can be expanded to infinity. 
Starting from the relation (A.65) in Appendix A, for instance, we can set up 
the following approximation: 


(BdivA), = [div (BA) — A- grad B], 
~ Da {(BA),} — Aa: Ga {By} 


/ 
== > Vp BpAab + Wyp@ab 
b 


(5.137) 


To complete this section, we are going to disclose a crucial property of some 
of the just introduced operators. We may initially observe that such kinds of 
sets as {Ap} and {Ap} are two finite-dimensional vector spaces (the dimension 
is equal to Ny, namely the number of particles being involved), on which we 
can construct two vector products and their relevant norms, in line with the 
continuous formalism (3.194) and using the discrete integration?” (5.84): 


({Ap}, (By}) = D0 VaAa Ba I{As}II? = > Va [Aal? 


(5.138) 
({Ap}.{Bb) => VaAaBa — (AdHII? = J Va? 


We are now trying to estimate the scalar product of the discrete fields G‘ {Ap} 
and {B,}, for two arbitrary quantities A and B. To that purpose, we will perform 
an exchange of the dummy subscripts a and b in the following expression: 


2k 2k 
Pp Aa + pg" Ap , 
(Gk (Ap), (Ba}) =) mpng 2 EB, - wh ean 
; a (Pa pp)\*! : 
Pp Aa + Pat Ab 


oan By - wi y€ap (5.139) 
a Pb 


=— ) Mqm 
a,b 


1 ppk Aa + pak Ay 
7 > Mam FH 
(Pa Pb) 





’ 
Bab - Wapab 


(the last line is the average of the preceding two lines). Following the same 
procedure, we may write 


({Aa} _ DE (B)}) = — Loma be Bay + wl pear 


a,b 


= Dm 
a,b 


which is identical to (5.139), but with a minus sign. Combining these two 
relations, we then get 


(4c), Bf {By}) = —(G4 {Ap}, (Bal) (5.141) 


(5.140) 


2k 2k 
Py Aa t+ Pg Ab ' 
Bap - wap €ab 


(nay 


This equation means that the —G* and Dé operators are adjoint, just like 
the —grad and div continuous operators (eqn (3.198)) or the interpolated 


operators (eqn (5.30)). It could likewise be shown that —G and Dé mutually 
verify the same property. Thus, the discrete operators are skew-adjoint, like 
the continuous ones (see the end of Section 5.2.1). These results are vital for 
the consistency of the SPH method, as explained on several occasions in the 
following. 

The gradient of the kernel gradient will advantageously be calculated before 
carrying on; it is the gradient of the w/e» quantity with respect to the 
coordinates of one of the two particles, that is the second-order tensor as 
defined by Wa, = Vp (w!, pean) We immediately note that 
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321t can be pointed out that the following 
notation slightly differs from that in Sec- 
tion 1.4.2, the volumes Vy now appearing 
whereas they are absent in eqn (1.97). 
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dea 9 (Fab 
orp orp ‘ab 

1 Yap 1 Orab 
orp 








= & Yab (5.142) 
Tab OYp 


2 
"ab 
1 
= — (€gp ® Cap — In) 

Tab 


Then, introducing the second derivative wh of the wy, function, and writing 


wi, = Wy, (rab), we get 


’ 
IWap ow Tab 


orp ab orp 








(5.143) 


= —Waplab 
Combining (5.142) and (5.143), we ultimately find: 


dw’ ne b 
‘ pta 
Wap = ao 
orp 
/ 
W 
ab / 
= ® Cab + WwW 
orp ab 
/ 


’ 
Ww Ww 
ab ” ab 
- ( = wh) Cab & Cab — I, 
Tab ‘ab 


d€ab 
orp 








(5.144) 





dw’, Cab 

b a 

— Woa = —_ 
Org 


These relations will be useful in Sections 5.4.4 and 6.3.1. 


5.2.5 Renormalization 


We now will put forward a few guidelines to enhance the SPH interpolation 
operators. For further details about this topic, please refer, for instance, to 
Bonet and Lok (1999), Vila (1999), Belytschko and Xiao (2002), as well as 
Randles and Libersky (1996) and Oger et al. (2007). In order to outline the 
objective of what will be said, we may recall that the continuous interpolation 
introduced in Section 5.2.1 was analyzed in the case where the interpolation 
point lies sufficiently far off the edges of the domain to prevent the integration 
support from crossing the boundary (free surface or solid wall). Otherwise, 
that is if the particle being considered lies near a wall or a free surface, the 
condition (5.5) is not achieved, and so the estimation (5.12) can be altered as 
follows: 


[A], (r,t) = A(t, 1) i wp ae’ + 0 (1) (5.145) 
Qy 


The estimation is then only close to the interpolated function provided that 
a continuous interpolation operator is defined as different from (5.2), being 
noted [A]! and defined by 


A(r, t) © [A]é (r,t) = Lee) (5.146) 
y (x) 


with 


y (r) = [1]e r,t) = wy (|r —x'|) d"r’ (5.147) 
Qr 
Far off the boundary of the domain, y (r) = | (eqn (5.5)) and the conven- 
tional interpolation (5.2), that is [A]. = [A]x is found again, whereas y (r) 
is lower than 1 near the boundary. We may note that the definition (5.146) is 
formally identical to the original interpolation (5.2), provided that the kernel is 
corrected by 


. nv. wWa([r—r 
ce ae 


It can be seen that the drawback of this formalism is that the corrected kernel 
Wh is no longer a mere function of the norm |r —r’|, and is not even any longer 
a function of r—r’. As a result, most of the estimations of order of accuracy 
announced in Section 5.2.1 prove deficient. 

The discrete interpolation can be altered in the same way. By analogy with 
(5.146), the altered discrete interpolator J? is defined by: 


> wh (r—-r) (5.148) 





A (Gast) © Jd {Ap} = 142) (5.149) 
‘a 
with 
Ya = Ja {1} =) Vowan (5.150) 
b 
which obeys the following approximation: 
Ya © i wn (\fa —¥'|) d"x’ = y (ra) (5.151) 


(Shepard, 1968). We may note that y, is close to 1 for the particles within the 
domain, but there is no reason for it to equal 1, because of the inequality of the 
first line of (5.134), that is Jy {1} 4 1. Equation (5.149) supersedes the first 
line of (5.123). This new operator is advantageous, since it satisfies 


1 
Jd {1} = — D Vewan (5.152) 
Ya “> 


= 1 


Through linearity, this property holds true for every constant function. The 
operator J’ is then more consistent than J,, providing for the consistency of 
the zero-order discrete interpolation. The new discrete interpolators amount to 
modifying the kernel as follows: 

w 





Wab = 


ae eh ty (5.153) 
Ya 


As in the case of the continuous interpolation, the symmetry properties as 
set out in Section 5.2.4 (eqns (5.120)) are lost. A vectorial operator J, can, of 
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33 Just as Ya does not exactly equal 1 for 
the internal particles, y/, is not strictly zero, 
because Gg {1} 4 0 (refer to Section 5.2.3, 
eqn 5.135). It is definitely non-zero for the 
particles lying near the boundary. 


34The é operators as defined by (5.130) 
satisfy that property. The developments in the 
following section will show, however, that 
the GX operators are more suitable than them 
for providing the physical consistency of the 
SPH method. 


course, be defined along the same lines, this vector being a corrected form of 
the operator as given by the third line in (5.123). 

Through a similar procedure, it may be required that the corrected operator 
be more efficient, for example that it allows the accurate interpolation of a 
polynomial of a given order. For further details in that respect, refer to Bonet 
and Lok (1999) for a first-order consistency, to Liu et al. (1996) for an arbitrary 
order. 

Gradient operators can be defined from (5.149). It should be pointed out that 
the derivative of y, with respect to rg is written as 


1. 9Ya 
“Ora 


= 0 Vow) pea (5.154) 
b 





= Ga {1} 


where G, is the standard discrete gradient operator as defined in the second 
line of (5.123). The approximation (5.151) of y, makes it possible to provide 
a continuous approximation*? of y,,: this vector is simply tantamount to the 
kernel integral over the part of the wall being encompassed within the influence 
domain (2, of the particle a, that is Hyg = Qa N AQ (refer to Fig. 5.4, which 
shall be compared with Fig. 5.1): 


y', & [ wh (|r — ral) n(r’) d"“'T (r’) (5.155) 


(n here denotes the inward, locally wall-normal unit vector). Deriving (5.149) 
termwise, we can now define a corrected gradient operator, being denoted 
as G): 


ad {Ap} 
Org 


1 1 
= — > Vp Apw,p€ab -— a > Vi AcWac Y., 
Yas Ya i 


1 Jqg{A 
= —)°Vv, [As - al | igen 
Ya "> Y. 


G2 {Ap} = 


(5.156) 





a 


1 
= — (Gq {Ap} — Jd {Ap} Ga {1}) 


Ya 


which corrects the second line in (5.123). Applying this operator to the con- 
stant function equal to one, using (5.152), we find 


1 
Gi {1} = — (Ga {1} — Jd {1} Ga {1}) 
Ya (5.157) 
=0 
The G) operator then does not have the main defect of G,, as given by 
the second line in (5.134).34 This is known as a renormalized operator. This 


procedure could obviously be successfully invoked for correcting the diver- 
gence operator. We could define, indeed, 





Dj {Av} = e J {Ap} 
Org 
~— (Da {Ap} — Ji {Av} Da {1}) (5.158) 
Di {1} =0 


The calculation (5.125) could advantageously be used for writing other 
forms of corrected gradients, for example: 


Gi (Ay) = (Gh(An)— A (Ad GE) ——G.159) 


verifying, of course, the same property (Gy* {1} = 0). On the same basis, 
divergence operators De correcting the formulas (5.130) could be con- 
structed. Just because of the presence of the 1/y, factor, however, they are 
deprived of every property of symmetry with respect to the particle labels, 
unlike (5.126). Furthermore, the renormalized operators Be ** and Gr are 
not skew-adjoint, contrary to Dk and Gé (refer to the end of Section 5.2.4). 
This circumstance does not favour them, as will be explained in Section 5.3.3. 
A more suitable variant will be introduced in Section 6.3.2. 

Let us now turn to the SPH interpolation consistency from a different point 
of view. The above arguments are based on the observation that the elementary 
interpolation is not even exact at the zeroth order when it is applied to the 
constant functions, which becomes clear, in particular, in (5.154), where it can 
be seen that the discrete gradient of a constant is not identically zero. As a 
consequence, without the kernel correction which we have just set out, the 
discrete estimation of the constants depends on the positions of particles, that 
is it is not translationally invariant. It is, of course, a challenge in terms of the 
mechanical invariance properties mentioned in Chapter | and satisfied by the 
continuous equations of Chapter 3. We will attempt to get a better insight into 
these properties in terms of the continuous and discrete interpolations (in the 
light of Vignjevic et al., 2006). By analogy with Section 1.4.3, the continuous 
interpolation shall preserve, indeed, by translation, the constant functions, that 
is by linearity, the unit function: 


[1]. +e, t) = [1] @, 2) (5.160) 


for every vector €. Coming back to the definition (5.2) of the [-]. operator, that 
yields 


[ wr (rte —r'|)d"r = if wh (|r — r'|) d"r’ (5.161) 
Or Qe 


Through a first-order Taylor series expansion in € (as in eqn (1.130))*>, we 
get: 


Ve, | f Vuyp (Fr) a’| -€=0 (5.162) 
26 
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35.As stated in Chapter 1, the translational 
invariance through an infinitesimal vector 
immediately yields the invariance through 
arbitrary translations, using additivity. 
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hence 
i Vwnp (Fr) d"r = 0 (5.163) 
Qo 


This equation is identical to the first condition in (5.20), as verified by 
the kernel for the inner points of the domain (the kernel correction proce- 
dure (5.146) would allow us to extend that property to any point). Let us 
now look at the discrete interpolation operator in that respect. The condition 
[1g r,t) = [1]Jg + €, £) is written as 


Y= Vown (Ir + € — rol) = > Vown (lr — rol) (5.164) 
b b 


Through a first-order expansion in €, we get the discrete counterpart of 
(5.163): 


So VoVun (jr — rp|) = 0 (5.165) 
b 


Applying that condition to r = rg, we get 


G, {j= > Viw! ,eap = 0 (5.166) 
b 


Now, we have just said that this condition is a priori not satisfied 
(y), =G, {lI} # 0). Thus, the discrete interpolation is not translationally 
invariant, but the renormalized kernel (5.153) solves that problem through the 
relation (5.157). 

Let us now examine the rotational invariance. By analogy with (1.140), we 
wish we would find the property 


[Ik (@r+exr,t)=[k (rt) (5.167) 


that is 
[ wn (rte xr—r'|)d"r = [ wh (|r —r'|) d"r’ (5.168) 
Qr Qy 


After a first-order expansion and a rearrangement of the terms, we get the 
condition 


rx [ Vwy» (Ff) d"r = 0 (5.169) 
20 


which is satisfied owing to (5.163) for the inner points. Applying the 
same condition to the discrete case is just as simple; thus, the equality 
[(Wa@+exr,t) = [1] (r, 1) yields 


rx So VeVun (jr —r,|) = 0 (5.170) 
b 


which is a priori not better satisfied than (5.166), except with the renormalized 
kernel. The above calculations demonstrate that using a corrected kernel (i.e. 
renormalized operators) provides natural properties of spatial invariance upon 
the discrete interpolation. These operators then have physical instead of merely 
numerical virtues. We will come back to this matter in Section 6.3.2. 


Lastly, let us turn to another natural condition which is linked to the notion 
of rotation, namely the nullity of strain for a rigid motion (refer to Chapter 1, 
Section 1.5.1). 

As we have known from the beginning of Chapter 3, this condition can be 
reduced to the second line of the system (3.33) in Chapter 2, for a rigid velocity 
field, as given by equation (1.191) in Chapter 1. We would be pleased if 
this relation was accurately satisfied for the interpolated velocity fields, which 
yields, with the continuous interpolator: 


[grad (V+ Q xr,1t)]. =@ (5.171) 


where the tensor @ is defined by (3.30). The constant term V does not affect 
the preceding relation, owing to the property (5.163). By means of the first 
relation in (3.33), we ultimately come to the reduced expression 


of r @ Vup(|\r—r'|)d"r =o (5.172) 
2x 


Deleting in that equality the tensor #, whose components may be arbitrarily 
chosen, then combining with (5.163), we get the following condition: 


/ Vwn (r) ® r d"r — —I, (5.173) 


Qo 
This relation is satisfied for the points within the domain (second line 
in eqn (5.20)). Within the context of discrete interpolation, there is no 
need for an expansion of the (identical) steps showing that the identity 
[grad], (V+ Q x r, t) = 0 is reduced to 


ys Vb¥ab ® Ww) pab =—I, (5.174) 
b 
that is 


Ga {rp} = I, (5.175) 


Due to the nullity of the strain under pure rotation, the discrete gradient 
operator should then be accurate for the linear functions, and not merely for 
the constant functions. Taking (5.166) into account, the condition (5.175) may 
also be written as 


G, {A+ Br,} = BI, (5.176) 
We then should go beyond the correction (5.156), which a priori does not 


satisfy this new condition. If, however, we decide to start from the operator 


~0 ~0 

G,,, which at least is advantageous in that it satisfies G, {1} = 0 (translational 
invariance), we may contemplate correcting it by multiplying, in the formulas 
(5.131) and (5.136), the kernel gradient times a renormalization matrix Ra: 


~ R,O 
G, {Ap} = — a Vp AabW,,pRa€ab 
b 


ni (5.177) 
G, {Ap} =- > VpAab ® (w/,,Rae€av) 
b 
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(where the superscript ® refers to renormalized operators). The condition 


(5.175) applied to the renormalized operator (i.e. ge {rp} = I.) then yields 


= 
R, = — > Vbrab ® (ras) 
b 


~O -l 
= [6, 0) 
This algorithm implies the calculation of the inverse of an x n matrix for 
each particle. This technique may also be tailored to the corrected kernel 


(5.153) (refer, for instance, to Bonet and Lok, 1999). Moreover, it could be 
generalized to the case of all the operators (5.130), which would provide 


(5.178) 


: ‘ ~ Rk ‘ 
renormalized gradients G, . Along the lines of (5.177), we also can construct 
renormalized discrete divergence operators pe * and ps ** that would be the 


skew-adjoints of the ra operators (Vila, 1999). For k = 0, a calculation 
analogous to (5.138) and (5.139) will give, for example 


~ R,0 
(G, {Ap}, {Ba} } —Pa >» Va Vp Aabw,,B) Ra€ab (5.179) 


a,b 


1 
= — 5 Pa a Vi Vp Aab (BER, + BR) ww ,€ab 
a,b 


_ » VaVpAa (B;R, a B;R») Ww. p€ab 
a,b 


=~ ({Aa}, DE° {B,}) 
with 


DP (B,} = ¥_ Vp (BPR, eo BIR)) wh yea (5.180) 
b 
to be compared with (5.127). 

As we have seen, there are two kinds of renormalization in SPH. The first 
consists in correcting the kernel near the boundaries, in order to improve the 
discrete interpolation in the vicinity of them (operators like G? a The second 
consists in modifying the kernel gradient in order to get first-order interpolation 
consistency, and hence no velocity gradients for a rigid body motion (operators 


like 6"), 


5.3 Discrete forms of the fluid equations 


We now address the question of writing the fluid dynamic equations in SPH 
language. From the considerations of the previous section, we derive sev- 
eral forms of the discrete continuity, momentum and energy equations for 
non-viscous, weakly compressible flows. We then show how the discrete 
momentum equations can be derived from a least action principle, using the 
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skew-adjointness properties of the discrete operators. We eventually review 
the laws of discrete conservation in the SPH framework. 


5.3.1 Discrete continuity equation 


We are now going to utilize items from the previous sections to set up discrete 
forms of the Euler equations (3.129). To do this, we will implement the nearly 
incompressible formalism of Chapter 3 (Sections 3.4.2 and 3.4.3). Chapters 
1 and 2 already gave a first insight into such discrete forms in the equation 
of motion as (1.240). For several reasons, however, the mere data from these 
two chapters are not sufficient for numerically solving these equations. In 
particular, Section 1.5.4 has highlighted the difficulty of modelling the depen- 
dence of the densities with respect to the positions. The next sections aim at 
clarifying the gaps by means of SPH formalism, trying to remain consistent, 
on the one hand, with those properties regarding the mechanics of the material 
point (especially the conservation laws), on the other hand with the continuous 
equations given in Chapter 3. 

From the discrete differentiation method established in the previous para- 
graph, we can formulate the continuity equation (3.43) of a compressible or 
nearly incompressible fluid. We may recall that this equation is written as 

dp 
a= pdivu (5.181) 

Using the approximation (5.127) (D° operator) for the right-hand side, 

we get 


d, 
Va, 8 = —pq Y~ Vp (Wa + Up) - w),€ab (5.182) 
b 





dt 


One of the main properties of the SPH approach consists in inherently 
conserving the mass, if the particle masses are chosen to be constant, as we 
have.*© Moreover, working in a compressible formalism means that the volume 
of each particle is a priori not conserved. Let us turn to the volume variation of 
a particle a, starting from the continuous equation (3.19) and the model (5.182) 
chosen for discretizing divu: 


dV aq 
dt 





= V, (divu), 


(5.183) 
= > Va Vp (Ug + Up) - Wapab 
b 


This equation shows that the contribution of a particle b to that variation is 
written as 


QV,ba = VaVp (Ua + Up) - W),€ab (5.184) 


We have called this quantity gy,pq because it represents a volume flux 
directed from b towards a, that is the volume transferred from b to a per unit 
time. Now, because of the kernel gradient antisymmetry (5.8) (or (5.121)), we 


36 Some authors, however, prefer working 
with non-constant masses (see e.g. Vila, 
1999). 
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find that the volume flux (5.121) is antisymmetric (¢v,ap = —Qv,ba), Which 
means that the whole volume of matter transferred from b to a is gained by 
a; in other words, the whole volume of the continuous medium is conserved. 
Now, in this case, this interesting result is not physical since we are working in 
the context of a compressible fluid. With the above model, though the velocity 
field divergence in (5.183) is not necessarily zero, that is though the volume is 
not conserved locally, conversely it is conserved globally, which is at odds with 
the reality. The above discussion shows that we must adopt another form for 
the continuity equation, thus another operator for discretizing divu. If we use 
the formula (5.132) (Dp) operator) for modelling the velocity field divergence 
in (5.181), then we get 


d 
Va, = 7 Dimon wl yea (5.185) 





The volume flux is henceforth given by 


2 


1 
WV .ba = — Tz Ma bab « Wi p@ab (5.186) 
a 


It no longer obeys any symmetry or antisymmetry condition, because of the 
term in 2, so that the volume is no longer conserved. That discretization of 
the continuity equation is then a priori better than (5.182). Let us now consider 
a particle b moving towards a at a velocity up having a higher norm than that 
of uy, these two velocities being aligned (refer to Fig. 5.5 (a)). We then have 


(a) 4, () Fist 7 
a ViWab a 
u 
, ViWan 
Tap 
b Fusp oe" ce b 
re 
(c) (a) 





Fig. 5.5 A few illustrations of the processes in the SPH method: (a) two particles moving in the same direction; (b) conservation of linear 
momentum and angular momentum, based on forces collinear to the radius vector connecting two particles; (c) several particles attempting to 
converge onto one point; (d) two possible models of the viscous forces. 
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Uagb * Cab > 0; now, physical intuition here leads us to contemplate a volume 
flux being directed from b towards a, that is gy,bq > 0. The derivative wi, b 
then has to be negative, which, according to (5.122), leads to the general rule 


w, (7) <0 (5.187) 
that is if we return to the dimensionless kernel as defined by (5.36): 
f'(q) <0 (5.188) 


Thus, we get a further condition which the kernel should verify, namely its 
decrease versus distance. In the case where |u,| < |Ug|, (5.186) results in a 
negative volume flux qgy.5a. that is a positive flux from a towards b (gy ap), 
true to intuition. Moreover, the form (5.184) provides a volume flux which is 
directed from a towards b irrespective of the sign of Ugs - ap (if b is moving 
towards a). This result, which is not physical, substantiates our choice. 

We then must drop (5.182) and adopt the form (5.185) of the discrete 
continuity equation. This equation is the first equation in the ‘standard’ SPH 
model. It is used for globally assessing all the densities {o,} at each time 
step, knowing their positions {r,} and velocities {u,}, by means of numerical 
schemes which will explicitly be disclosed later on (Section 5.4). 

In the light of the above, we can see that choosing an SPH form for a given 
differential operator is not insignificant; we will realize it on several occa- 
sions. The considerations about the interparticular fluxes will be of the utmost 
importance in the following, because all of the other discretized equations 
will exhibit analogous symmetry or antisymmetry properties, resulting (when 
they are suitably chosen) in accurate and physical conservation laws. We have 
just explained that a Dk type symmetric operator is required for discretizing 
the continuity equation, though our option (5.185) is not exclusive: any of 
the general formulations (5.130) would be possible instead of (5.132), which 
would yield 





do 1 - 
Va, —* = > D0 Vb (papb)* Wap - Wi,yab (5.189) 
dt pS 
that is with k = 0: 
dp 
Va, ae = a 2 VpUan + wl ,€ab (5.190) 


This equation may well be substituted for (5.185), which corresponds to 
k=1. 

The presently introduced method is not the only one for calculating the par- 
ticle density. This is because we may simply return to the discrete interpolation 
of an arbitrary quantity (5.123) and apply it to the density raised to some power 
(A = p*), which yields, with (5.79): 


pk ~ Ja {ok | = )> Vook wan (5.191) 
b 
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37Tn that regard, refer to Section 5.4. 


Dividing by pe , we get a possible estimation of the density as 
ma 
Va, pa= mp (2) Wab (5.192) 
b Pa 


With k = 1, we get, for example: 


Va, pa =) mpwap (5.193) 
b 


This approach then consists of calculating the densities {,} knowing all the 
positions {rq}, that is the quantities wap = Wp (rap). It offers the advantage of 
not requiring any numerical resolution, unlike (5.185). However, it gives rise to 
stability problems, particularly as regards the free surfaces (Monaghan, 1994). 
Vila (1999), conversely, finds advantages in (5.193). It is noteworthy that these 
two approaches are consistent with each other, in some respects. To be sure, 
one only needs to derive (5.192) with respect to time and get, with (5.79): 





dpa pv \« dwap 
Va, —= Vp | — 5.194 
a, Gee No) (5.194) 


Afterwards, the derivative of wap = Why (rap) With respect to time is written 
using (5.117), (5.118) and (5.121) and yields: 


dwn (Yap) _ OWab . d¥q ab dWab . dYp 
dt Or, dt orp dt (5.195) 





= Wh (Tab) Cab * Wad 


Combining the latter two equations, we encounter again (5.189). It should 
be pointed out that the presently demonstrated compatability between these 
two approaches is based on an integration of the position over time in (5.195). 
Now, from a numerical point of view, the integration over time is inevitably 
approximate,?’ which accounts for the different behaviours of the two formu- 
lations. 

It is interesting to address the discrete continuity equation through its rela- 
tionship with the continuous continuity equation in its integral form (3.41), 
temporarily returning to the continuous interpolation (5.2) as discussed in 
Section 5.2.1. To that purpose, let us consider the interpolation [A], (r, t) of 
a field A = eB, and let us write its Lagrangian derivative using the property 
(3.50) of Chapter 3: 


d{A].(r,t) _ d 


dt — 5 fee) Be) Wh (|r — r’|) dy’ 
=|, oe) cee ESE) 


dt 


(5.196) 
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The case A =p corresponds to B=1. The Lagrangian derivative of 
wh (|r — 2’) is calculated as in (5.195) to yield 


d[p]. (, t) = / dWp (=|) ny! 
ate wt) [ee at (5.197) 


= [ p(r’) Vwn (lr —¥'|) - [ue —u(r’)] ar’ 


For the time being, this calculation is perfectly exact. Considering the loca- 
tion rq of a particle instead of r, and using the discrete approximation (5.86) 
to approximate the integral, we have 


d [pe], a, t) 


TT Doan + Von (rab) (5.198) 


b 


which is identical to (5.185), provided that [eo], (fq, t) is made identical to 
Pa (t). Through that procedure, we find that the discrete continuity equation 
may be likened to a balance equation, those terms occurring under the discrete 
sum of the right-hand sides being possibly treated as discrete fluxes, as earlier 
explained. The same is true of all the equations to be provided in the following, 
which gives the SPH method some physical consistency (developments of this 
principle can be found in Vila, 1999, in the form of weak formulations for 
SPH). 

This methodology can be matched to the nearly incompressible or compress- 
ible flow. The strictly incompressible flows will be dealt with in Section 6.2.5. 


5.3.2 Discrete Euler equation 


For treating the equation of motion according to the SPH formalism, some 
authors suggest, particularly within the context of elasticity, to go back to the 
generic equation of motion of the continua, that is the Cauchy equation (3.71), 
modelling the divergence term of the stress tensor by means of the Dé operator 
(eqn (5.126) extended to the second-order tensors as in (5.135)), which simply 
yields: 


Va, 





du Ogee pe 
a ee wi pad + (5.199) 
: b 


d (Pa ae 


The stress tensor oq attached to each particle is then modelled using the 
behaviour law of the medium being considered (refer to that notion in Chapter 
3, particularly Section 3.4.1). This approach is advantageous because it is 
simple, but has demonstrated weaknesses, especially in terms of numerical 
stability. As regards fluid mechanics, since the knowledge of the behaviour 
law enables us to come to specific equations of motion, we prefer to directly 
discretize the latter. 

In order to address all the possible forms of the discretized Euler or Navier— 
Stokes equations of motion, we will first consider a non-dissipative force 
context (the viscous forces will be discussed in Section 6.2.2). The Euler 
equation of motion (3.129) may be treated like the continuity equation dealt 
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38In order to duly review all the particle 
forces, we will never use dynamic pressure 
in Part II. 


39T et us also note the importance, within that 
context, of the assumed contant smoothing 
length h. 


with in the previous section. To that purpose, we will employ the general form 


(5.126) of the discrete gradient (Gé operators), which leads to a general form 


of the discrete equation of motion:*® 





2k 
dg 7 y~ " Pp Pa + Pak Pb 


Va, —= b tT! ead +8 (5.200) 
; (amy 


dt 


which could immediately have been derived from (5.199) through the 
behaviour law (3.116) of a non-viscous fluid. The particular forms (5.127) 
(k = 0) and (5.128) (k = 1) of the discrete gradient give, respectively 





du, 1 
Va, — =—-— > Vp (Pa + Ph) W,,€ab +B (5.201) 
dt pa > 
and 
du, 
Va, —2=— Som, (+) wiyew+e (5.202) 
dt b Pa Pp 


Let us now return to the general equation of motion (2.186) established in 
Chapter 1, without dissipative forces: 


du 
Va, mq a =F, 





= Fe 4 Rex (5.203) 
=A 
b 


Since the external force being considered is gravity (F¢*’ = mag), we find 
that the right-hand side in (5.200) has a form analogous to (5.203), with 


Pp Da + bak Pp 
(papy)*! 


(the antisymmetry results from (5.121)). The internal forces (pressure forces, 
in accordance with Section 1.5.4) then occur in an antisymmetric form duly 
ensuring Newton’s third law, that is the conservation of the total momentum 
of an isolated system (refer to Fig. 5.5 (b)). As previously mentioned in the 
continuous formalism (Section 3.3.2), the forces consist of momentum fluxes. 
The remark we have just made is then analogous to the (erroneous) symmetry 
of the volume fluxes (5.184); this time, it definitely constitutes a physical 
reality which the general model (5.200) advantageously satisfies. We may note 


Fu 


b>a 


= —mMamp w! ,@ab = —Fi" (5.204) 


that with the general form (5.130) for the discrete gradient G operators), this 
important property would not be verified any longer.°” 

Equation (5.200) is used for constantly calculating the set {u,} of velocities 
at each time, the quantities {rz}, {ug}, {pa} and {oq} being known a small 
instant before. The positions are then derived from the velocities by integrating 
equation (5.83). As in Chapter 1, the momentum pg = mgUg of a particle (eqn 
(1.53)) can be defined and the state parameters of a particle can be gathered in 
one vector Yy = (p2, re, pa) - (in accordance with the definition (1.266)). We 
then obtain a system in the following form: 
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Ya : 
Va, dt = Yq ({ra}, {ua}, {Pa} » {Pa}) (5.205) 
with 
. Fa 
Y, = | Ug (5.206) 
Pa 


Pa Standing for the quantity dp, /dt, as given by Section 5.3.1. 

Lastly, the question arises as to the calculation of pressure, which can be 
made in several ways. The simplest approach, for a weakly compressible and 
isentropic flow, consists in resorting to the barotropic state equation (2.113). 
The density fluctuations will then be given by the formula (3.170) of Chap- 
ter 3. As explained later on in Section 5.4.4, however, considering the true 
speed of sound c is numerically very burdensome when solving the discrete 
equations. Thus, a numerical sound velocity cg smaller than c will preferably 
be contemplated and the following explicit formula will be written: 


2 Y 
Se (2) = 1 (5.207) 
vy L\po 


This equation is attractive since it contains the physics as set out in Sec- 
tion 2.3.3. Moreover, from a strictly numerical point of view, it may acciden- 
tally yield negative pressure values if ever the density locally and momentarily 
takes a lower value than its reference value po. This phenomenon ready takes 
place if the standard values as provided by Table 3.2 in Chapter 3 (Sec- 
tion 3.4.1) are chosen for po. Negative pressures obviously have no physical 
meaning, as evidenced in Chapter 2 (Section 2.3.1), as well as in Section 
3.4.1, on the basis of the definition of the stress tensor of a fluid. Adding a 
“background pressure’ is therefore often preferred, which amounts to adding a 
positive constant D to the expression between brackets in (5.207): 


2 y 
per” 1() =i +| 
Y PO 


- 24 ((@)' ac) 
Y PO 


C2p Lise (5.209) 


(5.208) 


with 


This trick does not create any effect on the pressure forces, since we know 
that only the pressure deviations in space are significant (refer to Section 3.4.3). 

It is noteworthy that the weakly compressible nature of this method can 
be interpreted in a simple way: when several particles tend to come closer to 
each other, the velocity field locally converges, and the Gauss theorem shows 
that divu < 0. The continuity equation (5.181) then indicates that the density is 
slightly increasing. The ideas expressed in Section 5.3.1 show that it is still true 
in the discrete approach, and the state equation (5.207) leads to a local pressure 
rise, which is very large because of the value of cr and the superscript y. 
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40This is exactly the physical mechanism 
taking place within a nearly-incompressible 
flow, as explained in Chapter 2 (Sec- 
tion 2.3.3). 


A high pressure gradient is then created, being directed towards the particle 
convergence point. The resulting pressure force serves as a repellent in the 
equation of motion in order to keep the particles away (refer to Fig. 5.5 (c)). 
Through this mechanism*® slight density variations are ensured, which keep 
the interparticular distance close to its characteristic value 6dr, being defined 
in Section 5.2.3. According to (5.80), the volume of each particle is then 
preserved at first sight. The relative density deviations, according to (3.170), 
will now be given by 
bp 1 


a Maj, max (st. ik 73) (5.210) 


with a numerical Mach number, defined by analogy with (3.159): 


Mao = e (5.211) 
co 

U being an order of magnitude of the velocity in the flow. If the latter is steady, 
and if inertia prevails among the gravity forces, St = 0 and Fr > 1 (refer to 
Section 3.4.3). It will therefore be possible to consider the flow as weakly 
compressible if M aj, is lower than a sufficiently small arbitrary critical value, 
which is usually set to 0.01. As a precaution, in order to satisfy that condition 
everywhere in the flow, the value of the maximum velocity Umax should once 
again be kept for U. Thus, the numerical sound velocity will be chosen as 
follows: 


co = 10U max (5.212) 


This approach, which is recommended in particular by Monaghan (1992), 
has by and large proved its worth, although in some cases, particularly in the 
absence of gravity, Issa et al. (2004) have demonstrated that the factor 10 is 
sometimes insufficient. If gravity has major effects, (5.210) and (3.154) show 
that 


co = 10 max (Una Vet) (5.213) 


should be substituted for (5.212), L being a characteristic vertical dimension 
of the flow being considered. 

Pressure could also be calculated from a more general state equation anal- 
ogous to (2.98), which requires the estimation of internal energy. Since we 
are referring to the context of the weakly compressible flows without viscous 
effects, we may utilize equation (3.117). With the De operator, we get, for 
example 


deéint.a Pa 


MO ee cat 2, Vb (0a Pb)* Wab « Wi,,€ab (5.214) 
b 





a 


With the Dp. operator, we find 


Va, 





Ae: 2ky ae 2ky 
Cint,a = Pa - V, e - be Ww pab (5.215) 
dt ha (Pa Pb) 
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which might supersede (5.214). Further forms of that equation, having more 
pleasant symmetry properties, could be provided. Let us resume the form 
(5.214), for example, which, for k = 0, corresponds to the following approxi- 
mation: 


= (Zcivu) © Pa) mpUab - Wi,,Cab (5.216) 


Furthermore, the relation (5.137) also allows us to write 
1 . 1 
—— (pdivu), © — > Vp potan - wh yea (5.217) 
Pa Pas 


Considering the average of the latter two formulas, we get 


Ua: deéint.a a ay i + Pb 


dt 2 PaPb 


b 


Ugp: w! Cab (5.218) 


All these equations can also be obtained, obviously, from (1.255) and 
(1.260), which yield 
deint,a Pa dpa 


= 5.219 
dt pz dt ( } 








The form (5.189) of the discrete continuity equation, for instance, then once 
again provides (5.214). 

We will consider in Section 6.2.5 of Chapter 6 another approach for the 
calculation of pressure, which is more suitable for the incompressible flows. 


5.3.3. SPH through Lagrange 


We have seen in the previous paragraph that the equations of motion as 
discretized through the SPH method enable us, provided that the appropriate 
discrete operators are chosen, to satisfy the law of conservation of the total 
momentum of an isolated system. Choosing antisymmetric operators leads to 
that result, providing momentum fluxes (in other words, forces) which are 
symmetrical with respect to the particle labels. It is an important result,*! 
and we already catch a glimpse of the idea that the discrete equation (5.200) 
could, as in Chapter 1, be constructed directly from a least action principle,*” 
without going through the continuous Euler equation. This would then auto- 
matically result in other conservation laws, in accordance with the foundations 
of mechanics as described in Chapter 1. This is what we intend to do in 
this section, generalizing the results of both Bonet and Lok (1999) and Oger 
et al. (2007). One may also refer to Bonet and Rodriguez-Paz (2005) for a 
Hamiltonian approach based on the arguments of Section 1.4.2. 

Let us first return to the Lagrangian of a particle system as written in 
(1.238). With the internal energy per unit mass ejn+,p = Ejint,p/mp as defined 
in Section 1.5.4 and the potential (1.52) of the force of gravity, this gives 


1 
L= Yi smoujy — Dmveinr (al) — Y) mogzp (5.220) 
b b b 


41 yt is, of course, linked to the Galilean 
invariance of the discrete equations. 


“2This is because we have disregarded the 
dissipative forces in this chapter. 
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which is a discrete approximation of the continuous Lagrangian as yielded by 
(3.300) and (3.341) for a perfect fluid flow. Here we have written the internal 
forces as a function of the positions instead of the densities, in accordance with 
the remark made at the end of Section 1.5.4. The corresponding Hamiltonian 
is given by 


1 
H= dX smu + 2 meint,b ((a}) + os Te 


1 
= dX 5 Mou, + dX E»p,b ({ra}) 


where Ep» = Mpéint,p + Eext,p tepresents the total potential. The discrete 
equation of motion of each particle will then be provided by the Lagrange 
equations (1.31), which are recalled below: 


d dL __ OL 
dt Ug 9g 
As in Chapter 1, the derivative of L with respect to u, (the other parameters 


being set) is calculated from (5.220) and is nothing but the momentum of 
particle a (eqn (1.53)): 


(5.221) 


Va, 








(5.222) 


OL 





= Mala (5.223) 


Besides, (5.220) also yields the force as received by a: 


“en b OZb 
= i =e Org 
a 
ae =-De (’s) % oe “2h my 25ab€c (5.224) 


b 
=-) om Ee wo + mas 
b 





(we have used the relation (1.256)). There arises the derivative of the density 
of b with respect to the position of a. That makes sense, because we have 
explained in Section 1.5.4 that the mutual positions of the particles do deter- 
mine the pressure forces. In order to estimate that quantity, we must, for the 
first time in this section, resort to the discrete SPH interpolation. We will write, 
using the interpolation formula (5.192), for an arbitrarily chosen real k, here 
being rearranged with changed indices: 


k-1 
pv = Yim (*) Woe (5.225) 


Cc 


As explained in Section 5.3.1, p, thereby implicitly depends on the set {r,} 
of positions, via the quantities wp-, and now we can carry out the derivation 
with respect to rg, which will result in quantities of the Vzwap type. To that 
purpose, it should be pointed out that rz may occur in two ways in (5.225), that 
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is once when the dummy sub-script c equals a, as well as in each term of the 
sum if b = a, which yields: 


3 = k-1 
a? (ey VaWab + Sap 2 (“:) VaWac (5.226) 
OF Pb Pb 





Inserting (5.226) into (5.224) and taking advantage of (5.118), we get: 





es ! 
= = dX mam, 4 _Pe Waplab 
lie ia9 (5.227) 
C 
Pa Sap yctac + Mek 
Be Pp Pa 


The only subsisting term from the second discrete sum on Db is the term 
corresponding to b = a, because of the Kronecker symbol é,p: 


k-1 k-1 
Pb Pc / 
> MpMc-Z \ _— dap, Cae = » males — Wac€ac 
b,c Ph e 


fa Pa 
4 (5.228) 
Py Pa, 
= Dp mamo aT Waseab 
Pa 
(we have made a change of dummy subscript c < b on the second line). 


Returning to (5.227), we ultimately get out of it, with the Lagrange equation 
(5.222) and dividing by mg: 





ie Pe = pak pp 
m 


b (oa pny w’ p€ab +g (5.229) 
b 


As expected, this equation is a true copy of (5.200). 

It should be noted that this calculation is based on the interpolation (5.225). 
It then seems that an equation of motion (that is a value of k) was chosen 
because an interpolation method was adopted for calculating the density; in 
other words, it seems that the G* operator for calculating the pressure gradient 
is compatible with the interpolation (5.225) of the quantities {px}. Now, we 
have shown in Section 5.3.1 that o may be calculated from a discrete form of 
the continuity equation; consequently, there is probably a way of deriving the 
equation of motion from the Lagrange equations through that procedure. To do 
this, we first return to the discretized continuity equation in its general form 
(5.189), with a slightly different arrangement to express the masses rather than 
the volumes: 








doi 1 = 
= im Y- me (OPc)* Use * Wpe€be (5.230) 
c 
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43 The notion of virtual work lies behind this 
procedure. 


Multiplying by dt and using (5.83), we then can write the differential do): 


il 2 
dpp =  Ok—2 Mc (Pb be)* : (dry — dr¢) - Whe&be 
p 


b c 
=e 


(the first line of (5.231) could have been obtained as well by multiplying 
(5.194) times dt, then using (5.195)). The second line in (5.231) is nothing 
but the definition of a differential; through a term-wise identification of the 
two expressions, we find 


—— bm (Pbpe) 


(5.231) 


Ope _ 


3232 
=e (5.232) 


* Ons — bac) Whe€be 


We now may enter (5.232) into the expression (5.224) of the force, which 
yields (dropping mag for the sake of clarity): 
OL 


1 / 
Sab — 4, e 
ar, (Sab ac) Wpc&bc 





Pb = 
=— SY meme (pppe)* 
b,c p 


b 


P _ 
= So mame (pabe)* : Ww, €ac 
e Pa 


oi (5.233) 
yk 


Pb 
=F >. MpMa Ze (Pb Pa Whalba 


b Ph 


=— : MgMp ————— ia E w' .eab 
a Wapla 
(Pa Ae ! 


(we have utilized the properties of the Kronecker symbols to reduce the expres- 
sion to a simple summation, then changed the dummy subscript on the last line; 
in addition, we have taken the property of symmetry (5.121)) into account. The 
final force is identical to that we have previously established; so, once again, 
the same discrete equation of motion is found. 

We have desired above to provide detailed indicial calculations, because 
such manipulations of indices are essential to learn how to construct the 
discrete equations of the SPH method. We could, however, have employed 
a simpler procedure, based on the definition of the discrete operators. Thus, 
the discrete continuity equation (5.189) may also be written, noting that dr, = 
u.dt, as: 


dpp = — pp Di {arc} (5.234) 


Furthermore, we can write the work*? which the internal forces would exert 
if the system experienced a small shift as determined by the quantities {dr}, 
on the basis of formulas (1.247) and (1.256): 


dX fe: d¥, 


(5.235) 
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b 
7 = Vi don 
b Pb 


Y= VopoD} {dre} 
b 


= ((pa}, Bf tdro}) 


— (Gi {po}. {dra}) 


(we have used (5.231), (5.234), and afterwards the discrete scalar products 
(5.138) and the adjunction relation (5.141)). Since the above relation is valid 
for every set of infinitesimal shifts {dr,}, we come to the following conclusion: 


1 


Ma 


; 1, 
Ot eG (ea) (5.236) 
Pa 


which exactly constitutes the right-hand side in the discrete equation of motion 
(5.229) without the external forces. It is noteworthy that the calculation 
(5.235), taking (1.256) into account, could also be written as: 


1 
—Gi {po} = Doms 
Pa ; 


> ms 


b 


Pb OPb 
b;, O¥a 





J€int,b 9b 
Opp Oa 





(5.237) 


0€int,b 
Org 


which gives the force (5.224) again. 

A possible lesson from the above is that, from a variational point of view, 
each form of the equation of motion is consistent with a given form of the con- 
tinuity equation. Generally speaking, we can state that (5.200) is compatible 
with (5.189). This reinforces the choices made for the discrete operators which 
are used for modelling the pressure gradient and the velocity divergence: let 
us say that the Gi and De operators are compatible, which is because they are 
mutually skew-adjoint.*+ That means, in particular, that the equations (5.201) 
and (5.190) on the one hand, (5.202) and (5.185) on the other hand, are varia- 
tionally compatible.*> They are, a priori, to be kept apart from each other. Some 
numerical tests (Violeau, 2009b), however, suggest that utilizing inconsistent 
operators—in the meaning we have defined—does not substantially affect the 
results.4© 

the recommended general system of equations is then: 





du 1 
Va, 3 =-—G* {p}+e2 
t Pa 
4 (5.238) 
Pi ne 
ie = —p,D* {u,} 


and duly exhibits a formal conformity with the continuous equations (3.129). 
Considering the definition of the operators, this system is also written as 
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44Remember that we already had resorted to 
the adjoint nature of the continuous operators 
—grad and div in Chapter 3, Section 3.4.4 
to demonstrate the Lagrange equations and 
the conservation laws in the continuous for- 
malism (also refer to the four-dimensional 
versions (3.308) and (3.334)). Besides, these 
considerations obviously are not exclusively 
regarding the SPH method. 


45 Bonet and Lok (1999) state that the form 
(5.201) of the equation of motion is variation- 
ally compatible with the continuity equation, 
whereas the form (5.202) is compatible with 
the density interpolation equation. We have 
just explained that this result is erroneous, 
since all the forms (5.229) of the momentum 
equation can be associated with both density 
calculation methods, the main thing being the 
coherence of the superscript k. 


“Bonet and Lok (1999) hold the opposite 
view. It seems, however, from numerical tests 
that the formulation based on an interpola- 
tion equation for density does provide poorer 
results that the continuity equation, regard- 
less of the chosen superscripts k. 
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2k 
dug yim Pp Pa + Pak Pb 














Va, = b w! ,€ab + 
dt ; (amet 
(5.239) 
do 1 BS 
a = pe cy Mp (papw)® : Ugb - Ww. p@ab 
Pa b 
that is for the k = 0 and | values, respectively: 
du 1 
Va, — = -— ov (Pa + Ph) Wi, €ar +B 
dt pa 
d (5.240) 
p, 
aE = Pa dX VpUab - Ww pab 
and 
Vv dug = Pa Pb , 
a, cP =-) im a Waplab + & 
b a b 
(5.241) 


dpa if 
= > MpUab + Waplab 
dt ; 





Examplary applications of these systems of equations, together with the 
equation of state (5.207) and the kinematic equation (5.83), can be found 
in Chapters 7 and 8. These simulations take into account the arguments 
which will be discussed in Sections 5.4 (temporal schemes) and 6.2 (discrete 
viscosity). 

The discrete equations can be corrected on the basis of the renormalization 
as set out at the end of Section 5.2.5, while remaining variationally compatible. 
The following variant of the equation (5.238), for instance, could be written as: 








du, 1 ~R,0 
Va, = =-—G, {p}+e8 
dt Pa 
; (5.242) 
p R,0 
Fr =~ PaDa {uo} 


where the discrete operators are defined by equations (5.177) and (5.180). The 
issue of the conservation of total momentum then arises, since we know that the 
symmetric operators G do not have the suitable properties, which is contrary 
to the antisymmetry property (5.204). To remedy this situation, Vila (1999) 
suggests writing the equation of motion as 


dua 


Va, 
We 





1 
= ~ Og > Vp (PaRa + PboRp) w’ ,€ab +g (5.243) 
a 
b 


by analogy with (5.127). According to the principles which we have just 
established, (5.243) should be accompanied by an adjoint continuity equation. 
A calculation readily yields the following result: 


dpa _ 


Va, — 
oa 


Pa Y. Vong pRaW,€ad (5.244) 
b 
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This system can be assessed against equation (5.240). That procedure advan- 
tageously restores the conservation of momentum (antisymmetry of forces), 
but wrecks the rigorous nature of the renormalization. 


5.3.4 Discrete conservation laws 


As previously mentioned, the fact that the equations of motion result from 
a least action principle directly accounts for the conservation of the total 
momentum of an isolated system (i.e., in particular, in the absence of gravity), 
thus of the law of action-reaction (antisymmetry of the forces (5.204)):47 


ye, =0 (5.245) 


where Fy = re . The calculation (5.233) recalls that the force is the derivative 
of the Lagrangian with respect to the position; it can then be understood that 
the discrete momentum conservation law is directly translationally related to 
the invariance of the discrete Lagrangian (5.220), as in the theory of Chapter 
1. As we know (Sections 1.4.1 and 1.4.3), we then should naturally obtain the 
conservation of angular momentum on the one hand, of energy on the other 
hand, because the discrete Lagrangian is isotropic and time-invariant as well. 
We are going to deal with these conservation laws, still through an approach in 
which time is considered as a continuous variable. 

We will demonstrate that the angular momentum is actually conserved for 
an isolated system (no gravity), noting that the forces occurring in (5.239) are 
aligned with the vector eg» (refer to Fig. 5.5 (b)): 


du 1 
Va, a =— Damo Banta eap = ake (5.246) 
where Bap is defined by 
2k 2k 
+ 
Bay = “2 Pe * Pa Pe (5.247) 
(Pa Pb) 
and verifies 
Bab = Boa (5.248) 
With the equality (1.148), we now have: 
dM 
dt => dX Tq X F, 
(5.249) 


/ 
= S > mamp Bap why a X Cab 
a,b 


That sum can be split up into a couple of contributions, depending on 
whether a is lower of higher than b, which yields 


47We may note that, due to eqn (5.199), this 
property would still hold true within the more 
general context of the discrete modelling of 
the non-fluid continuous media. It should 
also be pointed out that the discussions at 
the end of this section regard the conservativ- 
ity in the absence of any temporal numerical 
scheme. The temporal discretization, as we 
will explain it in Section 5.4, may be contrary 
to these properties. 
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48Which could already have been noticed 
in Section 2.4.3 of Chapter 2, though that 
remark was made about the friction forces, 
which are no exception. We will come back 
to this point in Section 6.2. 


“Here, thus, the conservation of energy 
is not linked to the spatial discretization 
scheme, but only to the fact that the Lagrange 
equations are satisfied; we will come back to 
this point within the context of a temporal 
scheme in Section 5.4. 


dM 


— 2, 
a (5.250) 


/ 
== S| mamp BavwypXa X Cab 
a<b 


} 
_ Y > mampBapwypXa X Cab 
a>b 


’ ’ 
_ Y > mamp Barwa X €gh — S > moma Boa Whalb X Cba 


a<b a<b 


’ 
= > MgMp BabWaptab x Cab 
a<b 


=0 


(the dummy sub-scripts were inverted on the second line, and the laws of 
symmetry (5.121) and (5.248)) were subsequently used. It can be observed 
that that conservation law is directly related to the fact that the forces are 
aligned*® with e,,. The importance of the kernel symmetry in that property 
should be emphasized: the calculation (5.250) is based, indeed, on the relation 
(5.118), which stems from (5.33), that is ultimately from (5.31). Having chosen 
a kernel which only depends on the distance rg, between particles (instead 
of the orientation of the vector rg, which connects them) is then essential in 
this case. We find again the basic property of Section 1.4.3, because of which 
the conservation of angular momentum results from the rotational invariance: 
this law holds true at the SPH level since the kernel has no preferential direc- 
tion. In other words, a particle equitably behaves with respect to the nearby 
particles, regardless of the orientation of the radius vector which separates 
them. 

It should be pointed out that these discrete conservation properties are 
directly geared to the fact that the chosen equations derive from a least 
action principle, that is initially, to the skew-adjoint nature of the Gk and 
pt operators, as explained in the preceding paragraph. Besides, that property 
nearly explicitly appears in the calculation (5.249) we have just made, which 
is based of the same set of dummy subscripts as (5.139). It could be shown 


that the G and Di operators as defined by the formulas (5.132) and (5.126) 
are also mutually compatible, because they are adjoint (refer to the end of 
Section 5.2.3). Since they are contrary to the requisite principles of symmetry 
(particularly (5.204)), however, they do not lead to the proper conservation 
laws. 

The conservation of energy with the Euler equation does not normally 
require any demonstration, since here the calculation (1.73) is identically 
applied.*? It is interesting, however, to study this property in more detail in 
the SPH discrete formalism and to set it out in a different light. It is instructive, 
in particular, to look at how the law of conservation of energy is linked to 
the discrete variational principle which we have introduced in Section 5.3.3 
for the Lagrangian spatial discretization, explicitly calculating the temporal 
derivative of energy for an isolated system. In this case, we may ignore the 
potential energy of the external forces, and we express the internal energy ejn; 
with respect to the density: 
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E= Ex + Eint 


1 
= 2 3/"a jug |? + Di Matinua (pa) 


The derivative of kinetic energy is provided by 
dE, dq 
— U, -— 
dt x ” lt 
- x u,: Fit 
a 
a 


(refer to eqn (1.243)). Likewise, for the internal energy, we get 


(5.251) 


(5.252) 








dEint = yim d€int,a da 
dt a Oba at 


si. (5.253) 
— ~~ Ma ( wt) Pa 
a dp a 
Using the relation (1.256), we infer 
dE . 
=) (u ea ie) (5.254) 
dt . ps 


In order to calculate the term under the summation symbol, we return to the 
discrete models as given by (5.234) and (5.236). The total energy derivative 
is then formally written, resorting to the discrete scalar products as yielded by 
(5.138) and using (5.141): 


[ ara. Fr a . 
> (u Ky - Pe i) = (ta) | 7 \) - ({2:| ; (1) (5.255) 


= ({ua}, Gi (p5}) + ({a} , BE {us}) 





= — (BE (us), (pa)) + (pat, BE {us}) 
=0 


As shown by our calculation, and in accordance with the observations made 
in that respect in Section 5.3.3, that property is closely linked to the choice of 
compatible (i.e. skew-adjoint) operators Gé and Dé to discretize the equations 
of motion and continuity giving the numerical variation rates for velocity and 
density. It is little wonder, since the generic calculation (1.73) leading to the 
conservation of energy generally speaking is based on the continuous Lagrange 
equations. Furthermore, we explained by the end of Section 3.6.3 that the 
conservation of energy of a fluid was directly related to the adjoint nature of the 
continuous operators div and —grad. The computation (5.255) is thus formally 
identical to (3.369). 

The same property can be utilized for studying the changes in the total 
internal energy from (5.214), which is written, along the lines of (5.238), as: 


358 Principles of the SPH method 


deint,a Pa 


Va, = 
dt Pa 


Dk {up} (5.256) 
Since the mass of each particle is constant, the temporal derivative of the 
total internal energy is written, successively using equation (5.256), (5.141) 


and (5.236): 








dE int deéint,a 
dt = 27 dt 


a 


= Ss » Va Pa Dk {up} 
a 


(5.257) 


— ({pa, Bi {us}) 


(tua} Gi {p0}) 
= > uo Ri 


This equation is identical to (1.245) (Chapter 1). 

Let us also address the question of discrete energy conservation in another 
formalism. Section 1.5.4 in Chapter | presents the conservation of energy as a 
consequence of the Hamilton equations, which is expressed for a collection 
of particles. The main property ensuring that conservation law consists in 
the antisymmetric nature of the matrix (@7),, as provided by the relation 
(1.272). Within the context of the SPH method, the uppermost left-hand four 
terms in that matrix obviously satisfy this property, which is a reflection of 
equations (5.83) and (5.203) where only the external force F¢*’ would be kept, 
these expressions reflecting the fact that the velocity is the derivative of the 
position and that the force is the derivative of the momentum. As regards the 
other terms in the matrix, they require an examination of the internal forces 
related to pressure and density. Now, due to the definitions (1.270), the discrete 
equations (5.239) can be written as 


p k-1 
c 
Sab s Me (£) wi ac aH 





ba = - d on 

a ba k-1 ; db 

+Mq es Wapab 
ey (5.258) 
p = 
dab » Mc (*) Waclac dH 
Pa = . a4 : a 
b Pb ; Po 
—Mp De Waplab 


(where the points, as usual, denote a temporal derivative). The terms between 
brackets in the relations (5.258) are the coefficients being sought in the matrix 
(@7)qp, Corresponding to the dp, /d¥rg terms of the formula (1.272) in Chapter 
1. One can readily understand that these coefficients satisfy the antisymmetry 


relations (1.274), which provides for the accurate conservation of the discrete 
energy. 

The discrete conservation laws, as emphasized in Chapter 3, are directly 
linked to the related continuous laws, which can be found again in the SPH 
formalism by writing the integral of an arbitrary quantity A in the approximate 
form 


/ p(v.t)A(r,t)d"r ©} mgAa (5.259) 
Qy e 


after the model of (5.86). Thus, deriving with respect to time, with the conser- 
vation of the individual masses of the particles, we find 





d : dAg 
— ,t) A(r’,t)d"r & 5.260 
dt ee a a dime dt ( ) 

With A = 1, that yields 

dM d 
| = =f p(r',t)a"r ~0 (5.261) 
Qy 


where M is the total mass of the system, that is the sum of the mg. The total 
mass conservation then immediately results from that of the individual masses. 
The approximation of this conservation law written in a continuous form is 
analogous to the error made in (5.259) (refer to Section 5.2.3). Likewise, 
putting°? A = u in (5.260) and using the equation of motion and the discrete 
conservation law (5.245), we get: 





ap _4@ 1) a'r! 
aa? Pe anaes 
x5 ae (5.262) 
a dt 


=) °F, =0 
b 


which may be compared to (3.68). The conservation of angular momentum 
would be found again with A = pr x wand using (1.144), in a form analogous 
to (3.76). Lastly, putting A = ejy;, an approximation of a continuous balance 
of internal energy (refer to Section 3.3.3) can be established. 


5.4 Temporal integration 


In order to find solutions of the SPH discrete governing equations, we now pro- 
pose various time integration schemes. This leads us to the idea of symplectic 
integrators, which possess nice properties of conservation in a discrete time 
framework. They are analysed from the simple pendulum case. We then show 
how it is possible to recover such properties, in the case of the SPH method, 
from discrete Lagrange equations. Finally, we investigate the numerical sta- 
bility properties of the abovementionned schemes, in order to specify a first 
stability criterion. 
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50(5.259) obviously remains valid for a vec- 
tor A. 


360 Principles of the SPH method 


5! Most of the arguments in this section and 
the next two are far from being confined to 
the SPH method. We have preferred, how- 
ever, to keep them in the second part of 
this book, because of their purely numerical 
nature. 


52We may note it is a Lagrangian temporal 
variation which implicitly involves the advec- 
tion (refer to Chapter 3, Section 3.2.1). With 
a Eulerian approach, the advection would 
explicitly appear and its discretization would 
give rise to the ‘numerical diffusion’ pro- 
cess which does not exist in the Lagrangian 
approaches. 


53Note the obvious affinity to the expression 
(2.13). 


54 We may recall that pressure, in the 
approach being set out, does not obey any dif- 
ferential equation. If, for instance, the equa- 
tion of state (5.207) or any other variant is 
chosen, then p is explicitly given as a func- 
tion of p. 


5.4.1 Numerical integrators 


The spatial discretization which is the subject of the SPH method should be 
accompanied, upon the solution of the resulting ordinary differential equations, 
by a temporal discretization based upon a time step dr. As a rule, by aggregat- 
ing the parameters characterizing a particle in the state vector Y, (refer to 
Section 5.3.2), the evolution of the latter at the time point m+ | is written 
as a function of its value at the previous instant, in the form of a discrete 
approximation of (5.205): 


Va, Y™t1 =v" + VY, 61 (5.263) 
Y, being the rate of change of the parameters, as yielded by (5.206). The 
superscripts ” refer to the iteration being considered (that is at the time ¢’”” = 
to + mdt). The question then arises as to the choice of the temporal scheme, as 
for every such problem.*! To formulate the problem in more concrete terms, 
should Yi, be chosen either at the time m or at the time m + 1? A first idea con- 
sists of performing a first-order Taylor series expansion of every quantity A: 


dA m 
Amt] — am 4 (=) st +0 (5:7) 


In this proposed approach, the variation rate** of A, that is dA/dt, is 
calculated at the time point m; the scheme is said to be explicit. That amounts 


(5.264) 


to approximating the Lagrangian derivatives though a first-order scheme:>* 
. dA m Ati — Am 
A” =({(—]) = ——__ + O (5t) (5.265) 
dt ot 


(in accordance with (3.184)). For those quantities with which we are con- 
cerned,>* the model (5.264) gives 


1 
Va, u =u, + mira ot 


a 


rth =p 4 sy (5.266) 


m+1 


Pa = Pq + Pa dt 





where F’” is the total force (internal force + external force) received by the 
particle a at the time point m. F” and 6?” are yielded by the equations 
of the chosen model, for example (5.239) (or by any other model, possibly 
accompanied by additional forces, as discussed in Sections 6.2 and 6.3). We 
also may write (5.266) as follows: 
Va, Yt} =" 4" St (5.267) 
There is nothing, however, to prevent us from approaching the derivatives 
differently from (5.265) and writing, for example: 


m—1 


+ O (6t) 


A” — 


A” = (5.268) 


Applying this scheme to the derivatives of position and density, we 
would get 


4 1 
Va, u™t! — yw" 4 — Fr 
Ma 


pith — ie +4 w+! 57 (5.269) 





a _ pn + pt sz 

With this new scheme, the velocities are then updated before the positions 
and the densities, not simultaneously, and so the sequence order of equa- 
tion (5.269) is now important, the first equation having to be solved before 


the other two equations. The term (+! means that the temporal derivative 
m+1 


of densities is here calculated from the positions>> {rf and the velocities 


{uy} in the discrete continuity equation. We also could apply the approxi- 


mation (5.268) to the velocity derivative, which would yield another scheme: 


1 

+1 1 

Va, uw =u + — Ka bt 
a 





perl = pm 4 yt sy (5.270) 
a = rs pee 
or else 
va, ym ym p yt ls, (5.271) 


Thus, we now have three schemes; the first is fully explicit (5.266), the 
second is semi-implicit (5.269), the third is fully implicit (5.270). It should be 
pointed out that the solution of the system by means of the latter would require 
a specific treatment, since none of the three equations can be solved apart from 
the others. Non-linear equations would then have to be simultaneously solved, 
because F”’*+! and w+! implicitly depend on both {uy} and oe If 
the time step is not too large, linearizing™® the expressions (5.270) remains 
feasible, leading to the solution of a linear system, which makes the use of 
that kind of scheme possible, even though it is more complex than the other 
two schemes.>’ We will not provide details about the procedures that make it 
possible to address the kind of problem; we will however look at the respective 
properties of these three schemes in terms of relations to the physical reality. 

Which is the best of these three schemes? And what can be said about the 
opportunities offered to the modelling specialist, particularly that which would 
consist in only implicitating the equation providing the positions, but not the 
equation providing the density? Part of the answer comes from the essential 
notion of conservativity. We have learnt in Sections 5.3.3 and 5.3.4 that the 
usual conservation laws are satisfied within a discrete context with the SPH 
method, subject to adequate operators being used for spatial discretization. 
Now, we have only established these laws within the context of a continuously 
elapsing time. As time is discretized, then the conservation laws should be 
dealt with in a different way, since time is crucial in the notion of conservation 
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551 the discrete continuity equation (second 
equation in the system (5.239) for instance), 
the positions play a role through the kernel. 


This procedure looks like the calculations 
which are contemplated further on to address 
the question of numerical stability (Sec- 
tion 5.4.4). 


57To the best of our knowledge, few works 
have been published about the implicitation 
of the equations of the SPH method. Never- 
theless, refer to Knapp (2000). 
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of a quantity. We will go deeper into this matter in Sections 5.4.2 and 5.4.3. We 
will initially show how a temporal numerical scheme can be constructed from 
the fundamental equations of mechanics which were discussed in Chapter 1. 

Since the equations in the SPH model can be derived from a variational 
principle, it seems advisable to seek their formal solutions from those tools 
mentioned in Section 1.4.2, which are based upon the Hamilton equations. 
In order to simplify our calculations, however, and remain in line with the 
variational derivation of the discrete equations carried out in Section 1.4.2, 
we will write the forces as a function of the positions (not of the densities), 
which amounts to gathering the forces in the form F, = F’”’ + F&", or even 
gathering both the potential of the external forces and the internal energy of 
a given particle a under one potential E'y,q ({Yp}) as defined by (1.237), as in 
equation (5.221). Through that procedure, our considerations can be confined 
to the equations with respect to the vector 


Va, X_ = (2) (5.272) 
Ta 

(this definition is identical to eqn (1.99)), instead of the vector Y, containing 

the density. In accordance with Section 1.4.2, (eqn (1.117)) we will write the 

solution of the Hamilton equations at time point tt! as a function of the 

system state at time point ¢’” as 


Va, xmtl — pmmtiym (5.273) 
where 5¢ = r’”*! — 7 was noted and W;" ‘m+l is an operator as yielded by 
pt 
prmtl = exp i Dr (t) a| (5.274) 
pm 


(on the basis of eqn (1.118)). We may also recall that the operator Dy is 
yielded by (1.113) and the Poisson bracket of two quantities is given by 
(1.115); for the sake of convenience, these formulas are as follows: 


Du f ={f, A} 
(= 0H of =) (5.275) 


Here the Hamiltonian is yielded by (5.221), that is as the sum of two 
components, namely a kinetic one and a potential one: 





H=Hy+ HA (5.276) 
with 
2 
ee Pa 
2mq 
“ (5.277) 


Hy +)" Epo Cto}) 


The Dy operator, after the definition (5.275) is then written as: 


Dy = Duy, + Du, (5.278) 
with 
D =jf,Ay 
tint = Af Ho} (5.279) 
Du, f = (f, Hy} 


The two operators being introduced here can be written in more detail as: 


dHy (ug 
ax,  \ 0 








(5.280) 
OH (0 
aX, \—-Fa 
We get, from the definitions, the following operators: 
> a 
; “or, 
(5.281) 


a 
Sea 


It can be seen that they occur in a form analogous to the general for- 
mula (1.122). We can calculate their commutators [D Hp» D H, | (as defined by 
(1.121)), by analogy with the calculation (1.123)—-(1.125). We initially write 


Du, Dip f = Dap, app (ne ) ‘Fy 
af \" du, 
; > ee “ | oe ees 


af aft 
=) FI —F 
DLE ap ae Ma ° 


a,b 














An analogous calculation — 


Hp Da, f = 28 pyar, a 





af \" (aF 
+ (Fy) (Sr) (5.283) 


As expected, the second-order derivatives are identical in (5.282) and 
(5.283), but the other terms persist without cancelling each other out, which 
means that the two operators a priori do not commute. 

We are now going to utilize the decomposition (5.278) to try to construct 
an adequate temporal numerical scheme by separating the integrations of 
positions and velocities. More exactly, the velocity will be desirably integrated 
ignoring the effect of this process on the positions, and vice versa. The issue 
with the oe operator as yielded by (5.274) is, indeed, that it cannot be 
exactly integrated, because the velocities and the positions are linked and 
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continuously change from one Hamilton equation to the other one. Now, from 
(5.274) and (5.278), we may write 


pnt 


mm+l 
Ws = exp | 
pm 


To make progress in this formal calculation, we might well be tempted to 
separate the two integrals by writing the exponential of a sum as the product 
of two exponentials. Unfortunately, the usual properties of the exponential 
calculation cannot be applied to non-commutative operators. To appreciate 
this, let us start from the definition (1.119) to write the exponential of the sum 
of two operators P and Q: 


pnt 


Du, yar + | 


ym 


Du, (t) a| (5.284) 


eP0 = 1d+ P+O45(P+0)+0(|(P +0)')) (5.285) 


=1d+P+0+5(P?+P0+0P +0") +0(IPIF, 101°) 


Moreover: 


1 
P50. * p2 3 
ere = [t+ P45? +0 (IIPII )| 
1 2 3 
x[14+ 0+ 50 + 0 (Il )| (5.286) 


= Id+P+0+5(P?+2P0+07) +0(IPIP NOI) 


Combining (5.285) and (5.286), we find: 


1 
eP¥2 = ePe2 — -[P, 01+ 0(IIPI°. Ol!) 
i (5.287) 
_ ,O,P os 3 3 
=e%e? += [P,01+0 (IPI Ol) 


In view of the above, the application sequence order of the operators is 
important. (5.287), in particular, provides the following relation: 


[e?.e2] =tP, 214 0 (IP IF. alr) (5.288) 


Thus, since the commutator [Dass Du, | is non-zero, the selected sequence 
order of the operators affects the result of the calculation. However, a crucial 
remark is to be made: each of the Dy, and Dy, operators acts upon a single 
variable. Dy, depends on the potential, that is on the forces and thereby acts 
upon the velocity of a particle. For its part, Dy, depends on the kinetic energy, 
that is on the velocity, and acts upon the position. Thus, upon the integration 
of the position through the action of Dy,, no force is applied to the concerned 
particle. Pursuant to the principle of inertia (refer to Section 1.2.1), its velocity 
then remains constant. Likewise, its position remains unchanged during the 
very short period of time in which its velocity is re-evaluated due to Dzy,. 
Thus, separating the operators allows us to assume that the parameters ug and 
F, are constant in the formulas (5.281), which amounts to considering that the 


operators Dy, and Dy, are constant over the time interval 6t. The following 
operators can then be defined: 


pnt 


=. m 
ym 1 ~ exp Di, (t)dt | = oot Pip (t ) 
P. - 





(5.289) 
pti 
“ = exp i. Du, (t)dt | = et?) 
In view of the formulas (5.281), we then have: 
m,m+1 T ox; 
Wat Xi" = exp | —dt a (uj) oa 
b a 
T 
=exp| —t 7 (uj!)" dap (On In) (5.290) 
b 
On 
= exp | —dt 
wu? 
and likewise, after a brief calculation: 
F” 
a 
wrt Ix™ — exp | dt \ (5.291) 
n 


As we felt, the wee operator acts upon the position via the velocity wu”, 


whereas ee acts upon the momentum (that is upon the velocity) through 
the force F”", which ultimately yields:*® 


Pe 
Wear Xa = 
: n+1 
TG 
; (5.292) 
m+ 
mm+l wm _ Pa 
ve ot xX, = 
a r” 


a 


p.ot > *r,dt 
the order dt. From (5.284) and (5.287), we may decide to combine these two 
operators in the following sequence order: 


From the above, it is evident that the commutator oo weet] is of 


vgn! = uma un +0 (6°) one) 


The definitions (5.292) can then be used for writing that scheme as (dropping 
the terms in 5¢2): 
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58For that reason, these operators are often 
referred to as ‘Drift’ (D Hp) and ‘Kick’ 
(Dy) in scientific literature. The duality 
existing between position and momentum 
can be noticed, D Hp acting upon r whereas 
Dy, acts upon p. We may recall that such 
duality is at the core of the symplectic nature 
of the Hamilton equation (Section 1.4.2). 
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1 
Va, ut! = yl + —_ FM 57 
Ma (5.294) 
i e- arr+ ul”! 5 


We find again (except for the density) the semi-implicit scheme (5.269). This 
scheme is obviously an approximation, because of the ignored term in O (517), 
but it offers the advantage of explaining why the parameters are to be separated 
to be consecutively treated. We will provide a variational justification of that 
method in Section 5.4.2. 

Applying the operators in the reverse order (that is considering the operator 
we pe o rather than (5.293)) would, of course, have given another 
scheme in which the positions would be integrated before the velocities. 
Anyway, it is clear that the explicit (5.266) and fully implicit (5.270) schemes 
cannot result from such an approach, since they consider positions and veloc- 
ities on an equal footing. It seems therefore that the semi-implicit scheme is 
better than the other two, because it directly stems from an application of the 
Hamilton equations. The next two Sections will substantiate that intuition. 

We note that if our calculations had taken into account the density on the 
basis of the arguments in Section 1.5.4, our results would have been left 
unchanged, but we should have considered an additional operator oC 
acting upon the densities and stemming from that part of the Hamiltonian 
which corresponds to the internal energy, decomposing the Hamiltonian as 
follows, instead of (5.276): 


H =Hp+Hr+Hy (5.295) 


H, corresponding to the internal energy ejn;. The whole semi-implicit scheme 


(5.269) would then amount to approximating the exact integrator weer 


: : m,m+1,,m,m+1,..m,m+1 : 
through the combination V p,bt Ee sc “rg > acting upon the state vector 


y’”. In any case, since the density is a function of the particle positions, the 
result which we have just highlighted shows that the equation with respect to 
Pa has to be implicited, as in (5.269). A a rule, the state parameters are to 
be successively re-evaluated, in an arbitrary sequence order, provided that the 
values of the parameters which were updated by the preceding stages are used. 


5.4.2 Symplectic integrators 


In order to investigate in further detail the properties of the semi-implicit 
operator as defined in the previous section, we will consider the conservation of 
energy. We explained in Section 1.4.2 that a Hamiltonian (i.e. non-dissipative) 
system obeys equations of motion involving a linear operator Ys,, which is 
found to be the exponential of an energy operator D7. The integrator of the 
previous paragraph, however, is based on the compound operator ald 
which is in the form exp (4tDy,) exp (6tDy,) (refer to eqns (5.289) and 
(5.293)), different from exp [dt (D Hy + Du,)|. It would be interesting to try 


to write ae in the form of an exponential, since that would mean that the 


numerical scheme stems from a Hamiltonian, which would then be exactly 


conserved. It should first be pointed out that (5.285) can be utilized for 
writing 


eP+O+HIP.0] _ yP 0+ P01 p, O+5 lip, a1] 
2 


+0 (1IPI*, 101") (5.296) 





eh 1! 
= ePet21P.01 _ -[P, 0] + 0 (IPI, Ol?) 


(noting that [P,[P, Q]] is a third-order term). Likewise, using the formula 
(1.119), we find: 


eothtr.ol — .2,317.01_1lo lip o 
2 2 
0 (IPI. 121°) (5.297) 


1 
=e2 + [P, 01+ 0 (IPI. al’) 
Combining the last two results, we come to the following approximation: 
eP +04 21P01 — Pe + 0 (IPI? OI?) (5.298) 


Thus, the product e? e2 can be approximated by an exponential to within the 
second order. Likewise, through an iterative procedure, the Baker-Campbell— 
Hausdorff formula, which was stated for the first time by Poincaré in 1899, 
would be obtained: 


ePe2 = eR 
(5.299) 
R= nn © LP, O14 SP - Q,[P, Q\]+ 


(for a comprehensive statement of the residual terms and a demonstra- 
tion of this formula, please refer to Dynkin, 1947). From (5.298), only 
keeping the terms below second order, we may therefore affirm that the 
exp (5tDy,) exp (8tDy,) operator is the exp (d¢Dy,,,,) exponential of an 
operator as given by 


bt? 
51D yam = 1D ty + 51D, + [Ditty Dz] + 0 (817) (5.300) 


The definition (5.275) then shows that this operator corresponds to the 
Poisson bracket with a numerical Hamiltonian, which is denoted here as Hy ym, 
such that, for every function f, we get the relation 


i tata ley ie > [Diy Din] f + 0 (80° ) (5.301) 


Besides, the Jacobi identity ee may be advantageously utilized for 
writing 


Du,, Du, f ={f, {Hr Hp}} (5.302) 
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»°The sign would be unchanged if it had been 
considered that, looking back in time, the 
velocity sign had to be modified. 


Relating this result to (5.301), we find 


ot 
2 


A major remark is to be made right now. All the terms in the expansion 
in the Baker-Campbell—Hausdorff formula (5.299) are similar to commutator 
brackets, and so the Jacobi identity makes it possible to exactly write the 
Deum f Operator as {f, Hium}, Which shows that the numerical Hamiltonian 
is exactly conserved: 


Anum = Hp + Ay + { Hr, Hp} +0 (5:7) (5.303) 


Hmtl ym (5.304) 


num num 


The calculation which we have just made only includes its first terms, but 
it is ensured that the semi-implicit numerical integrator (5.269) corresponds to 
an exactly conserved Hamiltonian. Let us now calculate the Poisson bracket of 
H, and Hp from the definitions (5.277): 


(He, Hy} = So (SEE. Sb - Se) 
a 


= a Boe ep (5.305) 








i 

| 
id 
= 
E 


Thus, the numerical Hamiltonian associated with the semi-implicit scheme 
is written as 


Wess “ mF -w+0 (31?) (5.306) 


=H-+0 (rt) 


and then contains an error of order dt with respect to the theoretical Hamilto- 
nian H. The above result is of the utmost importance for the integration of such 
discrete systems as the SPH method equations: with such an integrator, a given 
quantity Hm is conserved over time, approximating the energy with a time- 
bounded error, which can arbitrarily be minimized through a suitably chosen 
time step (if both forces and velocities are bounded). This result provides an 
estimation, in terms of energy, of the error made upon the (5.293). 

This property of conservation can be approached in two other ways. First, 
we note that the semi-implicit scheme (5.294) can be inverted to give the initial 
state vector X”” as a function of the final vector X”"*!: 


1 
ea ae Be (5.307) 
a is 


C= ii - a or 
The achieved result is formally identical, to within the time sign,>? provided 


that m and m+ 1 are swapped. Such a ‘backwards’ scheme (i.e. working 
back in time and among the temporal indices) would have to be implemented 


applying the second equation before the first, unlike the initial scheme. This 
amounts to writing 


m,m+1,,,.m,m+1 m+1,m,,,m+1,m 
Wot Wye ot = Wr 5: ie (5.308) 


Thus, the scheme is time-reversible, which is in line with its property of 
conservation of an energy, pursuant to Chapter | (Section 1.4.1). It should 
be pointed out, however, that this reversibility is achieved at the cost of the 
operator swapping, that is provided that the operations are made in the reverse 
order. 

Moreover, the implicit scheme (5.270) can obviously be rearranged as: 


Va. uw = ut! — 1 pntis, 
9 a a a 
Ma (5.309) 
rym tl_ yet 5s 
which is similar to the explicit scheme (5.266), the temporal indices and the 
time sign being inverted. Thus, the fully implicit scheme may be considered 
as a reverse explicit scheme. Thus, neither of them is time-reversible, which 
characterizes their non-conservativity. 

We explained in Section 2.2.2 that the conservation of energy is accompa- 
nied by the conservation of volumes in the phase space. Using the scheme 
(5.294), we may write, by analogy with (2.14), the Jacobian matrix of the 
transformation® (py, ‘) > (ert, x) (i.e. X7 > x*1) on the model 
of (2.16): 

apt! op”t! 
a 


a 











yor 2 dp), or 
ab a or™tl or@tl 
a a 
Op; or; (5.310) 
ar” 
_ (darks oem! 
0 Sabln 
which verifies 
a (xr) 
mm+l ‘a = 
det J; = “a (xr) | = Sab (5.311) 


We may recall that the theoretical calculation (2.15) (Section 2.2.2) 
leading to the preservation of the volumes in the phase space for a 
molecular system was based on the arbitrary smallness of the infinites- 
imal time step dt, unlike the numerical time step dt. It is then essen- 


tial for the term ore! /dp;, to be zero in the calculation of the Jaco- 


bian matrix a, unlike the time continuous case in Chapter 2. With 


the explicit and fully implicit schemes, this property would no longer hold 
true, because the positions at time m-+ 1 would depend on the momentum 
at time m, ie. or™+l / dp, # 0 (in particular, refer to Marsden and West, 


2001). 
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60This is not the matrix of the 


ey operator, due to the 


quasilinear nature of the Hamilton equations 
(refer to Section 1.4.2). 
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6lRefer to Appendix B for the definition of 
that distribution. 5 is here homogeneous to a 
frequency. 


62By some happy coincidence, it is also the 
simplest one to be implemented, since it 
consists of successively updating quantities, 
which fits a sequential algorithm. That is why 
many developers (including the author of this 
book) have implemented it without initially 
knowing its advantages. 


We would come to the same conclusion by describing the system through the 
same vector including the density. The Jacobian matrix of the transformation 


1 1 1) G ly; 
(pyre. of") > (ptt rt! pm!) Ge. ¥" — Y?"+) is then written as 
































dp”*! ey ap7t! 
Op, or, Op, 
yume ore?! or or™+} 
ab) Ope or; apr 
esi =. apm! 
OP, oy ph (5.312) 
a Ket m a Fut m 
Sab [Tn] arty" ot ( a) ét 
ory, Op}, 
= [0] Sab (I, ] 0 
0” 0” Sab 
It verifies det 7 = dqp due to the nullity of the term ager! /op;', which 


would be false if the equation giving the changes of p, was not written in 
an implicit form. The determinant, however, would also equal 1 if the term 
api*! ar?" was not zero. Thus, we could just calculate ”"*! from the ar) 
and the ale that is only implicate the updated velocities in the discrete 
continuity equation. 

It can be observed that, as in the continuous time case (Section 2.2.2), it 
is the phase space volume associated with the parameters of each particle 
which is conserved, so that the transformation is symplectic. Because of its 
conservative nature with respect to both energy and volumes of the phase 
space, the semi-implicit scheme is then sometimes referred to as symplectic, 
because it preserves the Hamiltonian structure of the equations of mechanics 
within the context of a discretized time. In order to clarify that notion, we may 
recall, indeed, that the concept of successive operators which are applied to the 
state vector of each particle amounts to periodically exerting a punctual force, 
which is tantamount to writing an approximation of the Hamiltonian (5.221) as 


2 
Har (tpo) , 0}) = Yo PPL £ ep prado S28 (0 — mst) (6.313) 
b m 


2m 
b b 


where 5 is the Dirac distribution.°! The discrete equations of the symplectic 
scheme could easily be derived by applying the Hamilton equations to (5.313). 
With the explicit scheme (5.266), for example, that property would no longer 
be true and the preservation of the phase volumes would not be complied 
with. The energy would therefore not be conserved, which is consistent with 
the irreversible nature of that scheme. The same conclusions can be applied to 
the fully implicit scheme (5.270). 

Thus, the symplectic scheme is recommende: because it ensures that the 
energy never departs from its theoretical value by more than a small bounded 


4.62 


amount, whereas an explicit scheme would predict an energy liable to arbitrar- 
ily drift from its initial value after a large number of iterations, regardless of 
the time step value. This is an important result, because the time step cannot 
be arbitrarily chosen, as we will explain in Section 5.4.4. 

The results we have just established are still valid in the very general case 
of some mechanical system or other. In order to highlight it, let us consider 
the simple pendulum case which we have already mentioned on several occa- 
sions (in particular in Section 1.4.4), which offers the advantage of becoming 
independent of any spatial discretization. Here the explicit scheme would be 
written as 


gmt es Q” ft 6" §t 
(5.314) 





gmt =gm +4 6" $t 


With the equation of motion (1.153), the dimensionless state vector (1.174) 
at the time point m + 1 could be expressed as a function of its value at the 
previous time point: 


+ 1_ wt F 
xX m+ = Wag m 
5.315 
ae =( 1 7 | ( ) 
dt,exp ~~ bt 1 


where 6t+ = woédt is the dimensionless time, as in (1.173). It can be observed 
that the formula (5.315) is nothing but a first order expansion in 5¢* of the 
continuous equation (1.175) involving the matrix +. The energy, according 
to formula (1.176), evolves in accordance with the following law: 


yt — mgt beter 
2 





e T (5.316) 
— ME* (ytmyT (yt + + 
= (xt) (Yi exp) © es m 
Unlike the matrix ¥*, however, i ck verifies 
+ "wt +2 
(YF exp) Vircep = (1 + dt ) 9) (5.317) 


to be compared with (1.177). Thus, the system energy increases at each time 
step, being multiplied times the factor 1 + 5t*+?. The volume in the phase space 
then changes too, as evidenced by the determinant in Ww — which does not 
equal one: 


det Wt  =14 6r+? (5.318) 


dt,exp 
a formula to be compared with (2.12). A fully implicit scheme would yield, 
instead of (5.314): 


gmt = gm +4 Omtl sy 
(5.319) 








gmt =g" ah gmt sy 
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that is 
+1 _ qt F 
xt = W5, imp m 
ee " ( 1 ay (5.320) 
ét,imp * —stt 1 


We can see that the implicit matrix is related to the explicit matrix by 


—1 
Wi one = (© Fsas) (5.321) 


which substantiates the fact that the implicit and fully explicit schemes are 
mutually inverse. The relation (5.317) is then substituted for by 


+ Poe + - + ayy 
(Wi io) Ye = (5 imp) | (3m) 


T 7! 
= eae (Ws: exp) (5.322) 


1 
= ——,I 
1+ 62 7 
and (5.318) is substituted for by 


1 


+ = 
det Ws imp =i ae 


Unsurprisingly, the phase space volume decreases, as well as the energy. 
Thus, an explicit scheme is excitating, whereas a fully implicit scheme is dis- 
sipative, which once again reflects the fact that they may be deemed symmetric 
to each other through a time reversal. 

The proper equilibrium is then provided by a symplectic scheme which, for 
instance, would here take the following form: 


gmt! — 6m 4 6" Sr (5.323) 
gmt = og” or Ot sy 








that is 
xt _ Vk 
1 —3srt (5.324) 
W5i,symp = ie ites 2) 
This time, the matrix we ssanp verifies 
det V5; symp = 1 (5.325) 


The phase space volumes are then preserved. On the basis of Section 2.2.2, 
it should then be expected that the energy would be conserved, which would 
correspond to an orthogonal matrix ae (as with eqn (1.177) in the case 
of a continuous time), but it is an ill-founded intuition. We get, instead 


1 f1—dtt? bet r 
(Warsi) = ( —dstt 1 ) Fx (5, mp) (5.326) 


The reason for this inequality is that, upon the time reversal, the operators 
are applied in the reverse order, as previously explained, which amounts to 
first integrating the position 6, and subsequently the velocity 6. This can 
easily be observed, since the transformation as given by the © ovinh matrix 
is decomposed as follows: 


1 0\ (1 —6rt 
+ — 
Fics '} (( 4 (5.327) 


which is identical to the decomposition ve igi Sie of eqn (5.293) for 
a particle. The system is then time reversible, but the conserved quantity 
corresponding to that invariance is just an approximation of the energy, as 


previously explained. We may introduce the matrix 


étt 
= 2 
A= srt (5.328) 
— 1 
2 
and define a numerical energy 
mgl 4.7 
Anum ir. q*) = = (X ) AXxt 





L 
=A (pr tat + ptatart) 6.329) 


=H+66058t 


As in (5.306), Anum differs from H by an error of about é6t. By analogy with 
(5.316), that quantity evolves in accordance with the law 


mgl T Tr 
Hm) — age (x*”") (Sie) A (WS mp) x (5.330) 


num 


The following property is easily verified: 


T 
Awt 


+ 
(w dt,symp 


i aay) =A (5.331) 


and shows that the numerical energy is conserved. This is a specific case for 
which the numerical energy is exactly written to the first order in dt, the higher 
order terms being identically zero (because the system is linear). 

Let us now return to the case of a collection of particles. Other symplectic 
schemes can be constructed by differently decomposing the operator Dy, with 
the general form 


K 


Du = 9° (CpiDuy + CriDux,) (5.332) 
i=l 
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3 Here we delete the superscripts, ”” 


the sake of clarity in the notations. 


instead of (5.278), with the condition 


K K 
SoS ya (5.333) 
i=1 i=l 


These relations make it possible to satisfy the equality 


K 
H = 0 (CpiHp + Cri Hr) (5.334) 
i=1 
which supersedes (5.276). Each operator Cp; Du, and C,;Dy, then 
etc.,for obeys relations analogous to (5.289), and their exponentials™ Wp.cpidt = 
exp (Cpi5tDy,) and Yy,c,,5, = exp (C,i5tDy,) yield 


Pa (t) 
Wp.C ist Xa (t) = 
Yq (t + Cpidt) 
(5.335) 
Pa (¢ + C,i5t) 
Wrc,;5t Xa (t) S 
Tq (t) 


to be compared with (5.292). Thus, we get a family of K-ordered schemes in 
which the time step is fragmented into K sub-iterations. The operator (5.293) 
is replaced by 


Us, = Wp, cpxdt Yr,C.xdt---Yp,Cp15t Yr, C,15t +0O (s¢**") (5.336) 


With K = 1 and Cp; = C,1 = 1, we are back to the previously discussed 
first-order symplectic scheme. With the option K = 2, Cp) = Cp2 = 1/2, 
C,1 = O and C;2 = 1, we find 


Wor = Vp, 51/2 r,51 Yp,or/2 + O (Ca) (5.337) 


The relations (5.335) then allow us to write this scheme in the following 
expanded form: 


1/2 ot 
Va, etl? — pm 4 yt 








q 2 
1 4 
wt! =u" + — 1/254 (5.338) 
Ma 
m+1 m+1/2 m+1 ot 
Ya = Yq + U, 2 


with a second-order accuracy in 6t. The equations in (5.338) should be applied 
in their present sequence order. We have provided with superscript "+!/? all 
that corresponds to time ¢,, + 5t/2. This so-called St6rmer—Verlet scheme 
can then be seen as a predictor-corrector scheme (i.e. of second order), the 
positions being initially estimated and subsequently corrected as a result of the 
re-evaluation of the velocities (Leimkuhler and Reich, 2005). prtl/ > should 
then be understood as the force received by a as calculated from the predicted 


positions, that is wey >’ It could readily be demonstrated that this scheme 


stems from the discrete Hamiltonian 


2 1 
Hs; ({pp} , {tp}) = pe + > Epp ({ta})dot os I! - (m + 5) | 
b D b m 


(5.339) 
in lieu of (5.313). This scheme is advantageous in that the error in the pre- 
diction of the energy is on the order of 5t7, instead of 5t with the first-order 
scheme (eqn (5.306)). On the other hand, it is more computationally time- 
consuming. Please refer, for example, to Monaghan (2005) as regards its use 
within the context of the SPH method. 

As a tule, it should be remembered that using a symplectic scheme, even 
of a low order, is always advantageous over a non-symplectic scheme, even of 
a high order. In other words, the symplectic (conservative) nature should be 
given prevalence over the order of accuracy. A fourth-order (non-symplectic) 
Runge-Kutta scheme will, for instance, give an error which is very weak during 
the first iterations but is liable to arbitrarily increase afterwards. It is a crucial 
matter for SPH applications in which the time step is often quite small (refer 
to Section 5.4.4), which requires many iterations. 


5.4.3 Discrete Lagrange equations 


The Hamiltonian nature of the symplectic scheme which we have introduced 
in the previous two sections suggests that we could advantageously utilize the 
formalism of the Lagrange equations to give it a rigorous variational nature, 
as we did in Chapter 1, later on for the continua in Chapter 3 (Section 3.6.3), 
and lastly within the framework of the SPH method provided with a contin- 
uous time (Section 5.3.3). We will write that the system’s Lagrangian, as in 
Section 5.3.3, equals 


1 
L (trp}, {uo}) = D7) smo lanl? — Y 7 Ep.o (ra) (5.340) 
b 


b 


(as in Section 5.4.1, we restrict the internal forces to a function of the positions 
alone). In order to apply a least action principle to this Lagrangian, we should 
integrate it over time for defining the action of the system, which implies 
that a quadrature will be chosen for both terms in (5.340). If we initially 
decide to approximate the velocities on the basis of the scheme (5.269), then 
we get: 


d m 
(=) =u" + 0 (51) (5.341) 
with 
m _ »m—1 
u? = 1a 7 Fo (5.342) 


= St 
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64 This is only possible because the assumed 
variation of the positions dr? and dr is null 
at the time limits (i.e. m =0 and m=N, 
N being the number of iterations). This is 
because the initial and final conditions pre- 


scribe the values of the {ro} and [a Is as 
within the context of the variational approach 


for the continuous media (refer to Chapter 3, 
Section 3.6.2, eqn (3.330)). 


and the Lagrangian at the time - m becomes 


L (tebe {ee,) = ga Do gm [8 || DlEpo dead)" 


b 
(5.343) 
The last index in the notation {r? \ , means that the curly braces {-} stand 
for the whole set of positions for all the subscripts b, the superscript m being 
set. Note that in the case of the scheme (5.342), the velocities are no pon 
parameters which are independent of the positions, and the quantities uj’ ar 
just auxiliary notations the definition of which is incidentally chosen, ae 
we could have defined the velocities in an another way, as set out later. Besides, 
we can see that the contribution of each particle to the Lagrangian is identical; 
hence, the action associated with (5.343) is written as 


5 ({1 lia) = debe (ap ) 50 (5.344) 


b,m 





where, this time, the curly braces in the notation ie | i involve both indices 
b and m, and with 


1 
2? 


Equation (5.344) is a discrete spatio-temporal form of (3.325). After a 
summation in time and space, the parameters now comprise the whole set 
{rj} bm of positions of all the particles at all the points in time, just as the 
generalized coordinates q in Section 3.6 happened to be fields varying in both 
time and space. 

We will subsequently proceed as in Section 3.6, writing how the action 
varies due to an infinitesimal variation dr)’ of its independent parameters. 
To that purpose, we necessarily enter the notations dLp/dx and dL),/dy to 


vb, Ly (rity!) = by el — [Epo Grad)” 6.345) 


denote the derivatives of Ly with respect to the current (r} ry and earlier (r , ‘) 
positions of a particle b, respectively, which leads to: 


aL 
Se (roost) ary 


is=), aL, St 


m—1 m—1 
b,m 7 Oe TT, ) : or, (5.346) 
aLp -1\ , Lb (m+ 
=e (wn!) + > (apt ap) | organ 


(we have offset the temporal index m in the second term of the right-hand 
side in order to unite the two sums). Writing that this variation should be 


stationary for every chosen set of the dr;’, we find 
oL oL 
V(a,m), —* ce a) " on eo, eZ) =0 (5.347) 


which constitutes a spatio-temporal discrete form of (3.310), which may be 
called discrete Lagrange equations (Quinlan and Tremaine, 1990). 


With the Lagrangian (5.345), we find 


OL _ 1 - DE» a\" 
wet) gnt—e)- (8) 











Ae i (5.348) 
1 1 
H(t) jam ("A 
or else, taking (5.342) and the definition of the forces into account: 
oL 4 1 
gy (tata!) = gpmoul + FY (5.349) 
OLa Cae a) = ae ut! : 
dy \*% ? 4 oo 
The discrete Lagrange equations (5.347) are then written as 
V(a,m), ta (ui = wr!) +F"51 =0 (5.350) 


in accordance with (5.269). We find that the temporal discretization of the 
velocities is consistent, from a variational point of view, with that of the 
positions. Thus, a property of the symplectic scheme is that it results from 
a discrete variational principle (Marsden and West, 2001). 

The explicit scheme does not have that property. We can observe, indeed, 
that the expansion (5.266) corresponds to the following approximation for the 
velocities: 

m ie a re 
ue = 7 (5.351) 

Writing the action as (5.344) and applying the discrete Lagrange equations 

(5.347) would then provide the following equation of motion: 


a 


Wane) ate (ur! = u") +F"5t =0 (5.352) 


which is not consistent with (5.266). On the contrary, (5.352) corresponds to an 
implicit scheme for the velocities, which corresponds to another type of sym- 
plectic scheme, stemming from the time integration operator we ve ‘ 
in accordance with the notation in Section 5.4.1. 

Once again, the above discussion advocates for the semi-implicit (symplec- 
tic) scheme, and we are going to strengthen that assertion by looking deeper 
into the notion of conservation within the context of a discrete time. This is 
because the Lagrange equations take us directly back to the properties of con- 
servation of the systems whose evolution is based on a variational principle. We 
mentioned, especially in Section 5.3.3, the properties of conservation of those 
schemes which have been selected for the spatial discretization of the forces 
within the frame of the SPH method. Bringing in a temporal scheme may inter- 
fere with these properties, as happened with the energy in Section 5.4.2. The 
reason for this is as follows: we have already emphasized, at the end of Sec- 
tion 1.4.3, that the laws of conservation of momentum and angular momentum 
may be written in two different yet equivalent (continuous and discrete) forms. 
Now, with a discretized time, only such laws as (5.249), involving continuous 
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65 By analogy with Chapter 1 (Section 1.4), a 
discrete Noether theorem could be formally 
established. 


temporal derivatives, can be implemented. Thus, although the sum of the 
moments of the forces exerted on an isolated system is zero, the conservation 
of the angular momentum of that system is not necessarily implied if time is 
discretized. In other words, the continuous conservation does not necessarily 
imply the discrete conservation; it depends on the temporal scheme. 

Since the symplectic scheme (5.269) originates from a variational principle, 
it should be able, pursuant to Section 1.4, to exactly verify the required con- 
servation laws,® as discussed in the following. We will first examine what 
the total discrete momentum of an isolated system becomes between two 
consecutive time points. By analogy with Section 1.4.3, it is first noteworthy 
that translating the position vectors {rf \ , Of a constant infinitesimal vector € 
leaves the discrete action (5.344) unchanged; thus, we may write 


Ve, Soko (rf. ep!) = obo (af +e rp +e) (5.353) 
b,m 


b,m 


to be compared with (1.129). A first-order Taylor series expansion in € yields 
OL OL 
ve, Do Ee (rp ryt) + ae (xy a) -€=0 (5.354) 
b 


Deleting the vector € and using the discrete Lagrange equations (5.347), we 
get 





>. = ar _ ou) (5.355) 


a a dy 


This formula is a conservation law. It illustrates, indeed, the constant nature, 
from one time point m to the time point m + 1, of the quantity 


OL 
P" = 81 4 (rr) 
a 





NG 


=) xm (p=) (5.356) 


which coincides with the system’s total momentum. We may note that the 
definition (5.356) suggests that the role of the momentum of a particle is played 
by the quantity 





aL 
pl" = —81 7 ( ot) (5.357) 


Let us check the conservation of that quantity with the symplectic scheme 
(5.269): 


prt = mane (5.358) 
a 


=o maur + (SOF | 6 
a a 
— p” 


(we have used the relation (5.245), which stipulates that the sum of the forces 
in such a system is exactly zero with an adequate spatial discretization). 
Continuous and discrete conservations here go hand in hand. Thus, we can see 
that the total momentum is exactly conserved from a discrete point of view, 
provided that a variational (symplectic) temporal scheme is chosen.® 

Likewise, the discrete conservation of the total angular momentum results 
from the invariance of the action under an infinitesimal rotation, as in Sec- 
tion 1.4.3. That formally leads to the conservation of the quantity 


M” = —St > dLa (a ot) x _* 
dy 
a 
m m—1 
Pa Xa 
a 


where (5.357) has been used. By means of the vector product properties and the 
definition (5.342), that quantity is readily reduced to the standard expression 


1 
M” = > 5 ( _ ao) x me 
7 OF 
1 
= ema (rm — ) x (5.360) 
a 
= So mau <E, 
a 


Once again, let us check that rule in the case of the symplectic scheme 
(5.269): 


m+1 __ m+1 m+1 
M = Se MaYy XU, 
a 





(5.359) 


= > ma a eee 2 So mau! xu!) br 
a 


a 


(5.361) 
=) mart x ut + (ort x Fe | 6 
a a 


= mM” 


It should be pointed out that, to simplify this calculation, we have used the 
property A x A = 0, as well as the calculation (5.249) and (5.250) which, it 
should be remembered, is only valid for forces aligned with the radius vectors 
connecting the particles, corresponding to the discrete conservation of the 
angular momentum. Moreover, the explicit scheme (5.266) would give 
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explicit scheme (5.266). This is because 
the momentum consists of a linear quantity 
with respect to the dynamic variables of the 
problem, unlike the angular momentum, as 
explained just below. 
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m+1 __ n+1 m+1 
M = So mary xu) 
a 


= es x uml (x Maw, X ue") ét 
. . (5.362) 


= nay xu + (x rr x rs) ét+ (x wx rs) bt? 
a a a 
=M" +0 (61?) 


This time, we can see that the angular momentum is only conserved to 
the first order, which reveals a variationally non-compatible scheme. With the 
Stérmer—Verlet scheme (5.338), whose symplectic nature was shown earlier, 
the angular momentum behaves as follows: 


M+! _ yaa x ut! 
a 


41/2 1 
= ‘mart? x uot 5 (x mane x ue) St 
a 


a 





7 mae? ul 4 (x yntl/2 y ae) st (5.363) 


a a 


1 
= ya xu + 5 So mau x ul! | dt 
a a 


— M” 


It is noteworthy that the exact conservation of the total linear momentum 
then brings about the conservation of the total angular momentum in all the 
coordinate systems, according to the relation (1.151) in Chapter 1. 

The question of energy is more complex, because it is physically linked to 
the invariance of the action (or Lagrangian) with respect to any time transla- 
tion, which does not explicitly appear. Besides, we learnt in Section 5.4.2 that 
we may only expect an approximate conservation of the actual energy, with an 
error of dt or so for a first-order scheme over time. We must then perform a 
first-order Taylor series expansion of the discrete Lagrangian (5.345): 

m+l ym dL b 
pears. dX 2 


The temporal derivative of the Lagrangian Ly, is written, taking the definition 
(5.341) and the discrete Lagrange equations (5.347) into account, as: 


dLp = OLp _ drp \” 
ae Be) = Se ee ')- (F) on) 


aLp 4h. fae? 
+ ay (rb ) (Gr) 





(rf! rp!) r+ 0 (81°) (5.364) 


OLp = oLp i i 
_ (sf, r; ') uy +4 (rf, r ') ue 1 


ox “Oy” 
+0 (5t) 
OL» 1 dLp =] = 
=F (ert et) at + 2 (eb ae) a 
+0 (6t) 


As expected, (5.365) then only leads to an approximate conservation, which 
is written as: 


Ep = Ee O (5:7) (5.366) 


with a numerical energy as defined by 


oLp 
E” = —6ét 
num dX dy 


m m—1 m 
=) Pru) —L 
a 


(using (5.357)). This definition may also be compared to (1.69). Returning to 
the definition of the Lagrangian and using the relation (5.342), we find 





m .m—1 m—1 m 
(yx ) suf -L 


(5.367) 


1 
Mg (rm — rr!) yr! 


= : (5.368) 
= ~5Ma \u” |? + [Ep,a({re})]” 


=e {3M luz'|? — maug!- (ue! — uz!) + [E> «(ted ]"} 
a 


m—1 


Lastly, the symplectic scheme (5.269) makes it possible to relate u/” to w? 


and write 


E™ — Em_ ét = ou! 


num 2 a 
a 


5.369 
=—E"™_ — yor w+o (5:7) ( ) 
2 a a 
a 


because F” — F’"—! js of the order of 5t. This formula may be compared with 
(5.306) before coming to the conclusion that the numerical energy Enym is 
actually equivalent to the numerical Hamiltonian Hyy,. Unlike the discrete 
momentum and angular momentum, it is only equivalent to the true (discrete) 
energy with a (bounded) error. It should be pointed out that here we have not 
demonstrated the exact conservation of anything. To that purpose, one should 
return to the discussion in Section 5.4.2. This calculation, however, shows 
that, within the context of the variational integrators, the discrete Lagrange 
equations and the temporal invariance lead to the approximate conservation of 
the energy, just as the spatial invariance has led us to the discrete conservation 
of linear and angular momentum. 
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67 The procedure being used in this case, 
which is known as Von Neumann stability 
analysis, is formally analogous to the theoret- 
ical arguments which prevail in the study of 
the stability of the solutions of the continuous 
equations for fluids. We briefly mentioned 
these works at the beginning of Section 4.2.2. 


5.4.4 Numerical stability 


Let us now turn to those conditions which the above briefly discussed numer- 
ical schemes should satisfy upon their implementation, in order to ensure 
the numerical stability of the solutions in every circumstance. It has been 
well-known since the work by Courant, Friedrichs and Lewy (1928, refer 
to the English translation published in 1967) that solving a system of par- 
tial derivative equations through a discrete approach should satisfy several 
conditions regarding the time step df, in order to prevent the propagation of 
numerical waves which are subject to an undetermined amplification making 
the solution diverge. Within the frame of the SPH method, these instabilities 
may occur in various forms ranging from the aggregation of particles in pairs 
in static phase to the occurrence of an exponential disturbance (‘blowing up’). 
Although these phenomena are purely theoretical, they may be addressed like 
the acoustic waves discussed in Section 3.4.3 of Chapter 3, by linearizing the 
equations around a reference situation. Here we generalize the results achieved 
by Balsara (1995) and Swegle et al. (1995) to the case of an arbitrary dimen- 
sion. One may also refer to Belytschko and Xiao (2002) and Sigalotti et al. 
(2009). 

First of all, we write a system providing the temporal variation rates of the 
system state variables in the phase space, according to the general rule (5.263), 
without prejudging, in a first step, the explicit, symplectic or implicit natures of 
the time integration scheme. As usual, we add a dot on top of those quantities 
which are derived with respect to time. We keep the general models as provided 
by equations (5.83) and (5.239). Using the state equation (5.208) to delete 
pressure in the equation of motion, we can write this system as 
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We will consider in this section the wave-like solutions of these equa- 
tions, given a small-amplitude wave, which allows the linearization®’ of equa- 
tion (5.370). To that purpose, we seek the effect of small variations érg, Ug or 
5fa of the state variables of an arbitrary particle a upon the variation rates Ug 
Tq and 6,. We will write, for example, that u, varies by the amount 6,U, as a 
result of a variation dr, of the positions. Let us initially consider the quantity 
u,,, which does not depend on the velocities. The first equation in (5.370) shows 
that the position of an arbitrary particle r, occurs once in the sum of the right- 
hand side (for b = c), as well as in each of the forces if c = a (this reasoning is 
analogous to that we employed in Section 5.3.3 and will be applied throughout 
this section). Using the notations Wa, as defined by (5.144), we find: 


k-1 k-1 
Pe Pa Pa Pc 
Me (a: + | Wac 
pa pe 


=D Py Pe oF pi oe 
D 
. —Sac Y mp ae + a Wan 
b Pa » 
K-15 k-1 
p Pa Pb 
= dm ot + eT Wap (5¥a — d¥p) (5.371) 
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Through an analogous procedure, we find 5,U,, keeping in mind that the 
density also affects the force via the pressures: 
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ig 2 ea 
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Ph Pa 
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To simplify our calculations, we will henceforth consider a numerical wave 
superimposed on a homogeneous initial state®® featured by the reference den- 
sity po together with a pressure po. Equations (5.371) and (5.372) are then 
simplified and yield: 


2 

‘a, = 22 r D mpWap (Sq — 5¥p) (5.373) 

F 
Z (vy — 2D) po 
5pWa — at ae MpWeplab (80a + dpb) 
Dpo b 
with 
Dpoyc2 
pa (5.374) 
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D being defined by (5.209). We are going to treat the system (5.373) by 
approximating each of the discrete sums through an integral, invoking the 
approximation made in Section 5.2.3, this time in the opposite direction.°° 
Thus, it is the particle with a dummy subscript b which should be likened to 
the continuous variable of spatial continuous integration, namely r = rp. The 
integration volume element d"r is then treated as equivalent to the volume 
mp/po, Whereas the continuous integration is performed over the volume Q, 
encompassing the points interacting with particle a. Integration, however, can 
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68 One may imagine that this state is associ- 
ated with a spatial distribution of those par- 
ticles corresponding to a regular Cartesian 


grid. 


69 This approximation is subject to the accu- 
racy provided by the relevant section. It 
should be pointed out that it is all the better 
since the integrands vary slowly in space, that 
is in this case for large wavelengths as com- 
pared with the smoothing length, as we will 
see later on. In a way, that comes down to 
considering the stability of the chosen system 
of equations within the context of the contin- 
uous SPH approximation. 
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We ignore all effects of boundaries in the 
present study. 


7 The above assumption that the integrands 
should vary slowly then implies that K is 
not too large. Morris (1996a) makes a more 
accurate discrete analysis which, however, is 
substantially restricted to one space dimen- 
sion. 


72The role of the kernel Fourier transform 
in the stability of the SPH method was 
highlighted, in particular, by Sweggle et al. 
(1995), as well as by Morris (1996a). One 
may also refer to Monaghan (2005). 


be performed over the whole space, it being understood that, in fact, the 
presence of the kernel restricts the integrations to Qy (refer to Section 5.2.1): 
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(the first integral is identically zero, provided that the particle a is located far 
off the boundary, as in Section 5.2.1).’° It is noteworthy that the gradient of the 
kernel gradient appears in (5.375), whereas it was discretized by the quantities 
Wap so far. Since equations (5.373) are linear with respect to the unknowns ér 
and 5p, we may consider that each of the Fourier modes in a solution will obey 
the same equations, which allows us to only consider one of these modes, that 
is for the fluctuation of the positions: 


or = R(t) exp (—iK - r) (5.376) 


where R(t) is an unknown vector function and K is a wave vector.’! The 
approximation (5.375) then yields, putting r = r — rg: 


2 
5,4, ~ Po | VV wp (|r — Fal) exp (—iK- r) ars] R(t) (5.377) 
po Lo 


27m) | VV wn (7) exp (—iK - F) ars| R (¢) exp (—iK - ra) 
Po Q 


(the gradient may equally well be taken with respect to either r or r). We can 
see that the Fourier transform of the kernel double gradient appears.’* Using 
equation (B.41) in Appendix B, we derive from it: 


. 2P0 ss : 
dyUg © ——VVwyp (K) R(t) exp (—iK- rg) 
" (5.378) 
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We treat the second equation of (5.373) in the same way, seeking a numerical 
fluctuation of density in the following form: 


5p = R (t) exp (—iK -r) (5.379) 


where R (t) is an unknown time function,’? which gives, using (B.40): 
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Adding (5.378) and (5.380), we can lastly write the variation of Ug resulting 
from the wave being considered, namely 5Ug = drUg + bpUg: 


Sty ~ OTK) (5.381) 
PO 


[a 
x | ————— R(t) K— 2(K @ K) R(t) | exp (—iK - rg) 
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(Monaghan, 2005, sets out a one-dimensional version of that equation). Let us 
now turn to the second equation of the system (5.370). Proceeding likewise, 
we find the quite simple result: 


6%q = U (t) exp (—iK - rg) (5.382) 


where U (t) is an unknown vector which depends on time, defining the fluctu- 
ation of velocity by 


du = U(t) exp (-iK - r) (5.383) 


Lastly, the third equation in (5.370) quickly yields, to calculate 56, = 
5rPa + dua + 5p a, the following discrete variations: 


k-1 
. b 
Srba = D> my (2) u), Wap (Srp — 5a) (5.384) 
b 


Pa 


k-1 
. Pb 
buba = jmp (“) Whpeab * (SUa — dup) 
b a 


k-1 
: Pb bpp 6p, 
Spha = (k—1) )) mp (“) Uah * Wap€ab (@ = “es 

b 


a Pb Pa 


Starting once again from a homogeneous initial state, only the second term 
subsists. As previously, we can approximate it, of course, through an integral: 
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73The assumed low amplitude disturbance 
is then reduced to R(t) < pg. The same 
remark can be applied to the other involved 
quantities. 
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dpa © pO lf Vun (|r — raba"s| - Ug (5.385) 
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= 0 | V wh (7) exp (—iK - r) ari] -U(t) exp (—iK - rg) 
Q 
= ipotp (K)K- U (t) exp (—iK - ra) 


Gathering all the calculations which have been made, that is (5.381), (5.382) 
and (5.385), we get the following system, which provides the rate of variation 
(continuous over time) of the fluctuations occurring when the numerical wave 
being sought is passing by: 


i(y —2D) 
Ee ROK 
Pm (K)| Dro - 
Va, 8Yq = —2K@KRO J | exp(—iK- rg) (5.386) 
U(t) 


ipown (K) K- U (t) 


where, as previously explained, the state vector Y, is defined by Yy = 


T 
(p27 .17, pa) (eqn (1.266)). 
We are going to seek discrete solutions over time, which requires us to 
choose a temporal scheme. With the explicit scheme (5.266) as introduced in 
Section 5.4, we will have Yt! = 5Y” + 5Y7” 5t, that is 


Va, 6u™*! = bu + su" St (5.387) 


bret = br" + br 5t 





Spa't! = bpq' + dpy'ot 
Introducing this scheme into the linear system (5.386) leads us to 
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R oo) = R(t”) + ipoiy (K) K - U (0) 81 
We are now seeking the amplitudes as harmonic functions of time, that is 
U (t) = Uo exp (iat) 
R(t) = Ro exp (iat) (5.389) 
R (t) = Ro exp (iat) 


where w is a frequency. This is tantamount to prescribing the numerical fluc- 
tuations of the state vector components in the form of a progressive wave. As 


regards density, for instance, (5.379) and (5.389) yield 


6p = Roexp[i (wt — K -r)] (5.390) 
which is identical to (3.164) (Chapter 3, Section 3.4.3). Putting 
X = exp (iwsdt) (5.391) 


we ultimately come to the following system: 
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Rox = Ro + Uoét 
Rox = Ro + ipown (K) K - Updt 


RoK — 2(K ® K) Ro ét 


(5.392) 


whose unknowns are the constants Rg, Ro and Up. The existence of a solution 
requires that the determinant in that system be zero, which provides a charac- 
teristic equation whose unknown is x. The definitions (5.389) then show that 
the wave amplitude varies over time’* in y”, and so a necessary and sufficient 
condition for stability’ reads as 

Ix| <1 (5.393) 


If the calculation of the system determinant is preferably to be avoided, the 
following relation’® can be derived from (5.392): 


y (x — 1)? 
K ® K) Ro = —- =O 5.394 
( ) Ro 257A, K) (5.394) 
with 
A, = (y —2D) i (K) +2D 
(5.395) 


= yin (K) + 2D (1 — wy (K)) > 0 


With the Gaussian kernel (5.45), whose Fourier transform (5.77) is positive 
and smaller than 1, A; is obviously positive. The same applies to the Wendland 
kernel (5.57). We henceforth will assume that these conditions are satisfied. 

The relation (5.394) presents the scalar quantity in the right-hand side as an 
eigenvalue of the tensor T = K ® K associated with the eigenvector Ro. Now, 
T has two eigenvalues. The first one is 0, an (1 — 1)-ordered value whose 
eigenspace is the hyperplane constituting the kernel of the linear operator 
being associated with T, which corresponds to x = 1, satisfying the condition 
(5.393). The second eigenvalue is K 2 (where K = |K| is the wavenumber), 
associated with the one-dimensional eigenspace directed by the vector K, and 
which yields 


ajaj9 2% ge A) 
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ao ¥ 


(5.396) 
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74Under this hypothesis, a growing numeri- 
cal disturbance eventually takes values which 
are inconsistent with the assumed low ampli- 
tude values. This means that those equations 
having governed the establishment of the sta- 
bility criterion give birth to solutions which 
antagonize the hypotheses, as is often the 
case with the hyperbolic systems of differ- 
ential equations. The following criterion will 
nonetheless remain valid as a necessary con- 
dition for stability. 


73 Another approach consists of considering 
the frequency as a complex number whose 
imaginary part determines the increase or the 
decrease of the amplitude. The above condi- 
tion is then written as Im (@) > O. This kind 
of condition is typical in the stability analy- 
sis, including within the context of the con- 
tinuous formalism (refer to the remarks made 
at the end of Chapter 4 (Section 4.2.2) about 
the Orr-Sommerfeld equation. As regards the 
SPH method, Morris (1996a,b) carries out 
that analysis, albeit with the approximation 
wét < 1, which makes it possible to linearize 
x © 1+ iwét (see further on). 


7©To that purpose, we use (A.44). The 
result below is in accordance with Morris 
(1996a,b), although the latter has restricted 
his arguments to a one-dimensional problem. 
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77 One should remember, under this hypothe- 
sis, that such equations as (5.375) include an 
undetermination, without any change in our 
results. 


where Kt and Map are defined by (5.73) and (5.211), whereas Co is called 
the Courant number, based on the flow velocity U scale 


USt 
Co = — 
Oo= h 


(the particular case D = 0 gives x = 1 +iCoKt wy (K) /Mago). Regardless 
of the value of K, at least one of these roots infringes the condition (5.393), 
and so the scheme is unconditionally unstable. In the following, we will only 
deal with the case in which D = 0 (which corresponds to a zero background 
pressure po’’). This hypothesis will simplify our calculations without substan- 
tially altering our results. In this case, Ay = yp (K) and equation (5.394) is 
reduced to 


(5.397) 


(x — 1)? K* 
(K @ K) Ro = —— Rp (5.398) 
with 
. Co ee 2 


The result which we have just achieved is based on a number of options 
for the model being considered, particularly on the use of a discrete continuity 
equation for calculating the densities. We will come to a similar result by con- 
sidering the interpolation equation (5.192) instead of the continuity equation. 
Its linearization yields, indeed 
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Starting from a homogeneous initial state, we get 
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That expression can be approximated through 
Spa © {(k — 1) [wn (K) — 1) R(t) — ipo (K)K-R(t)} (5.402) 
x exp (—iK - rq) 


Since there is no numerical scheme for that equation, its introduction into 
the linearized system will not involve x: 


2 
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(we may recall that here and henceforth, D = 0). This system will provide us 
with the following eigenvalue equation: 
[k — (k= 1) ty (K)] (x — 1)? K? 


(K @ K)Ry = Ry (5.404) 
A2 


whose solutions which differ from one are 


ise 
x= 1+ ee). _. (5.405) 
Maoyk — (k — 1) 0} (K) 
(the quantity under the radical is positive). Since one of these roots is higher 
than 1, the system is unconditionally unstable again. 
Let us return to the case which is based on the continuity equation with 
D = 0. Considering the effect of the symplectic scheme’® (5.269) consists in 
substituting 








eR 
Uox = Uo +i . wp (K) Kot 
0 
Rox = Ro + Upxsdt (5.406) 


Rox = Ro + ipotwy (K) K- Uoxst 


for the system (5.392). 

As compared with (5.392), the only difference (apart from D being zero) is 
the presence of x to the right of the second and third equations. This system is 
reduced to 

= 1 K? 
(K ®@ K) Up = —-———_———_Up (5.407) 
A2x 

Comparing that equation with (5.398), the new feature is the factor x in 
the denominator, which gives as a characteristic equation (disregarding the 
solution x = 1): 


x7 -(2—Ar)x+1=0 (5.408) 


One can easily understand that the solutions to (5.408) may only satisfy the 
condition (5.393) if 


O0<Ar.<4 (5.409) 


The solutions for x are then complex conjugate, and (5.408) shows that 
their norm equals |. Given the definition (5.399) of A and its positiveness, the 
condition (5.409) is reduced to 


2Mao 
Co 


and should be satisfied for all the wavenumbers. With the Gaussian kernel, the 
left-hand side in (5.410) is written as Kte~* **/4 and has a maximum which 
equals ./2/e for K+ = J/2. Thus, there is a sufficient stability condition, 
namely: 
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78 We may recall that this scheme, which was 
discussed in Sections 5.4.2, consists in treat- 
ing both positions and densities implicitely. 
One can easily understand that the implicita- 
tion of the position does not affect the solu- 
tions in the system being dealt with. This is 
because Ro is only involved in the second 
equation, the form of which is then irrele- 
vant. Thus, the implicitation of the continuity 
equation is crucial for establishing the results 
below. 
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Taking the definitions (5.397) and (5.211) of Co and Map into account, this 
condition is also written as 


h 
bt < V2e— & 2.33— (5.412) 


h 
co cO 

The system is then conditionally stable, associated with the Courant— 
Friedrich—Levy (CFL) condition (5.412). 

Here we should make a remark about the result we have just come to. The 
abundant literature dealing with the specific problems of numerical stability 
in the SPH method discusses the role played by the sign of the normal forces 
o;j, that is the diagonal part of the stress tensor (refer to Sections 3.3.2 and 
3.4.1). Most of the authors consider that a stability criterion is provided by the 
necessary condition w/o;; < 0, where w7 is the second derivative of the kernel 
(refer, for instance, to Swegle et al., 1995). Now, for a weakly compressible 
fluid, since two particles are spaced at least dr apart to a first approximation, 
the ratio g = rap/h at least equals dr/h, that is it ranges from 0.5 to 1 (refer 
to eqn (5.81)). For these values, Fig. 5.2 shows that we are close to the kernel 
inflection point, corresponding to a sign change of w/, generating uncertainties 
as regards the sign of w//o;;. The resulting instabilities may become stronger 
if the pressure is poorly estimated (Swegle et al., 1995). This result, however, 
is established for a one-dimensional system, and also considers that a given 
particle is only linked to a pair of nearby particles on either side of it. The 
condition (5.410) is a generalization thereof for an arbitrary spatial dimension 
and an arbitrary number of nearby particles. 

Thus, we can see that the stability of the SPH method, such as we have 
set it out, depends on the time scheme being chosen, the symplectic scheme 
being recommended. When added to the discussion of Section 5.4.2, that 
conclusion advocates even more for that scheme. Lastly, it is noteworthy 
that our calculations are based on the hypothesis of a kernel whose Fourier 
transform is positive and decreasing, which favours the Wendland kernel (5.57) 
rather than the B-splines (refer to Section 5.2.2). The numerical experience 
(see Robinson, 2009) substantiates that opinion, even though the numerical 
wavenumbers can hardly reach the values at which the Fourier transforms 
of the B-splines oscillate. Besides, it is interesting to study what the condi- 
tion (5.412) becomes with the Wendland kernel, even though Section 5.2.2 
only gives its Fourier transform in a dimension n = 1. The maximum of the 
wy, (K) Kt = wif (K*) K* function (refer to eqn (5.71)) equals approxi- 
mately 1.13, which only slightly changes the result (5.412), the constant 2.33 
becoming 1.78. Figure 5.6 illustrates the shape of the #;, (K) K~* function for 
both selected kernels of this section. 

As regards the explicit scheme, it does not necessarily become worthless, 
because our analysis is based on a number of approximations and assumptions. 
In particular, the numerical interpolation tends to stabilize the systems, and so 
each of these schemes may be considered practically stable, provided that such 
a kind of condition as (5.412) is adjoined to it, that is 
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We may recall that the analysis we have made in this section is only valid for 
high wavenumbers. It is obvious, however, that the development of a numerical 
wave is only possible if the latter’s wavelength is at least twice as large as the 
size dr of a particle, which corresponds to a maximal value of K* as given by 


i 
ee (5.414) 


max — Or. 

Because of the usual values chosen for the 4 /dr ratio (eqn (5.81)), K ae then 
approximately equals 5 and the approximation being performed is probably 
found to be defective. Practically, the condition (5.413) should then be asso- 
ciated with a coefficient which is lower than the value as yielded by (5.412). 
Starting from numerical tests, Monaghan (1992) recommends C35;, of at most 
0.4. It is well-known, however (for instance, refer to Randles and Libersky, 
1996) that making a scheme partly implicit inevitably increases the stability 
and especially makes it possible to increase the constant C3;,; occurring in 
(5.413), possibly up to such values as 2 or so. The fact that the sound velocity 
affects the time step is excessively restricting: the usually high value of co 
(refer to Section 2.3.3), indeed, leads to a very small time step. This is why, 
immediately upon Section 5.3.2, we have recommended that the numerical 
sound velocity be lower than the physical sound velocity (equation (5.213)). 

In the case of high frequency numerical waves, the approximation wét < | 
can be made, which yields x © 1 + iwét. The formula (5.407) then makes it 
possible to write a dispersion relation as 


@ = +cowp (K) K (5.415) 


By analogy with equation (3.167) in Chapter 3, a numerical propagation 
velocity can be defined for a disturbance with a given wavenumber: 


CK K ( ) 
which yields 


ce = [cota (K)P (5.417) 
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Fig. 5.6 Graphs of the ay 1f (K*) Kt 
function for the Gaussian kernel and the 
Wendland kernel (dimension n=1). 
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79 This is a conventional methodology for the 
methods involving meshes. 


The propagation velocity of the numerical waves is then close to the numeri- 
cal sound velocity co as soon as wy (K) is close to 1. With the Gaussian kernel, 
(5.77) shows that it happens for small values of K*. 

To complete this paragraph, let us mention the case of the fully implicit 
scheme (5.270) as discussed in Section 5.4. It would easily be demonstrated 
that the characteristic equation leads to such solutions as 


ol 
~ 1 +iA9 





Xx (5.418) 


whose norm is given by 


Ix!? = ee ' (5.419) 
ig | ae km (K)| 
Mao 

This scheme is then unconditionally stable, which is quite advantageous 
since the time step can be arbitrarily chosen, provided that it is sufficiently 
shorter than the characteristic time of the phenomenon being modelled. It 
should be recalled, however, that this scheme (apart from its technical chal- 
lenges) is not conservative, as explained in Section 5.4.2. We have learnt 
through the simple pendulum case that this kind of scheme is artificially 
dissipative, which is intuitively consistent with the property of stability which 
we have just highlighted. 

Lastly, a remark should be made about the selected options for the spa- 
tial discretization of the differential operators. Since Section 5.3.1, we have 
repeatedly laid stress on the virtue of the symmetric shapes by emphasizing 
their conservative nature. Morris (1996a,b), however, has demonstrated that 
antisymmetric, that is non-conservative, shapes, on the contrary, have better 
properties of stability. 

We have previously explained the importance of the Wendland kernel in 
the control of the numerical stability in SPH. Among the other solutions for 
alleviating the issue of instabilities, Monaghan (1999) suggests adding an 
artificial pressure, which induces a beneficial modification of the dispersion 
relation, whereas Rabczuk et al. (2004) introduces deformable particles. We 
also must mention the idea expressed by Dyka et al. (1997), who argue in 
favour of such an approach as the ‘decolocalization’, a method which consists 
of considering two collections of ‘dual’ particles, one of them used for calcu- 
lating the velocities and the other for calculating the pressures.’? 


Advanced hydraulics 
with SPH 


6.1 Introduction 


The development of the SPH method was naturally matched with a willingness 
to broaden the scope of the modelling of the physical phenomena. Now, the 
tools in Chapter 5 have been constructed within a non-dissipative, that is 
diffusionless, especially viscosity-free, framework. The concept of viscosity 
for SPH, however, soon appears within a context of stabilized solutions of 
the discrete equations, along the lines of the available techniques which have 
already been tested for the methods involving a grid. Yet a formalism can be 
established for representing in a discrete form those physical viscous forces at 
work in the Navier-Stokes equations. More generally, the issue of the discrete 
treatment of the second-order operators has been dealt with in many publi- 
cations (for instance, refer to Monaghan, 1992) before coming to a number 
of mutually related formulations taking the form of the dissipative forces as 
discussed in Chapter 2. It can then be found, indeed, that in addition to their 
purely physical nature, the discrete viscous forces as formalized in the SPH 
language have a stabilizing effect from a strictly numerical point of view. 

These tools are attractive since they also allow the treatment of equations 
with respect to scalars and energy, taking the diffusion processes into account. 
The solution of Poisson’s equation also happens to be possible in this frame- 
work, paving the way for strictly incompressible schemes which were devel- 
oped as far back as the early 1990s. The incompressible approaches for SPH 
quickly proved their advantages due to shorter computational times and more 
regular modelled fields, in particular for pressure prediction. 

The desire for representing increasingly complex flows and processes was 
not limited to these considerations among the modelling specialists. Among 
the major issues which they had to address when the SPH method emerged in 
hydraulics was the treatment of boundary conditions. Solid wall modelling 
was the subject matter of lots of publications implementing quite different 
techniques with varying results (Monaghan, 1992, Marongiu, 2007; Ferrand 
et al., 2011). It seems that the variational nature of SPH has been a possibly 
significant part of the solution from the early 2000s (Kulasegaram et al., 2004). 
The treatment of the interfaces between two fluids in surface tension conditions 
was abundantly dealt with too (for example, refer to Hu and Adams, 2006), as 
well as the modelling of bluff or floating bodies (Monaghan et al., 2003). As 
regards the specific treatment of the open boundaries, it is largely an... open 
problem. The scope of all these questions covers, of course, the coupling of 
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various phenomena (interactions between fluids and structures) as well as the 
coupling of the SPH method with other numerical approaches (finite volumes, 
finite elements). These presently emerging problems are being actively and 
promisingly tackled. 

It will be recalled that the importance of the turbulent phenomena was 
highlighted in Chapter 4. Now, the question of turbulence modelling with SPH 
has only recently been addressed, because of the strictly numerical problems 
which the scientists were faced with, generating instabilities and inaccuracies 
which obscured the fine scale of the details required by the modelling of intri- 
cate physical phenomena. Yet, nowadays, due to the increasingly numerous 
attempts regarding this topic, it is about to become a classic (Violeau and Issa, 
2007a). The two-equation methods, in particular (Chapter 4), can be treated on 
the basis of the previously discussed discrete scalar equations. Yet, the future of 
turbulence with SPH probably lies in the large eddy simulation (LES), because 
of its Lagrangian nature. Through the development of the intensive calculation 
(refer to Chapter 8), it will probably become a standard approach within a few 
years. 

In this chapter, we will initially deal with the discrete modelling of the 
second-order differential operators, which will make it possible to extend the 
discrete Euler equations (Chapter 5) to formulations of the discrete Navier— 
Stokes equation, then to write SPH forms of the scalar equations, particularly 
for energy, starting from the continuous models as discussed in Chapter 3. 
Through another link to Chapter 3, we will establish a discrete incompressible 
scheme. We then will turn to such questions as surface tension modelling, 
then the treatment of solid walls (particularly on the basis of variational 
approaches), in connection with Chapters 1 and 3. Next, we will discuss the 
case of the fluid-driven solid bodies. Lastly, we will review the main methods 
for simulating the turbulent flows with SPH, still referring to Chapter 4, as well 
as to the end of Chapter 2. 


6.2 Discrete viscosity and diffusion 


We start this chapter by stating a discrete form of second-order operators in the 
SPH language. This tool is then used to derive discrete forms of the viscous 
forces in the Navier-Stokes equations, and we study the effects of these forces 
on numerical stability. An equation of energy with diffusion is then written in a 
discrete form. Finally, we show how it is possible to treat truly incompressible 
flows with SPH by solving a discrete Poisson equation for pressure. 


6.2.1 Second-order SPH operators 


In the preceding chapter, we have purposefully ignored the second-order oper- 
ators, which are necessary for writing the equations of motion of a fluid, for 
example the Laplacian operator. This work could be started using a method 
analogous to that described in Section 5.2.3 for discretizing the first-order 
operators. For instance, applying the Laplacian to the first equation in (5.89), 
we find 


(v4). x > Vp AbV- wn (rab) (6.1) 
b 


where V*w, is the kernel Laplacian. This approach, however, involves the 
second derivatives of wyz, which induces a great sensitivity to the particle 
disorder! (refer to Monaghan, 1992). Monaghan (2005) additionally records 
a couple of drawbacks to that method: first, it disrupts the discrete conser- 
vativity of the quantity A, because it cannot ensure the antisymmetry of the 
flux A,V2wp; (rap) (refer to Chapter 3, Section 3.3.1). Furthermore, this flux 
has no determined sign, insofar as the kernel second derivatives are liable 
to change sign. Now, as explained in Section 3.3.1, the flux of a quantity is 
necessarily directed towards its decreasing values. Gonzales et al. (2009) also 
demonstrate that this kind of approach is numerically questionable. Although 
some authors utilize the method (refer, for example, to Takeda et al., 1994), 
another procedure shall preferably be adopted. Another idea consists in noting 
that the continuous relation V* = div (grad), when transcribed into the SPH 
discrete formalism, can be written as 


(v2) ~ Bo {6} (Ac (6.2) 


=— ye Vb Ve [(Aa + Ac) Wac€ac — (Ap + Ac) Wh&be | s Wa plab 
b,c 


or any other combination of the first-order operators as defined in Section 5.2.3. 
Although some authors utilize this procedure (for example, refer to Bonet and 
Rodriguez-Paz, 2005), it appears, however, that this formulation is based upon 
a computationally time-consuming two-fold sum. 

Thus, in this Section, we will seek another method for writing a discrete 
approximation of the second-order operators. To provide an idea of the kind 
of result to be achieved, let us initially consider the general case of the vector 
[div (Jagrad A)],, where Ja is the (dynamic) diffusion coefficient for the vec- 
tor field A. Using the operator Dé (eqn (5.126)) for estimating the divergence, 
we get: 


Di {(Jagrad A),} 





7 = V; pik Jaa (grad A), + p2* Ja» (grad A), sgh (6.3) 
(pape) —e 
As explained above, the gradients appearing in (6.3) could now be estimated 


by means of the G* or Cc operator, but this would result in a two-fold 
summation over dummy particle subscripts, making the algorithm heavier. In 
order to settle that question, we may perform a Taylor series expansion of Aj, 
about the point rg by writing 


Ap = Aq — (grad A), - Tar +O (125) (6.4) 
(the ‘minus’ sign comes from the definition rg, = rg — rp). Hence we get 


Aab 





(grad A), - eap © (6.5) 


Tab 
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!We could further explore this point through 
such an analysis of stability as that in Sec- 
tion 5.4.4. The discrete viscous forces will, 
indeed, be studied this way in Section 6.2.3, 
but starting from the form provided later on 
in this Section. 
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2Note that the latter vanishes for any constant 
field, ic. LO[{Jp}, (1}] = 0. 


3This reference concerns the Lagrangian 
numerical method dissipative particle 
dynamics (DPD), formally close to SPH, 
although it is rather used in the area of 
molecular dynamics. Some variants exist 
of the formulation proposed herein, with 
similar properties (see e.g. Schwaiger, 2007; 
2008). 


with, as already mentioned, Agy = Ag — Ap. Swapping the subscripts in (6.5), 
we get to 


(grad A), - €ap = — (grad A); - pa 
Aba _ Aab (6.6) 


‘ba Yab 
Introducing (6.5) and (6.6) into (6.3), we come to a new family of SPH 
operators, which in this case are second-order operators: 


pr Tew oh pak Iap Aap , 





Li [{ Jao}. (Ao}] = Do Vo w (6.7) 
tee) d (papoy® Fab 
~ [div (Jagrad A)], 
For k = 0, we find in particular 
J a,abAab 

0 4 ; 

La [{Ja.o} . {Av}] = 2 DX Vy Map (6.8) 
D 
with, for an arbitrary field B: 
= Ba + B 

ab = — (6.9) 


The same method could be applied to a scalar, and we would get 


: J A,abAab 
Liao) An = 2 Y Vp whe ~ [div (Jagrad A)], (6.10) 
b a 
Thus, we have got a discrete form of a second-order operator’ only involving 
first-order partial derivatives of the kernel. This method, however, can only be 
laboriously extended to any second-order operators, the general form of which, 
as applied to a scalar A of a diffusion coefficient J4, is written as 


L = grad [J, (grad A)] = a, (155) e; ®@ ej (6.11) 
Ox i OX j , 

We are then going to steer our quest towards a close approach, giving 
rise, however, to a single family of discrete operators. In accordance with the 
approach adopted by Monaghan (2005) and Espajfiol and Revenga (2003),* we 
are going to show that the ij—th component of L, can be approximated as 
follows: 


0 (1 ~~) 
OX; 9x) a 


J a,abAab 
=>) sre [(n + 2) ean iear,j — dij] Way + O (1?) 
b a 


(6.12) 


where é,p,; is the i—th component of the vector eg» (here n is still the geomet- 
ric dimension of the problem), and, as previously: 


Aap = Aa — Ab (6.13) 


In a tensorial form, the latter result may also be written as: 


JaAapA 
La = 2 Vp [in + 2) ea ® €ab — In] wh, (rab) + O (a (6.14) 
b Tab 


(also refer to Yildiz et al., 2009 and Violeau, 2009b). To demonstrate this 
result, it should first be observed that the tensor Ly is inherently symmetric. 
Next, an integral approximation of the right-hand side in (6.14) can be written, 
according to the elementary interpolation (5.84): 


(Jaap Aap) (r) 


r@r 1 zy) n= 
J+ (n+ 2) =a | w;, (r) d"Fr (6.15) 


20 


With the elements of Section 5.2.3, we know that J approximates the discrete 
sum (6.14). It then remains to be shown that J is a good approximation of La, 
which is defined as the value of L at the point being occupied by the particle 
a. First, a Taylor expansion of J, A near the particle a, which is analogous to 
(6.4) but to the second-order, yields: 


Ja bAp = JaaAa — Jaa (grad A), - Yap — Aa (grad Ja), - Vab (6.16) 
1 1 
+5La: (ab ® Yap) + 5 [(grad J4)q - ab] [(grad A), - rap] 
+0 (3,) 
We now invoke the expansions of J4 and A which are identical to (6.5): 


(grad A), -Yab = Aap + O (r3s) 
(6.17) 
(grad Ja)q - Tab = JA,ab + O (r2s) 


Combining (6.16) and (6.17), we find 


= 1 
TaabAaw © (Jagrad A)q «tab — 51a: Cab @ Fab) +O (ra) (6-18) 


Afterwards, the integral (6.15) can be written as 
1 
J= a (Jagrad A), + zh :La+ | (6.19) 


where the integrals J, J2 and J3 are third-, fourth- and second-order tensors, 
respectively, which are defined by 


1 cs ed : be cee 
n= | ;|0 +93 Fete%) -1,08] uy, Har (6.20) 
2X i; 
1 Le i - ~ a = (ny) yne 
h=-f ;|0+2 5 @eieret —1, 070%] v, Ha 
Qo 1 r 


nef +0 ()|@+2) Stef, | uy, Oa" 
SQ 7 re ao 
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The property (5.34) shows that J; is equal to zero. However, the term O (7?) 
appearing in J3 does not allow us to state that this integral is equal to zero. The 
least we can say is that it is an O (h), such that (6.19) yields 


< sh -La +O (1?) (6.21) 


To calculate Jo, we write d"t = 7"—'d7F'da (as in Section 5.2.2), which 
makes it possible to separate the variables: 


a (n+ 2) f, e@®e@e@edw 
ee I pen on ye Xn 
J2= [ wy, (F) Fr" dF Le ie seauy (6.22) 


where e is the local unit vector r/7, running over the unit n—sphere &,,. The 
first integral in (6.22) is given by the normalization of the kernel (5.38): 


hy hy 
/ wi, (r)r"dr = [wa (r) a — nf wp, (r) "dr 
0 0 


Ry n—-1 
= —nainn iF (q)q dq (6.23) 


n 


| Sn 


The last two integrals in (6.22) are calculated from symmetry considera- 
tions, as we did for the calculation of the second-order moment of the kernel 
in Section 5.2.1. We will first calculate the second one: formula (5.63), with 
F (7) = 1/7’, may also be applied to the sphere ©, which immediately yields 


1 
[ eeedo=*(f do) hy 
Dn MASE 


= Sn 1, 


n 


(6.24) 


Through a reasoning analogous to that which enabled us to establish (5.63), 
we now can calculate the integral of e ® e @ e @ e, which consists of a fourth- 
order tensor. To that purpose, we will denote as e; those components of e (not 
to be confused with the vectors in the e;, which are written in bold). Thus, 
the only non-zero components in the tensor being considered are the integrals 
of such quantities as eF or ere’ with i ~ j. In addition, we may note that 
a rotation by a 2/4 angle about the origin within the plane (i, j) leaves the 


sphere unchanged, which yields 


4 ej + ej 
e;dw = a dw (6.25) 


Expanding the last integral and using symmetry and isotropy arguments, we 
find 





i efdw = 3 | epejda (6.26) 
=n =n : 


Besides, we may also write 


2 
[ (n+) dw = [ Sieh + > e7e% | do (6.27) 


i i ifzj 
which yields 

a nf esdw +n(n—- vf epeida (6.28) 

=n =n , 
Combining with (6.26), we get 
38 
i etdw = —"_ (6.29) 
8 n(n +2) 


The results which are found can be gathered for writing the integral being 
sought in the following simple and smart form: 


Sn 


n@ +2) (5;j 5x1 + 5ixdj1 + 5;15 jx) €; @ €j @ ek @ e| 


(6.30) 


[ e®e@eWedw = 
=n 


(the terms in eF are implicitly included in the other ones). Ultimately, (6.22), 
(6.24) and (6.30) yield 
Jo = (5:5 j1 + 5115 jx) &; @ €j @ EK Bey (6.31) 


Returning to (6.21) and using the symmetry of Ly, we get the expected 
result: 


OA 


jelg=_ Oe) Ey e @ ej 
nee => ikO jl i19 jk Ox, A yx ia J 


ey cece 
~ Lax “ax, °° 7 


which demonstrates (6.12). 

From that formula, we now can derive discrete approximations of numerous 
second-order operators which are useful in fluid mechanics. For example, we 
may apply (6.12) to an arbitrary component A; of a vector, then multiply times 
the unit vector corresponding to the axis m and get: 


a ' dA) 
OX; 49x; Fags 


J A,abAab,! 
x > Yo [(n + 2) eab,ieav,j — dij] Wipem 
b 


(6.32) 


(6.33) 


Tab 


We then will get various second-order discrete operators by contracting pairs 
of suitably chosen indices from (6.33). Let us first prescribe / = m andi = j; 
we find 


TAabA 
[div (Jagrad A)], ¥ 2) > Vy, w!, (6.34) 


a 
r 
b ab 
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which is identical to (6.8). Returning to (6.33) and this time putting / = 7 and 
m= j, we get 


[aiv (Js (grad A) 2 
(6.35) 





J A,ab 
=~ So Ve [n+ 2) (Aad + Cab) Cab — Aad] Why 
b Tab 


Then, letting / = j andm =i: 


[grad (JadivA)], ~ )- Vp La [(n + 2) (Aab * Cab) ead — Aad] Wp 
: (6.36) 


(it should be pointed out that the latter two obtained discrete forms are identi- 
cal, although the corresponding continuous operators are only identical if J4 
is constant). If the diffusion is a tensor Ja (as in eqn (4.251) in Chapter 4), the 
above formulas remain valid, mutatis mutandis, for instance: 


. Jaap, 
[div (Jagrad A)], ~2) Wy“), (6.37) 
b ab 
The case of a scalar is obtained by letting i = j in (6.12). Since the vector 
€ab,i 18 normalized, we find: 


JAabA 
[div (Jpgrad A)], ~2) Vy," w!, (6.38) 
Tab 
b 


which corresponds to the i [{Ja,o} 5 {Ap}] operator as defined by (6.10). We 
find that with this model, the flux of A between two particles has the sign of 
Aapw’,,,, and the decrease of the kernel as given by (5.187) allows us to ensure 
that it is exerted from the particle having the highest value of A to the other, as 
expected. 

A last remark should be made about the presence of the interparticle dis- 
tances rap at the denominators of most of the second-order operators we have 
disclosed. In order to prevent any singularity (division by zero), the common 
practice consists of adding a small quantity to it, that is for instance, carrying 
out the following substitution in (6.38): 

Wap =. wi ph ab 


(6.39) 
Vab r+ 9? 


where n is a distance of about 0.14 (Monaghan, 1992). For the sake of simplic- 
ity in this book, we will systematically omit that correction, without, however, 
questioning its relevance. 


6.2.2 Discrete Navier-Stokes equations 


We are now going to utilize the discussions of the preceding Section for mod- 
elling the viscous forces in the discrete equations of motion. In that respect, 
it is not possible to refer to equation (5.199) by means of Stokes’ behaviour 


law (3.107), because the second derivatives would arise, and we explained in 
Section 6.2.1 that it is not advisable; on the contrary, we will directly consider 
the Navier-Stokes viscous terms and use the second-order discrete operators 
as disclosed in the preceding Section. Equation (3.120) shows that they are 
written in a continuous form (div T) /p, with 


div t = div [ (grad u)] + div [e (grad w)"| + grad (Adivu) (6.40) 


By means of the discrete approximations (6.34), (6.35) and (6.36) we can 
approximate (6.40) as 


(div t),, © a = 


V; (n+ 2) (ne + hab) (Ugb - Cab) Cad 
D Tab 


_ Wap (6.41) 
+ (Hap _ dab) Uab 


Eap and Xab being defined as in (6.9), whereas Ug», = Ug — Up, according to 
(1.192) and (6.13). 

Let us go more deeply into a nearly incompressible flow, that is with the 
condition divu = 0. This amounts to putting A = 0, by virtue of (6.40). The 
preceding model is then simplified and gives 





[(n + 2) (Wab + Cab) Cab + Wad] Woy (6.42) 


; b 
(div t), © \ 

If we additionally assume that the viscosity jz is constant in space, we may 
also write 


(div tT), = [div (grad u)], 


Wad 6.43 
x2 > Vp a wi), b ( ) 
1 Tab 
D 
(Morris et al., 1997). Lastly, still in the nearly incompressible case with a 
constant viscosity, we may invoke the nullity of the second term in (6.40) (refer 
to eqn (3.107)) to write an ultimate model of the viscous forces: 


nee, (6.44) 


———— we, 
ab*ab 
Tab 


~2(n+2)n) 1 Vp 
b 
(Monaghan, 1992). 

We then have four formulas,* the last three being restricted to the nearly 
incompressible flows and the last two to the constant viscosities. They are 
discrete forms of the dissipative forces Fé ** as introduced in Chapter 2 (Sec- 
tion 2.4.3). For instance, with (6.44), we write 


Uab: Cab , 


Fa =2(n +2)" )_ VaVs w! ab (6.45) 


r 
b ab 


As in Section 2.4.3, we note that all of these four forms are combinations of 
friction forces re between pairs of particles, each one linearly depending 
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4We may note that, when ju is constant, (6.42) 
is the average of (6.43) and (6.44). It is also 
worth mentioning the idea of some authors 
leading to slightly different viscosity coeffi- 
cients. Cleary (1996), for instance, proposes 
considering {tg 4p /Pgp. This author also dis- 
cusses the dimensionless coefficient occur- 
ring on the left of the discrete sum (6.44), 
suggesting the 2x4 and 24.9633 values on 
the basis of numerical tests, which remains 
consistent with the 2 (n + 2) coefficient set 
out. 
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on the velocities, in accordance with the general formula (2.182). Thus, the 
equation of motion (5.203) now takes the following more complete shape: 


d 
Va, ma 7 =o (Fi + Fs) + Fe 
b 





(6.46) 


in accordance with (2.186). The discrete friction forces correspond to kinetic 
matrices (refer to Chapter 2) as provided by 


VaVo , 














hab = — a Wab [(n +2) (Zap ae Nab) Cab @ Cab + (Zap = dab) Iy| 
(6.47) 
repectively, for (6.41), then 
Lab / 
ab = —VaVo : wp (n+ 2) eab @ Cab + In] (6.48) 
a 
for (6.42), 
ViVi 
Cap = —2u——-w! Tn (6.49) 
Tab 
for (6.43), lastly 
VaVi 
Map = —2 (0 +2) ~ w' p€ab @ Cab (6.50) 
a 


for (6.44). In the formulas we have just established, the dependence of the 
ap With respect to the distances rg, between particles is achieved through 
the gradient of the kernel w/,, = w’, (rap). The Onsager’s symmetry condi- 
tions (2.181) are satisfied by these four models, which implies in particular 
be = —Fiss., as in (5.204) for the pressure forces. This result ensures the 
conservation of the total momentum of an isolated system, which means that 
equation (5.245) is still valid with F, = Fi” + F4'S’. Conversely, the definite 
positiveness of the kinetic matrices (refer to Section 2.4.3) is not satisfied yet. 
This is because the general form of the energy dissipation (2.185) here leads to 


Z 1HV,zV; | @+2) (Zap + Xab) (Cab * Wap)” 
— “55 Tab To.—hk 2 a 
a,b + ee a) Unb 
This is a discrete form of the integral occurring in the continuous balance 
(3.114). The sign of that quantity is a priori unknown, because of the presence 
of the Z,, — Aap factor. Its non-positiveness reveals a flaw in the model (6.14) 
which we have adopted for estimating the second-order derivatives. As regards 
the weakly compressible flows, however, the specific forms (6.48) to (6.50) 
respectively give 
1 = 
F=- So Va Vi 
a,b 


for (6.48), 


! (6.51) 


ab 








[ + 2) (Gab * Uap)” + wie | Wop (6.52) 


ab 
Tab 





Va Vo 
F=-n) > . Tere (6.53) 
a,b 


for (6.49), lastly 





Va Vb 
a (Cab Ua) Ww, (6.54) 
Tab 


F=-(+2)u)>~ 
a,b 


for (6.50). Their positiveness is ensured, because w!,, < 0 for b € a, by virtue 
of (5.187).° 

The three proposed viscous formulas still have different properties when 
they are assessed against the discussion of Section 2.4.3 (refer to Fig. 5.5 (d)). 
The choice (6.43), indeed, is advantageous in that it reaches friction forces 
which are collinear to the velocity difference ugj, in accordance with what is 
suggested by the theory of incompressible viscous fluids (eqn (3.107)). The 
discussion in Section 2.4.3, however, shows that the conservation of the total 
angular momentum of an isolated system, as well as the nullity of the shear 
stresses for a rigid motion, requires the condition agp = YabYab ® Yab (eqn 
(2.204)), which is only verified by (6.50) (i.e. (6.44)) with 

Yab = —2(n +2) aa >0 (6.55) 
Tab 

which then is the seemingly best proposed form.® In this case, the friction 
forces are aligned with the radius vector eg,, which provides for the conser- 
vation of the angular momentum. In other words, the calculations (5.246) to 
(5.250) remain valid with Fy = Be + Re . The formula (6.43), which does 
not verify that property, is nevertheless often used in the literature dealing 
with SPH and also works well. However, it seems to be interesting to give 
prevalence to the option (6.44), which ensures exact conservation properties. 
The dissipation function (6.54) then corresponds to (2.197). Each particle is 
the locus of a dissipation as given by 


(Cab * Usb)” wp (6.56) 





Va Vi 
Fa =—(n +24) —— 
b ab 


r 
in accordance with (2.189). Due to the positiveness of the quantities Fy, the 
total macroscopic kinetic energy decreases in favour of the internal energy 
(refer to Chapter 2). 

The discrete equation of motion can now take different forms, according to 
the model selected for the pressure forces and the viscous forces. Combining 
equations (5.201) and (6.43), it has, for example, the following shape: 


du, 1 Uap 
Va, —*=-—)°V, (vs + Pb) ead — 2 nee Wats (6.57) 
b Yab 





dt — la 


whereas (5.202) and (6.44) yield 


dug Pa Pb Uab * Cab ! 
Va, =—) my} 5+ 5 —-2(1 + 2) u— | wep lab + 8 
dt dX E p papier, | 





(6.58) 

In the case where the viscosity is not constant, for example for a mixture 
of several fluids with various molecular viscosities, the model (6.42) shall 
a priori (still in the nearly incompressible hypothesis) be resorted to for the 
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SItisa consequence of the sign of the viscous 
momentum flux, as noted at the end of Sec- 
tion 6.2.1. 


6Our numerical tests, however, demonstrate 
that all these presented forms give mutually 
equivalent results, as regards the specific case 
discussed in Section 7.2.1. Gonzales et al. 
(2009) propose a comparison of several vis- 
cosity models for the SPH method, with sim- 
ilar conclusions. 
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viscous forces, even though the conservation of the angular momentum is 


dropped: 
Pb 
(25 + *) &ab ; 
Pa Pp Wp +2 


[(n + 2) (Uap - Cab) Cab + Uap] 





dug 
Va, =— Mp 
dt dX _ Ha + Lb 


2 Pa Pblab 
(6.59) 


These equations are substituted for (5.200) for the calculation of the veloc- 
ities when viscous forces are present. They are duly invariant under Galilean 
transformation, because of their construction. When provided with a discrete 
continuity equation (Section 5.3.1) and an equation of state (refer to the end of 
Section 5.3.2), they make up complete system a few applications of which are 
disclosed in Chapter 7 and 8. 

The temporal schemes as contemplated in Section 5.4.1 are a priori 
unchanged after the viscous forces are added, and the latter can be either 
explicitly or implicitly treated in the time discretized equation of motion. 
No such variational argument as in the discussion of Section 5.4.3 makes 
it possible to decide between the two treatments, since these forces do not 
conserve the macroscopic kinetic energy. Although they can preferably be 
explicitly treated because this is easy, attempts have been made to implicit 
them, which requires the solution of a linear system, but offers numerical 
advantages for the treatment of flows with very low Reynolds numbers (for 
example, refer to Cueille, 2005). 

Keeping in mind the importance of the choice of the temporal scheme for the 
conservation of the energy in the conservative case (Section 5.4.2), its effect 
upon the accuracy of the estimation of the dissipated energy is interesting. 
With a scheme looking like the symplectic scheme (5.269), the equation for 
updating the velocity of each particle now reads as 


1 : ‘ \m 
+1 _ t diss Xt 
Va, uy! = uf! + — (Fi + Baise 4. rex ) St (6.60) 
da 
We must turn to the variation of macroscopic kinetic energy upon an iter- 
ation, only due to the dissipative forces. The variation rate of Ex q is written, 
only keeping F4’* in (6.60), as: 


m+1 m 
Ens — Eka 1 ( 
J = —my 


ot ~ 28t 





2 
wz*|’ — juz’) 


1 
5574 (uz - ui") : (age + u"") (6.61) 


a eae : ; (up is u"") 


It is, in accordance with Chapter 2 (eqn (2.193)), the strength of the dissipa- 
tive forces, which is calculated on the basis of the mean velocity between the 
two points in time being considered. Because of the discrete nature of time, 
one may not state that this quantity coincides with the dissipation rate Fy, as 


given by (2.191) (i.e. here (6.56)). Taking (6.60) again, only on the basis of the 
dissipative forces, the difference is written as: 


c m | : m 
pen —F,= (Eee) a ae a u"") _ (Ee ‘ Ws) 


; 1 
Gas)” yee jae _ u"") (6.62) 


1 2 m 
= ot 
2ma ( ) 

Thus, it is a first-order error in time. Besides, it is positive, and so the 
model is liable to dissipate too much energy. The dissipation error can then 
accumulate as the successive iterations occur. Unlike the conservative forces, 
for which it was explained in Section 5.4.2 that they make a time bounded error 
as regards energy (eqn (5.306)), the dissipative forces dissipate an amount of 
energy which a priori can indefinitely deviate from the theoretical predictions. 
A scheme making it possible to bound the dissipation error still has to be 
constructed. 

A further remark should be made. Historically, the viscosity phenomenon 
was introduced for strictly numerical reasons into the discrete equations of 
the SPH method (for instance, refer to Monaghan, 1992), on the basis of 
the experience gained in the field of the grid-based numerical methods. That 
approach is supported by a search for numerical stability of the Euler equations 
and leads to an artificial viscous force, which is based on a viscosity depending 
on sound velocity co. These artifical forces, however, do take a form analogous 
to the above disclosed formula (6.44). There is no obvious reason for dropping 
the ‘physical’ description of viscosity which we have provided, since it does 
not add complexity, while effectively ensuring a numerical stabilization of the 
system, as will be explained in the next section. 
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ri 











6.2.3 Stabilization by viscosity 


In this section, we will discuss the effect of viscosity upon the numerical 
stability properties of the SPH model. To do this, we take again the arguments 
of Section 5.4.4, adding thereto the viscous forces as calculated in accordance 
with the model (6.43) for a constant viscosity. Thus, in the calculation of the 
variation rates of the state parameters of a particle, as given by (5.370) for the 
Euler equations, a further term is added to u,, namely 





+ diss Uagb , 
u =2u mp w (6.63) 
: dX pute 


This term will not affect the quantities 5-U, and 5,U, arising in (5.381), 
because the quantity ug, = Ug — Up will cancel the corresponding variations, 
since our calculations of stability were made assuming that the initial state is 
homogeneous. Moreover, the forces now depend on the velocities, and a term 
written as 5yUq will therefore be added to (5.381): 
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7Tn the general case of some kernel or other, 
the above calculation leads to the antideriva- 
tive of the kernel’s Fourier transform. 





2 w! 
is Y~ mp —® (Sq — dup) (6.64) 
PO b Yab 


We will treat that term, as in Section 5.4.4, approximating it by means of 
integrals: 


oo 
batts ~ 20 ( “10 ar) ou,— | wh iO sy ars] 
Q r Q 


=o | Dh ng rf wa ©) exp (-iK - f)a"| (6.65) 
Q Q r 


r 


xU (t) exp (—iK - rg) 


For treating the presently arising integrals, we may note that 





ue 
< [ mo exp (-iK -#) d"F (6.66) 


-i / Vwn (7) exp (—iK - f) d"F 
Q 
= w,(K)K 


In the case of the Gaussian kernel (5.45), whose Fourier transform is given 
by (5.77), we then will get’ 


2p2 
/ Ya exp (—iK -#) d"¥ = ae (-" x ) (6.67) 
Q 





7 h2 4 
2 oes 
=— yo (K) 
In particular, for K = 0 we get 
w, (F) 2 
i; Wa) png = — +m (0) (6.68) 
Q r h 


Combining (6.65), (6.67) and (6.68), we can ultimately write 
. Av in a . 
dullg © 2 [wp (K) — wp (0)] U (¢) exp (—iK - rq) (6.69) 


The total numerical fluctuation of velocity is now written as Ug = 6;Ug + 
dyUq + 5,Uq. With the explicit weakly compressible scheme, the linearized 
system (5.406) is then corrected and gives 


AR 
Uox = Uo +i 
PO 





0 ty (K) K8t 


+5 [iy (K) — ty, (0)] Uo st (6.70) 


Rox = Ro + ipown (K) K - Upst 


(the second line in the system (5.406) is useless here). The eigenvalue equation 
is now written, with the notation (5.391), as: 


(x — 1) (x — 14+ As) K? 


(K @ K) Up = ——— ae = (6.71) 
where Az is given by (5.399), whereas 
As = = [wy (0) — wp (K)] > 0 (6.72) 
MaoReo 


We may recall that Mao and Co are given by (5.211) and (5.397), whereas 
Reo is anumerical Reynolds number as defined by 


Rey = — (6.73) 


(please refer to Section 3.4.3 in Chapter 3 as regards the meaning of the 
Reynolds number). The positiveness of As is provided by the decrease of the 
kernel’s Fourier transform, a condition which is satisfied in the case of 
the Gaussian kernel (refer to Section 5.2.2). Equation (6.71) duly gives (5.398) 
again in the absence of viscous forces, that is when A5 = 0. 

Something new is appearing as compared with the calculations in Sec- 
tion 5.4.4: the zero eigenvalue of the tensor T = K @ K provides a necessary 
condition of stability, together with the following solution: 


y=1-As (6.74) 


Owing to the positiveness of As, the stability condition (5.393) is then 
reduced to A5 < 2, that is 
h2 
ét < (6.75) 
2v [wp (0) — wn (K)] 
which holds true for every value of wavenumber K. Since the Fourier trans- 
form i; (K) is assumed to be decreasing,® we also may write 


h2 1h? 


bt < S—_ = 5 
2un, (O)v 2v 


(6.76) 


Let us now turn to the eigenvalue K? of the operator T. The corresponding 
characteristic equation is written as 


x7 —(2—As)x +1—As+A2 =0 (6.77) 


An analysis would show that the discriminant of this trinomial can still take 
either negative or positive values, according to the wavenumber, regardless of 
the viscosity value. We will successively discuss these two possibilities. When 
this discriminant is negative, the complex conjugate roots have a module as 
given by 


Ix? = 1— As + Ap (6.78) 
The stability condition is then written as 


A5—2<A2<A5 (6.79) 
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8Remind that the wavenumber K is numer- 
ically strictly limited by 2/ér, because the 
particle spacing 5r provides a minorant of the 
half-wavelength of the numerical fluctuations 
which are liable to occur. That would induce 
substantially no change in the result being 
found. 
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As we have just explained that the previous condition implies A5 < 2, the 
positiveness of Az automatically ensures the left-hand condition in (6.79), 
whereas the right-hand condition is also written as 

lv 


6t < ——; 6.80 


where A3 is given by 


[Ktm;, (K)] 


> FO — mK > een 


With a Gaussian kernel, A3 is a decreasing function of K + =hK, and 
A3 (Kt =0) = 1, hence A3 < 1. Thus, the condition (6.80) can be written 
as 


Vv 
ot< az 


IN 


6.82 
@ (6.82) 


Let us now consider the case in which the discriminant of (6.77) is positive. 
The (real) roots are then written as: 


~;-45f,4 /,_ 4% (6.83) 
SSS AZ 


and the stability condition comes back to A5 < 2, a condition which was 
previously investigated. 

With the viscous forces, the explicit scheme then becomes conditionally 
stable, and we have come to a couple of additional conditions with respect 
to the time step, (6.76) and (6.82), which are added to (5.413). It should be 
pointed out, however, that the condition (6.82) is quite binding because of the 
low viscosity and the high sound velocity. Yet, this condition is automatically 
satisfied with (6.76) provided that 


coh 
v> — 
J2 


With the fully explicit scheme, a sufficient viscosity shall necessarily be 
prescribed for the sake of numerical stability. Since the lower bound which we 
have just determined depends on numerical parameters, (5.212) shall prefer- 
ably be invoked for returning (6.84) to 


(6.84) 


h v2 v 014 

L~10UL Re 
where L is a flow-specific length scale. This condition is only achieved at 
the cost of a sufficiently high viscosity, which then does not necessarily have 
the physical value of the molecular viscosity and therefore plays the role of 
a numerical viscosity. In view of this, the condition (6.82) prevails over the 
CFL condition (5.413). In practice, this condition is too binding; the explicit 
scheme can then be made conditionally stable by the viscosity, at too high 
a cost. 


(6.85) 


Let us consider the question of the stability of the discrete viscous system 
by means of the symplectic scheme (5.269). It can easily be explained that the 
relation (6.77) becomes 


x? —-(2— Ar. — As) x +1—As5 =0 (6.86) 


As previously, the discriminant A in this trinomial has no determined sign. 
When it is negative, it can readily be demonstrated that the stability condition 
(6.76) is unchanged, whereas the condition (6.82) disappears. Now, for A to 
be negative, the following should be satisfied 





wh (K a | im 0 wh (K 
ee wh ( F ~ Rey nO — wi ( )] 
aa aa (6.87) 
do me K 
E (K) =| 


where K*, it should be remembered, is defined by (5.73). Surprisingly, this 
condition is more binding than (5.410) (an analysis would provide a similar 
result in the case where A is positive). Thus, from this perspective, it looks 
as though the viscous forces do not play any part in the stability of the 
numerical system. Yet, a closer analysis demonstrates the opposite. To do this, 
let us consider the case of the high frequency waves as discussed at the end 
of Section 5.4.4. Starting from (6.77) and linearizing into wédt, a dispersion 
relation which is different from (5.415) can be found: 


(wét)* — iAswdt — Ar = 0 (6.88) 
Its roots are as follows: 
2M oe 
=e [wn (0) — wa (K)] (6.89) 


ReyK+ a; (K) ] 
x 4,/ | ————_— | -l1+i 
2 [wr (0) — wh (K)] 


to be compared with the relation (3.166) in Chapter 3. Compared with the 
viscosity-free case (5.415), we now can see that an imaginary part appears in 
the expression of w. In view of (5.389), the wave amplitudes are then reduced 
by the following factor: 


exp {-2 [iy (0) — iw; (K)] I (6.90) 


to be compared with (3.168). Thus, as in the continuous case, here the viscosity 
has a damping effect on the numerical waves, limiting the risk of instability 
(the same result would be found by calculating the numerical celerity of the 
waves and comparing it with (5.417)). 

Yet, as previously explained, the condition (6.87) prescribes a time step 
dt which is shorter than in the absence of viscous forces. One can readily 
understand, however, that the term which depends on v is negligible in it. Thus, 
in practice, we may consider that the CFL condition (5.413) is unchanged in 
the presence of viscosity.? Regarding the condition (6.76), it is essential. As in 
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Tt is noteworthy that the right-hand side in 
(6.87) may theoretically take negative values. 
This artifact would be solved by treating the 
viscous forces with an implicit time integra- 
tion scheme. 
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10 As explained later on in Section 6.4.1, the 
same care should be exercised for modelling 
the turbulent flows. 


the non-viscous case, it is only valid, strictly speaking, for high wavenumbers. 
It can be generalized as 


ot < C51,2-- (6.91) 


Morris et al. (1997) suggest Cs;,2 = 0.125. The ration between the CFL 
condition and the viscous condition is written as 


Cot.2 po, — 1OCs1.2 poh (6.92) 
Cs1,1 Cs1,1 L 
In view of the usually involved high Reynolds numbers and the spatial 
discretization compatible with the practical simulations, the CFL condition 
often remains the most binding one. However, the viscous condition (6.91) 
should be kept for modelling the low Reynolds number flows!® (Morris et al., 
1997). Based on (5.413) and (6.91), the following can then be written: 








h h? 
ot = min C311 —, C3t.2— (6.93) 
co v 


6.2.4 Discrete scalar and energy balances 


In order to model the transport-diffusion equation of a scalar, we use the 
discrete model (6.38) for describing the diffusion term of a scalar B associated 
with a dynamic molecular diffusion coefficient Jg (refer to Section 3.3.1). 
With the definition (6.9), the transport equation (3.60) then takes the following 
discrete form: 


dBa (Ja,a + JB.) Bab 
Va, = Spat mp v’ (6.94) 
dt ‘ dX Pa Pbab < 





where Sg q 1s the source term associated with the particle a, and 
Bab = By — By (6.95) 


in accordance with (6.13). The term under the summation symbol in (6.94) 
represents the scalar flux between two particles. It can be observed that it 
is directed from a to b if Bg > By, because wy < 0 (refer to the end of 
Section 6.2.1). 

In the absence of a source term, the following relation can easily be derived 
from (6.94): 


d Jp,a + JB.b) Bab 
a ) ee yet Ta) Baty, (6.96) 
a a,b ¢ 
=0 


(the latter equality is obtained through the process which was previously 
implemented in such circumstances, that is using the symmetry of the summed 
terms). Equation (6.96) is an exact discrete form of (3.52), that is a total scalar 
conservation law (the total scalar, it should be remembered, is reckoned per 
unit mass according to our conventions). 


Let us now return to the discrete modelling of internal energy, which was 
previously discussed at the end of Section 5.3.2. We provided there three dis- 
crete modellings (eqns (5.214), (5.215) and (5.218)) of its continuous transport 
equation (3.117), which is set out in Chapter 3. We know from the above that 
eqn (5.215) is a priori preferred, because the internal energy flux between two 
particles is then antisymmetric. Yet, in Section 5.3.4, we have explained that 
(5.214) (i.e. (5.256)) is variationally compatible with the system (5.238), which 
is suitable for the exact conservation of the total momentum. A choice then has 
to be made; here we will choose (5.218) because of its smartness. 

In the presence of viscous forces, Section 3.4.1 made it possible to write the 
most general form (3.119) of the internal energy discrete equation, containing a 
source term originating from the molecular dissipation f = vs? (eqn (3.111). 
It is well known that such a quantity corresponds to the dissipation of macro- 
scopic kinetic energy resulting from the viscous friction. In the SPH discrete 
formalism, the energy dissipation rate F as calculated in Section 6.2.2 corre- 
sponds to that quantity and is likened to the volume integral of the quantity!! 
ft. of Section 3.4.1. That result had already been mentioned in Section 3.3.3, 
in which f (eqn (3.91)) had been compared with the discrete dissipation rate 
F, of Chapter 2 (Section 2.5, equation (2.189)). In principle, the quantity F; 
then has to be added to the right-hand side in equation (5.218) if one wants to 
predict the internal energy of the particles. With the model (6.56), this yields 


Wen deéint.a = Lt yim, Pa + Pb 
b Pa Pb 


dt 3 Uagb ° W,p&ab 
VaV) 

—(n+2) wy) 

p 7a 


(6.97) 





b 2d 
(Cab - Uap) Wab 
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Care ensures the conservation of the total (kinetic + internal) energy of the 
fluid in the presence of viscous forces. This principle may also be found by 
writing a discrete equation for the entropy of the particles, as in Chapter 2 (Sec- 
tion 2.5.1), provided that the antisymmetry of the coefficients (@g),,, involved 
in the system (2.219) is satisfied, as we have established the antisymmetry of 
the coefficients (@7),, by the end of Section 5.3.4. Due to the positiveness of 
the dissipation rates F,, the increase of internal energy, and hence of entropy, 
is provided. 

It may be useful to model the evolution of the total particle energy. We will 
adopt the operator D} for approximating the divergence, in order to satisfy the 
conservation of total energy. A discrete approximation of the second equation 
in the system (3.119) can then readily be constructed: 


Va, 








dea ( Pag + 2aSaa | PoUy + sit j 
= =P my 


* Wp Cab 
5 5 ab*a 
dt b PG Pp 


(6.98) 


where Sq is the rate of strain tensor attached to a particle. It is defined as in 
(3.15): 
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'lCare shall obviously be taken not to con- 
fuse the dissipation rate f with the dimen- 
sionless kernel f (q). 
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!2That idea, applied to the SPH scope, was 
mentioned by the end of Section 5.4.4 (refer 
to Dyka et al., 1997). 


137t consists in considering that the particles 
move at a velocity which is not necessar- 
ily their Lagrangian velocity but, instead, an 
arbitrary velocity, which amounts to rewrit- 
ing the equations of motion starting from bal- 
ances analogous to (3.37). 


1 T 
Sa = 5 | (grad u), + (grad ws | (6.99) 


In order to calculate it, one may resort to the model (5.135) for estimating 
the components of the velocity gradient tensor: 


(grad u),, © G2 {us} = > Vp (Ua + Up) @ weap (6.100) 
b 


or else, component after component (the subscripts ; and ; denoting the vector 
components): 





Ou; 
( ) © DIV (Mia + ib) Wapejad (6.101) 
a b 


OX j 


We note that the latter three equations can also be used for calculating 
the scalar deformation rate s? on the basis of the definition (3.26), which 
would allow a different computation of the discrete energy dissipation, through 
(3.111). That approach which, besides, is more complex than the previously 
described one, would however be disadvantageous because it does not provide 
the exact value of the kinetic energy which is dissipated under the action of the 
friction forces. 


6.2.5 Discrete incompressible scheme 


The weakly compressible scheme which we introduced at the end of Sec- 
tion 5.3.2 is advantageously simple and clear. It does come within the physical 
scope of the first Part of this book and is the usual basis for the SPH modelling 
specialists. Yet, the analysis of stability which was proposed in Section 5.4.4 
discloses a need to resort to a very short time step. Moreover, the numerical 
experience highlights practical drawbacks, especially the occurrence of artifi- 
cial cavities near the solid edge irregularities (for example, refer to Issa et al., 
2004). That shortcoming can be partly remedied by means of a background 
pressure (refer to the end of Section 5.3.2), or alternatively by increasing 
the sound speed, which is detrimental since that further reduces the time 
step, according to equation (5.413). The simulations based on the weakly 
compressible approach also highlight large pressure fluctuations caused by the 
great sensitivity of the state equation. Modelling specialists are familiar with 
that phenomenon which is not specific to the SPH method, the grid methods 
being affected by that numerical artifact too. Is is well known that a solution 
consists of decolocalizing the quantites, that is estimating the pressure and the 
velocity at different places in each computational mesh (for instance, pressure 
along the edges and velocity at the centre of the mesh cells).!* 

The Riemann solvers are an alternative to that problem for treating incom- 
pressible flows, which is well known within the context of the grid methods. 
Since the works of Vila (1999) and other authors, there is an ample litera- 
ture about that matter within the frame of the SPH method, which we can 
only briefly talk of here. The idea consists of calculating both densities and 
pressures using the exact formulations resulting from the solution of a Rie- 
mann problem between each pair of particles. In particular, this approach was 
associated with a conservative arbitrary Lagrangian—Eulerian (ALE) scheme!3 


by Marongiu (2007), with outstanding results as regards the prediction of 
the pressure at fixed or moving walls. In some versions of this approach (in 
particular, refer to Vila, 1999), the discrete equations are written in such a 
way that the mass is not exactly conserved, which is consistent with a non- 
fully Lagrangian approach. These numerical schemes are usually accompanied 
by viscous stabilizing terms, formally taking the same shape as the discrete 
viscous forces being dealt with in Section 6.2.2. Yet, the relative complexity of 
this kind of approach should be emphasized, since a profitable implementation 
of the Riemann solvers implies numerical precautions. 

A short time step nevertheless remains in all the variants and amendments 
we have just mentioned, which compels us to seek another solution for 
the calculation of pressure, which would fit the case of strictly incompressible 
flows, !* that is with Va, Pa = po. Itis therefore interesting to consider pressure 
as a Lagrange multiplier (refer to Chapter 1, Section 1.2.4) associated with the 
incompressibility constraint for a fluid (Chapter 4, Section 3.6.3). Equation 
(3.355), indeed, gives the contribution of pressure to the total Lagrangian of a 
fluid in the incompressible formalism. With the discrete approximation (5.84), 
we can write 


Pb 
Lincomp = — > Vp Po In Po (6.102) 
0 
b 


We may recall that using a Lagrangian implies that the densities pp be kept 
virtually variable before varying Lincomp. To the first order, however, the Vp 
may be considered as constant for calculating the variation of Lincomp. The 
corresponding force is then written by deriving with respect to the position of 
an arbitrary particle, using the first line of the calculation (5.237): 


dLincomp _ Vip 
Oa b Pb OXa 
(6.103) 
1 
= ——Gi {pp} 
Pa 


We note that this force is identical to (5.236). The incompressibility condi- 
tion then induces the pressure forces within the discrete context of the SPH 
method as in the context of continua, with the adequate discrete gradient 
operator. !° 

For that reason, we may invoke Section 3.4.4 and try to match the continu- 
ous predictor-corrector scheme to the discrete SPH formalism (Cummins and 
Rudman, 1999). We may recall that the scheme in Section 3.4.4 is primarily 
based on the adjoint nature of the div and —grad operators (eqn (3.198)). 
Now, we pointed out at the end of Section 5.2.3 that the discrete operators Di 
and Gk satisfy the same relation (eqn (5.141)), indicating that the projection 
method as defined in the continuous case may be exactly transcribed within 
the discrete context.!© In other words, an arbitrary velocity field {u,} can be 
projected onto a field {ud} which exactly verifies De {ud} = 0. Owing to that 
property, we can state the predictor-corrector scheme (3.205) can be matched 
to the discrete case, taking a discrete form of Poisson’s equation (3.206) into 
account for calculating the pressure giving rise to the internal forces during the 
corrective step: 
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l4With all the reservations we have formu- 
lated in Section 3.4.2 about that concept. 


1SWe would get a similar result by prescrib- 


ing the condition Jy | pk | — pe 


!6The adjoint nature of the discrete operators 
plays a nearly obvious role in the calculation 
(6.103), which could have been made along 
the lines of (5.235). 
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17 is not ruled out, however, that a symplec- 
tic nature may be imparted to the incompress- 
ible scheme (6.104). 


'8Here, of course, Map does not take the 
form of the difference of two terms. It is a 
matrix whose subscripts actually are a and 
b, unlike the matrices w,, as defined in Sec- 
tion 2.4.3, for example. Here we prefer to 
resort to indicial rather than tensorial nota- 
tions so as not to confuse them with such 
vectors of the ordinary space as velocity. 


a t (6.104) 





m+l1__ wm m+1 
r =r, +u, ét 


A remark is to be made right now about the time points labelled as ”"*. Some 
authors prefer to use an intermediate time point m + 1/2 for the predictive step, 
as we previously did for the Stérmer—Verlet scheme (5.338) in Section 5.4.2. 
That notation was then justified by the fact that this scheme is based on a 
discrete Lagrangian (5.313) analogous to (5.339) but explicitly giving rise to a 
term in 6t/2. In other words, within the scope of the Stérmer—Verlet scheme, 
the time m+ 1/2 has a true meaning, the acceleration being discretized to 
second order instead of the simple formula (5.265). On the other hand, that 
notation would be inappropriate here, because one might be led to wrongly 
believe that the ‘time point’ ””+!/2 has a physical meaning. Instead, the ‘time 
point’ r”’* should be considered a practical notation, the prediction step being 
nothing but an attempt to be subsequently corrected!” 

To discretize Poisson’s equation which is the second line in the system 
(6.104), we must take into account the fact that the continuous Laplacian 
occurring in the Poisson’s equation is defined by V7 = div (grad), the latter 
two operators being skew-adjoint. Thus, in order to make a proper projection, 
the discrete Laplacian should be modelled by the compound operator pe {Gi 13 
which corresponds to equation (6.2). As outlined above, this kind of formu- 
lation sometimes happens to be so costly that practical applications cannot 
be contemplated. Thus, the exactness of the projection has to be sacrificed 
using, for modelling the discrete Laplacian, one of the second-order operators 
constructed in Section 6.2.1, in this case (V*p), x Ee [{1}, {pp}], where ey 


is given by (6.10). Keeping the po operator to approximate the divergence (eqn 
(5.131)), that yields: 


m+1 
P 
Va, dM oe wit = — 3; On Vet u™* . (wi, €ac)” (6.105) 





with, it should be remembered, pap = Pa — pp. Equation (6.105) is in the form 
of a linear system whose unknowns are the pressures { pp}: 


Va, {Mav} {po}"*" = {Na} (6.106) 
where the coefficients {M,,} make up a tensor!® N p X Np and the {Ng} make 


up a vector with N,, components, these being defined by 


win win 


Map = Vp (Sab = by 5 





oe 


(6.107) 
Na=- ome 7 Vou" pe lois." 


Thus, the projection achieved through this approach is only approximated.!° 
This system should be solved through a suitable numerical method which still 
has some degree of approximation. Since the matrix {Agp} has none of the 
standard qualities which the numericians can expect within this context (it is 
not very sparse and has no symmetry property), one shall preferably utilize 
such a method as Bi-CGSTAB (Van der Vorst, 1992). 

The discrete forms of the forces appearing in the equations of the scheme 
(6.104) are simplified, as compared with the weakly compressible case, due to 
the fact that the density is now constant, which especially makes it possible 
to substitute po V_ for mq. In particular, the pressure forces (6.103) no longer 
depend on the selected superscript k: 


re == > Va Vb (Pa + Pa) wD eae 
b 


a =2(n+2)u > Va Vp (Ugh - Cab) Wi pad 
b 


(6.108) 


(here we have adopted (6.44) for the description of the viscous forces). 

We have not yet discussed the treatment of the boundary conditions for the 
SPH method, since it will be dealt with in a part of a subsequent Section 6.3. 
Suffice it to say that the wall pressure condition (3.207) should be transcribed 
into the SPH language, which will be made in Section 6.3.2. In addition, a 
brief comment is to be made as regards the free surfaces, about which we have 
learnt in Section 3.4.2 that the pressure, which as a first approximation may be 
assumed to be zero (eqn (3.134)), must be prescribed. With the nearly incom- 
pressible scheme, that condition is established in a natural way, nothing has to 
be done to prescribe it. This is due to the state law (5.207), which sets a positive 
pressure when pg > po and a negative pressure when ~g < po. Thus, when 
a particle moves away from a free surface where it laid thus far, its density 
decreases according to the process described by the end of Section 5.3.2 and its 
pressure falls. It is then subject to a return force which tends to bring it back”? 
to the surface, and so it comes closer to other particles, and so both its density 
and pressure rise. A new equilibrium is attained when the particle pressure is 
nearly zero. Conversely, with the incompressible algorithm being introduced in 
this section, the pressure at the surface should be prescribed. To that purpose, 
it is necessary to determine which particles are lying on the surface, which, it 
should be acknowledged, raises a problem of ambiguity. Nevertheless, we are 
going to provide a couple of suitable criteria. The first consists in noting that 
the property as formulated in the second line of (2.106), namely divr = n, is 
only approximatively true for the surface particles, which are affected by a lack 
of nearby particles,! like the particles lying near a wall (Fig. 5.4). Thus, it is 
possible to calculate an approximation of that order of magnitude based on the 
discrete operator iB as given by (5.131), and decide that a particle is lying on 
the surface if that estimation is below some threshold (the following value is 
suggested by Lee et al., 2008): 


= > Vint (Ww, 8a0) 20-75% (6.109) 
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21 Unless the renormalization (Section 5.2.5) 
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Another approach, which is proposed by Doring (2005), is based on the use 
of the renormalization matrix Ry as given by (5.178). This paper shows that a 
particle a may be considered as lying on a free surface if the smallest eigen- 
value of R, is lower than a threshold value which typically equals 0.3. There 
are more efficient variants of this algorithm (for instance, refer to Marrone 
et al., 2010). 

To complete this section, we will explore the stability properties of that 
scheme on the basis of those considerations as introduced in Section 5.4.4, 
confining ourselves to the case without viscous forces. Contrary to what was 
done for the explicit and semi-explicit schemes, here we have to differentiate 
the time points at which the various quantities are estimated immediately 
upon the construction of the variation rates, because the initial equations 
(6.104) involve quantities which are estimated at different time points, and 
so the state variables for each particle are (w7*,u*! r+! p+!) instead 
of (Ug, Ta, Pa). Tu put it differently, since we are dealing with a predictor- 
corrector scheme, we must start from the system (6.104) with time-discretized 
equations (without writing any such variation rate as rg, etc.). We use again 
(6.104) (without dissipative forces) to write the numerical fluctuations of the 
state parameters: 


buy = du" 


m+1 
5(V¢p) = Ss (diva), 
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1 ae (6.110) 
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Compared with the nearly incompressible case of Section 5.4.4, a prediction 
equation for velocity has appeared and the continuity equation has disappeared 
and has been replaced by the Poisson’s equation for pressure. Since the latter 
does not give the pressure variation rate over time, however, it shall initially 
conveniently be simplified in order to determine a relation between the pressure 
fluctuations dp and the velocity fluctuations du, which will allow us to delete 
pressure from the linearized equations, as we did through the equation of state 
at the beginning of Section 5.4.4. We will adequately seek dp in the following 
form: 


5p = P (t) exp (—iK- r) (6.111) 


The left-hand side in the discrete Poisson’s equation (6.105) depends on 


both pressures and positions. However, because of the quantities no = 
pert _ > , the share of the variation rate resulting from the fluctuations of 


the positions cancels itself out when seeking a solution starting from a homo- 
geneous initial state, as in Section 5.4.4. It is therefore sufficient to evaluate 
the variation rate caused by the pressure variations, using, as previously, an 
integral approximation: 
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Invoking (6.67) and (6.68), we come to 
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85 (x mp ve vi) (6.113) 
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2 — — * 
~ pory [ith (K) — Hh, (O)] P (ee) exp (-iK - 4) 


As to the right-hand side in Poisson’s equation, for the same reasons as 
above, only considering its variation induced by the velocity fluctuations is 


enough: 
. B2 me 
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+ fo Vw @) - du" d"F 
= poV wp (K) - U (t""*) exp (—iK - ra) 
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(fq Vwn @) d"t) - dur (6.114) 
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= ipottn (K) K- U(r") exp (—iK - ra) 


We may note that the term U (¢’"*) has no practical physical sense, taking 
into account the remark which was made above as regards the ‘time point’ t’”*. 
We will subsequently see that this term disappears from the linearized equa- 
tions. Equalling (6.112) and (6.114), we get the simplified form of Poisson’s 
equation: 


[i (0) — i (K)] P ee) = a oi (K)K- U(r") (6.115) 
relating the pressure wave to the velocity wave. The dynamic equations in the 
system (6.110) are still to be linearized. We will simply provide details about 


the equation giving but! the other two equations being elementary. The term 


or (EY — is unchanged as compared with the calculation in Section 5.4.4 
leading to (5.378), whereas the pressure fluctuation effect is written as 
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Combining (5.378), (6.115) and (6.116), we find: 





x exp (—iK - rq) (6.117) 
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The pressure then has disappeared from the linearized system, as we wanted. 
With the above, (6.110) is rewritten as 


U (ee) =U (t”) 
U es) = U er) ors Wh (K) (K ® K) 


TK) yey 
4 [wy (0) — wy (K)] (6.118) 


2 
4 POR (1) 51 
PO 
R eo) =—R (t’”) +U (es) St 


The first equation in the system (6.118) enables to delete U (¢’”*), which 


yields, with the notations (5.389) and (5.391), the following eigenvalue equa- 
tion: 


(x — 1)? K? 


K @ K) Up = — __ 
(K @ K) Up Any a 


(6.119) 


A3 being given by (6.81), whereas we have defined here 
: A3 +\2 —~ 
Ag = > + (MayCoK ) wy, (K) > 0 (6.120) 


The quantities K*, Mao and Co are yielded by (5.73), (5.211) and (5.397), 
whereas a reference velocity U has been defined: 


ys fe! (6.121) 


PO 
U has the same order of magnitude as the main velocity within the flow, 
as suggested by equation (3.157) in Chapter 3. The characteristic equation 
resulting from (6.119) is written (once again ignoring the solution x = 1) as: 


x =201= Alyy i= 4,20 (6.122) 


A careful analysis would enable us to show that there are still such 
wavenumbers that the discriminant in that system is positive, some others 
making it negative. Both cases should then be studied. If it is negative, the 
solutions are complex conjugate, and equation (6.122) shows that their norms 
are given by 


Ixl? =1—A3 (6.123) 


Since A3 is positive, the stability condition (5.393) is reduced to A3 < 2. 
Now, the result A3 < 1 was established in Section 6.2.3, which makes it 
possible to provide for the system stability in all circumstances. If, on the 
contrary, the discriminant in (6.122) is positive, then the solutions are real and 


can be written as 
2A4— A3 
x =1-Ag{1+_/1 —- —— (6.124) 
Az 
4 


In this case, the stability condition is reduced to 


Ag t AZ — 2444+ A3 <2 (6.125) 


It can easily be demonstrated that this is equivalent to A3 < 4 (we have just 
seen that this condition is always satisfied) and Aq < 2, that is coming back to 
the notations K* and Co: 





8Co* < = — wh (K) (6.126) 
K+?a;, (K) wy (0) — Wy (K) 
With the Gaussian kernel, this is also written as: 
4 eke 
So = (6.127) 


6 
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The function of the right-hand side in (6.127) is positive and has a mini- 
mum’ of 10.25 for K+ = 0.9056, and so the stability condition is ultimately 
written as: 


h 
ot< C8375 (6.128) 
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second term in the right-hand side of (6.127), 
which results from the variation 5 part 
This is an evidence of the excessively stable 
nature of the system with respect to the pres- 


sure variations. 
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Fig. 6.1 Discrete incompressible approach: 
too orderly evolution of the particle positions 


(a) and random correction (b). 


with C5;,3 = 1.13. The incompressible scheme which we have presented is 
then conditionally stable and associated with a CFL type condition, just like the 
nearly incompressible scheme being discussed in Section 5.4.4. On the other 
hand, the time step upper bound is now based on the fluid velocity instead 
of the sound speed as in (5.413), which enables a significant increase of the 
time step. Considering the definition (5.212) of co, equation (5.413) shows, 
indeed, that the incompressible scheme allows a time step which is at least ten 
times larger than the weakly compressible scheme. Although the solution to 
the linear system (6.106) implies additional calculations, the incompressible 
scheme is then much faster for simulating a phenomenon extending over a 
given physical time. If the viscous forces are taken into account, it can readily 
be demonstrated that the condition (6.91) adds to the condition (6.128) and 
provides such a mixed condition type as (6.93). 

There are several variants of the just set forth incompressible approach 
(for example, refer to Shao and Lo, 2003; Hu and Adams, 2008). In all of 
them, the pressure behaves as the quantity enabling us to make the velocity 
field incompressible, as is the case with the continuous media (Section 3.4.4). 
Ellero et al. (2007) utilize this principle to introduce a similar approach in 
which the pressure explicitly appears, in the discrete equations, as the Lagrange 
multiplier associated with the incompressibility condition, which we have 
demonstrated by means of the calculation (6.103). These authors’ work is 
also based upon a Hamiltonian expression of the thermodynamic equations 
which is analogous to what we explained in Section 2.5.1. The main difference 
lies in the assumed constant density, ans so only entropy plays a role as a 
thermodynamic state parameter. 

The incompressible algorithms are suitable for largely solving the problem 
of the numerical fluctuations of pression, but, on the other hand, impart a very 
ordered motion to all the particles, which may be troublesome in the absence 
of gravity. Particles initially arranged on a Cartesian mesh and moving about, 
for instance, as determined by a Taylor—Green vortex network, tend to keep an 
arrangement exhibiting constrictions alternating with voids, due to the strain 
of the medium (refer to Fig. 6.1 (a)). Xu et al. (2009) suggest solving that 
problem by introducing an artificial random disorder reallotting their positions 
in a more homogeneous way, as in Fig. 6.1 (b) (we will discuss this idea again 
in Section 6.5.3). 
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Applications of equations (6.104) to (6.109) are dealt with in Sections 7.2.2, 
7.3.3, 7.4.1 and 7.4.2. 


6.3 Boundary treatment 


The boundary condition question, which we have put aside so far, is one of the 
most awkward issues when setting up an SPH algorithm. In this section, we 
will deal with the conditions at the interfaces between two fluids, introducing 
the discrete modelling of the surface tension. We will subsequently turn to the 
modelling of the conditions at a solid wall, which will make it possible to deal 
with the solid bodies moving about in a fluid. We ignore the open boundary 
question (inflow or outflow), which has been so far rather unfrequently dealt 
with in the SPH-related literature. As regards the latter point, however, one 
may refer to Lastiwka et al. (2008). 


6.3.1 Discrete surface tension 


The SPH method is attractive, among others, because one may disregard the 
free surface condition, at least with the weakly compressible scheme (neverthe- 
less, Section 6.2.5 mentions that a pressure has to be prescribed for it with the 
incompressible scheme). If, however, the scales being considered are of same 
order of magnitude as (or smaller than) the length Lg as defined in (3.226), 
the surface tension phenomena have to be taken into account. That approach is 
also relevant for modelling multiphase flows, which is readily allowed by the 
SPH method ascribing the characteristics of a given phase to each particle. In 
the following, we will consider the case of a multiphase flow. 

In this case, we must add a term into the right-hand side of the equation of 
motion (first line in the system (5.239), for instance), representing a discrete 
form of these forces, which we now have to determine. Some authors (par- 
ticularly Hu and Adams, 2006) propose resorting to a simple form based on 
the equation of motion (5.199), after defining a surface tensor for each particle 
through the continuous formalism formula (3.218). However, we are going to 
set forth a slightly different approach, inspired by Monaghan (1998). One may 
also advantageously refer to Grenier et al. (2009), Rogers et al. (2009), Hu 
et al. (2009) and Adami et al. (2010). 

We will initially use the discrete operators for approximating the continuous 
form of these forces. In the first place, we write the following relation, which is 
applicable to every pair of vectors A and B (refer to Appendix A, eqn (A.69)): 


(divB) A = div (A @ B) — (grad A) B (6.129) 


Thus, the mass force as yielded by (3.224) (Chapter 3) makes it possible to 
write the surface tension force as received by a particle a as follows: 


FST = BV, [ (grad grad C)n! — div (grad Cen! )| (6.130) 
a 


B being the surface tension coefficient between the two fluids, and n/ being the 
unit vector locally normal to the interface (Section 3.4.5). It is now necessary to 
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23We will subsequently turn to the case of an 
arbitrary number of fluids. 


24Note that this argument would not be valid 


with the G, operator because of the prop- 
erty (5.133) nor with a renormalized operator 
(Section 5.2.5). 


discretize the characteristic function C. Let us consider the case of two fluids,?4 
and let us note as C the function equalling one within the fluid 1, equalling zero 
within the fluid 2. We use the discrete gradient operator as defined by (5.123) 
to write7+ 


(grad C), © Ga {1} = D> Viwh,eap (6.131) 
beQy 
where (2; denotes all the particles belonging to the fluid 1. Thus, taking (3.216) 
into account, a vector normal to the interface can be defined for each particle: 
LY Vewhc@ac 


ats eo (6.132) 


Dd, Vewa€ac 


cEeQy 








It should be pointed out that, according to the approach of the surface tension 
mass forces introduced in Section 3.4.5, this vector becomes zero for particles 
being sufficiently distant from the interface, just as is grad C. The kernel here 
plays the role of the distribution 55 (eqn (3.220)), as everywhere in the SPH 
formalism (refer to Section 5.2.1). We now can discretize the first term in 
(6.130) through a term-wise derivation: 


’ 
Ow’ pab 


(grad grad C), © > Vp 5 


bEeQy 


(6.133) 


We are now trying to estimate the derivative occurring in the right-hand 
side of (6.130), which is a second-order tensor. To that purpose, we utilize the 
quantities as defined by the formula (5.144), which are recalled below: 





dw’ .e 
Was = 2 (6.134) 
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Since w/,€-q only depends on rg if one of the two subscripts c and d equals 
a, we get the more general relation: 


Ow! cd 
a = (Sad — Sac) Wed (6.135) 
Org 


Inserting the latter relation into (6.133), after making c = a and d = b, we 
get: 
[ grad grad C)n! | ~ > Vb (ab — 1) Waon (6.136) 
“  beQy 
The following approximation can easily be shown using the same procedure: 


[div (grad C @ n! Ve ~ > Vs (Bab — 1) Waon} (6.137) 
beQy 


Combining (6.136) and (6.137), the discretized surface tension force (6.130) 
becomes 


Fs’ =—B )) VaVpWaon), (6.138) 
bEQY 


with 


n,=n—ni=-ni, (6.139) 
(to write (6.138), we have taken into account the fact that n! , is zero when 
b =a, which makes it possible to drop the Kronecker symbol 6,;). Taking 


(6.134) into account, the relation being found may also be written as 


w’ w! 
FS’ =-B > VaVp | (wi - as) (ean on) eap + “at, | (6.140) 


Fi i; 
bEQy ab ab 





It can be seen that this force involves the kernel’s second derivative, which is 
natural since the continuous form (6.130) depends on the interface curvature, 
which is a second-order quantity. As a consequence of the remarks made in 
Section 6.2.1 about the hazardous nature of that option, it would probably 
be advisable to provide a variant of it that would be based on second-order 
operators analogous to those introduced in the same section (that is not what 
we will do here).”° 

In addition, if there is an arbitrary number of fluids, a force similar to (6.140) 
should exist in each particle a, the discrete sum extends over all those particles 
belonging to the same fluid as a, with appropriate coefficients 6,, (refer, for 
example, to Grenier et al., 2009). 

We are going to explain how the discrete surface tension forces can be 
derived from a least action principle, through the procedure as developed in 
Section 5.3.3 for the other forces. This is possible since these forces are conser- 
vative, as explained in Chapter 3. In accordance with the generic interpolation 
(5.84), let us initially write a discrete form of the tension potential (3.222):26 


ES’ ~ BY ~ Vs |grad Cl, (6.141) 
b 


Coming back to the definition (3.216) of n/, and taking the approximation 
(6.132) into account, we get a discrete form of the potential involvoing the 
kernel, which can then be added (with a ’minus’ sign) to the Lagrangian 
(5.220) to write: 


1 
L= > sou = Sy MbeCint,b — Y> mogzp 
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(6.142) 
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The formula (6.33) proposed in Sec- 
tion 6.2.1 would, however, be insufficient 
here because, if it was applied to the operator 
(6.130), it would yield zero. 


26Tn the following, for the sake of clarity, 
we will purposefully not specify that the dis- 
crete sums regard particles as belonging to 
the same fluid. 
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The related discrete force exerted on a will be written by deriving, as usual, 
with respect to the components of the relevant particle: 


FST — “65, Ms 


dX VeWhe€be 
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In order to derive the norm occurring in that expression, we write 
|B| (grad |B|) = (grad B) B, which yields: 
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To calculate the derivative occurring in this result, we make c = b in (6.135), 
which yields 


FS’ =—B)) >) Vb Va (ab — aa) Woani, (6.145) 
b od 


Because of the term dg, — dad, two sums emerge from the above expression, 
one of them corresponding to the cases b= a and d £a on the one hand, 
b £a and d = a on the other hand. Hence: 


FS? = —B ) > VaVaWaanl, + BY VpVaWoan), (6.146) 
d#a b#a 


Lastly, we make a change of dummy subscript in the first sum of (6.146), 
then we use the symmetry property of Wap as given by (5.144), and ultimately 
write 


FS? =—B > VaVbWavn}, (6.147) 
b 


(as previously, the case b = a has no effect on the sum because of the vector 
n! ,)- Unsurprisingly, the form (6.138) derived from the discrete equations can 
be found again. 


This force may be split up into individual contributions, as with the pressure 
and viscosity forces: 








FR = —BVaVsWaoni, (6.148) 
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The fact that these forces derive from a discrete least action principle has 
major effects, of course. In particular, the usual conservation properties are 
satisfied. The relation (6.148) induces, among others, the conservation of linear 
momentum, whereas the conservation of angular momentum appears through 
a calculation analogous to (5.250), on the basis of the relation rgy x egy = 9: 








dMS" 
dt = Yo rab x Fos 
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= —BY VV rap x My (6.149) 
Tab 
a<b 
=-8 2 VaViw! ,eap x ni 
a,b 


(we have utilized the opposite procedure to that used in the calculation (5.250) 
and only considered the quantities n/, ranging over all the pairs of dummy 


subscripts, and used the definition e,,). Turning back to the definition (6.132), 
this equation is also written as: 











dM‘? Va iach 
7 B y ~ Vi Vow! ,w! Cab X@ac (6.150) 
4 |X Vawagead| > 
d 
But since €gp X Cgc = —€ac X Cap, the two-fold sum is zero ranging over 


both dummy subscripts b and c. 

As regards energy, we already explained in Section 1.4.1 that its conserva- 
tion is natural for a force deriving from a potential, as shown by the general 
literal calculation (1.73). The forces Es are then to be included among the 
conservative forces in the discrete equation of motion, when relevant, to yield 





Va, mq as => (Re + + eS) + Fe (6.151) 
b 

Compared with the calculation we have just made, here we have added the 
viscous fources, which enables a comparison with (6.46). 

From the calculations of numerical stability as disclosed in Sections 5.4.4, 
6.2.3 and 6.2.5, a necessary condition for stability with respect to the discrete 
surface tension forces could be established; a simple dimensional reasoning 
(refer to Section 3.4.3) easily shows that it is written as 
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2TExcept in astrophysics, for example. 
Besides, that discipline has given rise to the 
SPH method, maximizing the benefits of its 
fully Lagrangian nature (for instance, refer 
to Springel et al., 2001). 


28Some authors prefer to reduce that dis- 
tance, describing the wall by means of a finer 
discretization than the fluid. 


Fig. 6.2 Four approaches for modelling 
walls with SPH: dummy particles (a), mirror 
particles (b), boundary particles (c) and mesh 
(d). 


h3 
<SCys ora (6.152) 


with Cs;,4 = 0.10 (Adami et al., 2010). That condition adds to (6.93). We may 
note that the condition (6.152) is also written in the equivalent form Co < 
C 51,4./Weo , where Wep = poU 2h/ B is anumerical Weber number, according 
to the definition (3.225), whereas the Courant number Co is yielded by (5.397). 

Other forces of molecular origin, such as the Van der Waals forces, can be 
modelled on the basis of similar approaches (refer to Tartakofsky et al., 2009). 


6.3.2 Solid wall modelling 


Applying the principles of the SPH method to the real flow modelling nearly 
always implies’ that the presence of solid walls is taken into account. The 
latter can be modelled in several ways: we will disclose some of the most 
frequent and consistent. 

Among the available models in the specialized literature, the wall itself is 
nearly always modelled by means of particles representing the solid material, 
arranged in one layer and lying at a substantially constant distance apart, 
corresponding to the diameter dr of one particle’® as given at the beginning 
of Section 5.2.3. We will call them edge particles or wall particles. When 
a fluid particle comes closer to a wall, the Fig. 5.4 shows that a void space 
gradually arises within its range of influence. This leads to a pressure force 
whose component perpendicular to the wall is insufficient to force the fluid 
particle to remain within the fluid domain: the thus-modelled wall is not tight. 

This problem can be overcome in various ways. The dummy particle 
method, in particular, encompasses many forms, and we are going to explain 
its simplest version, which has proved its validity in many implementation 
cases. The idea consists of ‘filling’ the possible voids with particles lying 
on the other side of the wall. A first, simple approach is based on the prior 
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establishment of a network of evenly spaced stationary particles, arranged in 
several layers beyond the edge particles (refer to Fig. 6.2 (a)). The number 
of layers theoretically depends on the kernel radius, but experience shows 
that two or three layers are enough (a single one is illustrated in Fig. 6.2 
(a)). Their action is as follows: these dummy particles are considered ‘dead’, 
insofar as their related quantities are constant over time. Their mere presence, 
and particularly their having a non-zero density (equalling, for instance, the 
reference value po of the equation of state (5.207)) confers on them an action 
in the discrete sum occurring in the continuity equation of the system (5.239). 
Thus, they affect the density of the fluid particles lying near a wall. Within 
the context of the weakly compressible model, the continuity equation shows 
that the contribution of a dummy particle f to the volume of a fluid particle a 
equals 


k-1 
p 
dV, fa = —MaM f as : wi feaf (6.153) 
Pa , 


according to (5.186), which corresponds to the option k = 1. Putting pf = po 
and u¢ = 0 (which is always possible when the position is determined within 
the wall’s specific coordinate system if the wall is mobile), we find 


k-1 
p 
QV, fa = —Mam Wa * Wy fPaf (6.154) 
Pa 


Since the derivative Ww ‘ is negative (refer to Section 5.3.1), this contribution 
has the same sign as uy - €,/, that is negative if the fluid particle moves towards 
the wall. In such a case, the volume of a tends to decrease insignificantly; since 
its mass is constant, its density imperceptibly increases, as well as its pressure 
by virtue of the equation of state (5.207). The dummy particles then behave like 
natural ‘repellents’, playing the role of the wall due to their prescribed position. 
It should right now be specified that, as suggested by our explanation, this 
method enables us to easily model moving walls the motion of which is chosen 
by the modeller (e.g. a wave paddle, as discussed later on in Section 8.2). The 
case of bodies whose motion is established by the fluid motion and interacts 
with the latter will be dealt with in Section 6.3.3. 

Within the frame of the incompressible algorithm (Section 6.2.5), the above 
argument is no longer valid. A condition should therefore be prescribed for 
pressure. It may be expected that the right-hand side in the condition (3.207) 


mx 





u”* - Nwali is almost zero, which amounts to prescribing 
a m+1 
( = ) =0 (6.155) 
ON wall b 


for every edge particle b. An approximate but fairly simple means consists in 
considering the edge particle pressures as unknowns in the linear system to 
be solved (6.106). That pressure is subsequently duplicated for the immedi- 
ately underlying dummy particles. This approach, however, implies that each 
dummy particle is skilfully linked to an edge particle, which raises issues, 
particularly near the corners. 


6.3. Boundary treatment 


427 


428 Advanced hydraulics with SPH 


Fig. 6.3 Two possible layouts for arranging 
the edge and dummy particles on a curved 
wall. Configuration (b) is recommended. 





Regardless of the chosen algorithm (either weakly compressible or incom- 
pressible), one must beware, in this approach, of the arrangement of the 
dummy particles. Numerical experience does show that, in the absence of any 
force of gravity, the fluid behaviour near curved walls (as is the case in the 
example of Section 7.2.1) generates void pockets, if the edge and dummy 
particles are not carefully arranged. In particular, upon the construction of 
the curved walls, two options, as described in Fig. 6.3, are a priori offered. 
Graph (a) illustrates (two-dimensionally) a wall along which the particle are 
evenly spaced, whereas (b) shows them more distant apart along the wall, while 
exhibiting a constant spacing along the x and z axes. Numerical experience 
teaches that the latter option is suitable. Tests have demonstrated, indeed, that 
the arrangement illustrated in the graph (a) generates the above mentioned 
voids. Furthermore, the right-hand construction is obviously much more easily 
achievable. It may seem odd that the density of edge particles per unit length 
is variable, which seemingly creates a ‘hole’ at the place where the wall 
inflection point is located; the presence of dummy particles with a constant 
density per unit volume, however, corrects that apparent gap. The dummy 
particle technique is used in all the application cases as disclosed in Chapters 
7 and 8. 

There are many variants to that technique, among which are in particular the 
mirror particle type approaches, in which these particles are analogous to the 
above described dummy particles but are reconstructed upon each iteration by 
symmetry across the walls. The procedure consists in adding—to each fluid 
particle c which is close enough to a wall—a mirror particle m provided with 
parameters which are symmetric to those of c (Fig. 6.2 (b)) The influence 
of these particles then results in symmetric terms in the discrete dynamic 
equations. One of the advantages in that procedure is that a no-slip condition 
(u = 0) can more easily be achieved for the wall by prescribing u,, = —Uc. 

The above described methods, as well as all their variants, are advanta- 
geously simple, although in a somewhat rough way, but at the cost of extra 
computational time and, above all, additional memory space, particularly 
in three dimensions. Furthermore, they can hardly be applied to the very 


deformed walls or to the description of small-sized solid bodies along a space 
direction (membranes, beams). We will disclose an alternative in which only 
edge particles are taken into account. It consists of getting rid of every dummy 
particle by providing the edge particles with carefully selected repulsive forces 
which are added to the equation of motion (Fig. 6.2 (c)). There are several kinds 
of them, out of which the most frequently used in fluid mechanics is based on 
the Lennard—Jones molecular model which was briefly set out in Section 1.3.2, 
but with different power coefficients. In line with the formula (1.46), we may, 
indeed, propose a force taking the following form, for every pair of particles a 
(fluid) and b (edge): 


aEL/ E r Py n Pi 
RY oe Fe : 6.156 
ee OY Tab Tab Tab ea ( 


with, for example, P; = 4 and P2) = 2 (Monaghan, 1994). The reference 
potential Eo has the dimension of a mass multiplied by the square of a velocity. 
For those flows which involve gravity, it should be set as follows: 





Eo = CmgH (6.157) 


where m is the mean mass of a particle, g denotes the acceleration of gravity, H 
is a characteristic flow vertical length and C denotes a dimensionless constant 
ranging from 5 to 10. At to ro, here it represents the range of influence of 
the wall beyond which the force as imparted by (6.156) vanishes; it is usually 
slightly shorter than the initial mean interparticular distance dr. It can be seen 
in (6.156) that rgp/ro is theoretically greater than one, which makes it possible 
to ensure that the wall force is duly directed towards the fluid particle. There 
are in the literature other models than that we have just disclosed, but they do 
not offer any further significant advantage (for instance, refer to Monaghan, 
1994). The model (6.156) is compared with that of the dummy particles in 
Section 7.3.1, the latter being preferred. 

In spite of its simplicity, the above approach provides for wall sealing, but 
lacks physical rigour and sometimes gives rise to a questionable numerical 
behaviour near the walls. Moreover, introducing a wall force will a priori break 
down the so far preserved strict conservation of linear momentum. Here we 
disclose a more rigorous method as developed by Kulasegaram et al. (2004), 
of which we take up the major points (also refer to Bonet and Rodriguez- 
Paz, 2005). The idea, which was discussed at the beginning of Section 5.2.5, 
consists of noting that the too low number of nearby particles which a particle 
a meets near a wall can be corrected through the corrected continuous inter- 
polation (5.146). In particular, we note that the interpolation (5.193) of the 
density, in this formalism, is written as: 


1 
Va, pa = — )) mpWab (6.158) 
Ya > 


where y, is defined through a discrete (5.150) or continuous (5.151) approxi- 
mation. Using that procedure, we have renormalized the density. In order to 
examine its implications, we will get into the context of the weakly com- 
pressible algorithm. The calculation (5.194) and (5.195) having led to the 
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continuity equation now has to be revised. In order to illustrate this point, let 
us here consider the option in which the superscript of the discrete operators 
is k = 1. Multipying (6.158) by y, then deriving with respect to time, we find 
an additional term, due to the fact that y, depends on rg, that is implicitly on 
time: 

dpa dVa 


dt + Pa dt 








= So mpuay - w,eav (6.159) 
b 


Va, Ya 


The new term may also be written as 


dYa (fa) _ O¥a : d¥q (6.160) 
dt or, dt ‘ 











! 
=Y,' Ua 


where y/, is the gradient of yz, as given by (5.154) or (5.155), the latter 
showing that it is directed towards particle a. Equation (6.159) yields 


dpa 
dt 


PaYa “Ua 


a 





Va, (6.161) 


1 
’ 
=". S > mpwar * Waplab — 
Ya “> 


which is substituted for the continuity equation (5.185). In addition to the 
corrective term y, appearing in the denominator (equalling one for a particle 
located far off any wall, if it is defined in the form of a continuous integral), 
we find that an additive term has appeared in the right-hand side. In order to 
provide an interpretation of it, let us consider the case of a planar wall being 
directed by the constant vector Nya: y’, is then collinear with the latter. If 
particle a moves parallel to the wall o ‘Ug = 0), the contribution of this 
term then equals zero, whereas it will tend to increase the density of a particle 
moving towards the wall (y/, - ug < 0). 

As explained in Section 5.3.3, modifying the continuity equation implies 
that the equation of motion is revised by virtue of the variational principle. 
Thus, in the calculation (5.224) which led us to the discrete equation of motion 
(5.229), the force deriving from the internal energy should be modified. We 
may recall, indeed, that this calculation highlighted the pressure forces having 
the following shape (we restrict ourselves to the option k = 1, but generalizing 
to an arbitrary superscript k would be easy): 


E; a 
ay ie (6.162) 
Org 7 Pi, Org 


With the corrected approximation (6.158), the calculation (5.226) gives, as 
in the continuity equation, a corrective factor y, in the denominator, as well as 
an additive term: 


5 
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Introducing that development into (6.162), we get, after some algebra: 


OE int Pb 
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(6.164) 
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Thus, the conservative forces are corrected by the factor 1/y,, as compared 
with (5.202). In addition, it can be seen that a contact force F6°”’ appears 
due to the presence of ne wall and acts somewhat like the previously set out 
Lennard—Jones force FL “,q° but it is constructed on a more reliable physical 
base. Taking equation (6.158) into account, we may ultimately write: 


i Pa Pb 
FY =—m,mp + —— ] weap 
— Nyaa yorp Pe 





(6.165) 
VaP. 
a _ z. y., 
Thus, the equation of motion now has the following shape: 
Va, ma 7 =o (Fi, + FS, + Fi) + FO" 4 Fe (6,166) 


(here we have added both dissipative and surface tension forces). For illustrat- 
ing the contact forces, let us resume the example of the planar wall oriented 
by Mya: F6°"" is directed from the wall towards the fluid particle in all 
circumstances, as expected (if the pressure is duly positive). 

One can realize the opportunity of the expression of F¢°"’ by resuming the 
continuous interpolation (5.15) of a gradient (for instance, refer to Marongiu, 
2007). As regards pressure, we get: 


[grad p].. (tq, t) = $ p(r’,t) wy (|r! — ral) u(r’) d""'T (r’) 


6.167 
Owh (|r’ ( ) 


! — ral) nf 
+f re.) dr 


The second term in the right-hand side is the continuous approximation of 
the pressure gradient as it naturally appears in the calculations leading to the 
discrete equations. The first term is a boundary integral which is only zero 
when the fluid particle is located far off the walls, as explained in Section 5.2.1. 
Otherwise, this term is reduced to:2? 


/ p(x’, t) wy (|r — ral) n(e’) d”F (vr) (6.168) 


Xq being defined in Fig. 5.4. The above expression may be compared with 
the contact force F¢°"’ reduced to the particle unit volume, taking (5.155) and 
(6.165) into account: 
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29With the boundary integral, it is possible 
to show that the continuous interpolation is 
accurate up to the first order in / even near a 
wall, contrary to the original case (5.12). 
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30Asa tule, all the quantities would have to 
be treated in an analogous way to provide for 
the flow consistency at the wall. 


ee ao Pa / /\ zn—1 / 
ef owa (lr — ral) n(r) a" 'T (r’) (6.169) 
Va Ya JXq 

(Monaghan and Kajtar, 2009 get an analogous formula from heuristic consider- 
ations). Thus, the contact force provided by the variational method corresponds 
to a boundary edge term resulting from the integration by parts of the pressure 
gradient (also refer to De Leffe et al., 2009). A suitable treatment of the friction 
forces at the wall could be established according to the same principle*? 
(Ferrand et al., 2010). 

We have constructed the equations of motion in the presence of contact 
forces, resorting to the variational compatibility of both continuity equation 
and equation of motion. This can be more accurately formalized by introduc- 
ing, from the definitions (6.161) and (6.164), modified discrete gradient and 
divergence operators: 








A Ap Aa 
Gy" {Ab} = Pa me | 5 + — | wanean — —¥% 
a a dX Ya pe Yop? ab‘a Ya a 
hk (6.170) 
BE {Ay} = ——— 7 mp Aap - whyeas + 72-2 
aya b Ya 
which is also written as: 
Ap A 
Gi! {Av} = G) {=| ——y), 
Vb Ya 
‘ baby (6.171) 
Di (Ay = —) (Ay 
Ya a 


where G! and D! are defined by (5.128) and (5.132). Taking the definition 
(5.154) into account, this is also written as 


A Aa 
Gl {4,) = 6! {=| Gi 
Yb Ya 


; (6.172) 
By" (Ao) = — (Bj (Av) + Ga {1} Aa) 
Ya 


which may be compared to (5.156) and (5.158). If the identity operator is 
denoted as Id, and if an operator I’ is defined such that {Ap} = {Ap/yp}, 
then both above relations are also written in a condensed form 


ge (G; erent id) oP (6.173) 


DY! =1o(b!+G,{1}- Id) 


The following scalar product (in the sense of eqn (5.138)) can easily be 
calculated: 


(GI! {Ap}, (B.}} 


fe se (Ere e) 


-({=}.: (B01 Dovey, Ba (6.174) 
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(we have used (5.141)). Thus, the operators (6.171) are skew-adjoint, that is 
variationally compatible, in the sense of Section 5.3.3 (Ferrand et al., 2010). 
The variational principle will then naturally jointly reveal them. The modified 
equations which we have got through that procedure could as well be based on 
the calculation (5.235), mutatis mutandis. These modified operators are there- 
fore a more suitable renormalization than the operators (5.156) and (5.158) as 
defined in Section 5.2.5. Continuous versions of these operators might readily 
be suggested, as we did in Section 5.2.1, and a similar adjunction property 
could be highlighted, such as equation (5.30). 

The appropriateness of chosen operators is also based on the calculation 
leading to formula (6.169), that is on the Gauss theorem, which enables us to 
reduce a volume integral to a boundary integral. A discrete formulation of that 
theorem can be written through the approximation (5.84): 





[ grad A(r’) d"r’ © S° VaGi"! {Ap} (6.175) 
Q a 


Based on the definition (6.171), we are going to calculate a quantity which 
looks like the right-hand side of this relation: 


A 
DL, VaGe" {Ad} = Tvs | veer 
i A (6.176) 
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The first discrete sum in (6.176) is zero due to the antisymmetry. We get 
A 
> VaGe"! {45} =— D> Va’, (6.177) 
a a Ya 


which is a discrete form of the Gauss theorem, the sum in the right-hand 
side being possibly approximated through a boundary integral by means of 
(5.155). This calculation shows, on the other hand, that the operators G! and 
Di have a zero discrete integral (i.e. without any boundary term), due to their 
antisymmetry. 
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31 Ferrand et al. (2010), however, suggest a 
continuity equation which is different from 
(6.161), based on a connection to the discrete 
interpolation (5.193), starting from the calcu- 
lation (5.195). 


32This surface element can be approximated 
through the volume-to-radius ratio, that is 
=p = Vp/sr (ér being, it should be remem- 
bered, the particle diameter). 


In spite of these qualities, the operators (6.170) have the drawback of not 
ensuring the property (5.176) of the renormalized operators. De Leffe et al. 
(2009) propose a way to address this, but at the cost of dropping the conser- 
vation properties which are specific to the variationally compatible operators. 
Nevertheless, the numerical experience promotes the latter approach (Ferrand 
et al., 2010). 

Numerical simulation shows that the model of contact forces F¢°”’ works 
well?! provided that y, and y!, are defined through their continuous versions 
(5.151) and (5.155) (Ferrand et al., 2010). In such a case, their calculation for a 
planar wall and at a given spherical kernel is theoretically possible, but leads to 
complex formulae. Kulasegaram et al. (2004) advocate for an approximation 
based on a tabulation of the integral, if the third-order kernel as given by (5.48) 
is adopted: 


Ya = 1+ (0.0625 — 0.0531e) (e — 2) 


(6.178) 
Yi = 7 (0.2937 — 0.2124e) (€ — 2)? mg 


where € = y/h, h being the smoothing length and y the distance to the nearest 
wall, whereas ng is the unit vector connecting the particle a to the wall through 
the shortest path, directed towards a (refer to Fig. 6.3). Furthermore, in the 
case of arbitrary-shaped walls, the presently disclosed method proves to be 
costly and complex, or even impossible. In addition, it can be observed that 
the approximation (6.178) may provide values of y, which are greater than 1. 
However, there are variants (Feldman and Bonet, 2007; Ferrand et al., 2010). 

Another more precise possibility consists in evaluating the quantities y, 
and y’, from a Eulerian description, the solid edges being provided with a 
mesh, as in Fig. 6.2 (d) (Marongiu, 2007). The areas of the mesh elements 
are then accurately known, as well as their normal vectors. This method is 
also advantageous in that it better describes the geometry of the walls when 
they are complex, and properly fits into the context of an arbitrary Eulerian— 
Lagrangian (ALE) approach for the treatment of the fluid-solid interactions, as 
outlined at the beginning of Section 6.2.5. When such a description of the walls 
is not avalaible, it is preferable to keep to the discrete formulations (5.150) 
and (5.154). Lastly, Ferrand et al. (2010) suggest calculating yz by writing a 
Lagrangian transport equation: 


dVa 

dt 

This equation, which is analogous to (1.268), can be integrated by means of 

a numerical scheme which is inspired from Section 5.4. This method makes 
it possible to reduce the problem to the calculation of y/,. To that purpose, 
formula (5.155) suggests a discrete approximation, provided that the wall 
surface element?” attached to the edge particle b (Fig. 6.2 (c)) is denoted as Xp: 


v1, © ¥> Upwarmp (6.180) 
b 
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=y' -u (6.179) 


where the sum covers all the edge particles b, ny being the unit vector normal 
to the wall at the point where the particle b is located (Fig. 6.3). With that 


form, the contact force (6.165) can be split up into contributions due to each 
edge particle: 
oom = Pay yy won (6.181) 
Ya 

That formulation explicitly highlights the fact that the contact force F¢0” 
as given by the second line in (6.165) is normal to the wall, as well as its 
proportionality to the contact surface area Up (refer to Chapter 1, Section 1.5.4, 
equation (1.253)). Moreover, it can be seen it is a repulsive force, in accordance 
with the desired effect. As a conclusion to the above discussion, as compared 
with the above introduced dummy particle model, the model which we have 
just discussed is advantageous in that it is based on a variational principle and 
then reveals further terms having a physical meaning. In particular, these forces 
satisfy the conventional conservation laws. Moreover, their scope of validity 
may probably be extended to the incompressible algorithm. 

To complete this section, let us explain how an alternative method could be 
constructed using a different variational principle, based on the observance of 
the wall boundary condition (3.144). Within the context of a variational method 
for a continuous fluid, we have stated in Section 3.6.3 that the wall boundary 
condition may be prescribed on the basis of a Lagrange multiplier, the latter 
being the pressure if the condition is written according to the formula (3.360). 
We may recall that, in that formula, r and r’ stand for two arbitrary points in 
the fluid and the wall, respectively. Using the elements of Sections 5.2.1 and 
5.2.3, we can write a discrete approximation of that condition. To do this, it is 
necessary to approximate the Dirac distribution 6 (|r —r !) through the kernel 
Wh ("eb) = Web, Ve and rp standing for r and r’. Considering that the surface 
element dT (r’ ) can be approximated through Up, we get: 


Lwait © = Vo Xp PeWeb¥ ch * Mp (6.182) 
bic 


where the subscripts b and c range over the edge and fluid particles, respec- 
tively. The quantity (6.182) is the wall contribution to the system’s Lagrangian 
and should then be added to the Lagrangian (5.220), generating a new force. 
For applying the Lagrange equations (1.31), Lyi has to be derived with 
respect to the parameters regarding a fluid particle (the edge particles having 
a prescribed motion within that context).°3 We find that OL waij/dUg = 0. To 
calculate OL wai /d%a, We May assume a rigid wall, and so the areas X, may 
be considered as constant. It is theoretically necessary to take the variation of 
Vo = me/ Pc With rq, which is based on the relation (6.162), into account. For 
the sake of clarity, however, we will assume that the volume remains constant. 
We get 


OL wail 
Org 





= paVa YE (WabMy + Wh,p8ad * Np) (6.183) 
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Thus, the force exerted by b or a is written, using the relation (A.44) of 
Appendix A, as: 


ne = PaVaXp (wabln a w pTab€ab ® €ab) Np (6.184) 
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34 This requires that the kernel derivative 
tends to a finite constant for small values of 
its argument, as is the case with the examples 
in Section 5.2.2. 


with, as usually, rap = rab@ab (eqn (1.58)). Compared with (6.181), it can 
be found that the factor 1/y, has disappeared, as in the approach leading 
to (6.168). Besides, way is replaced by wapIn + w!,,rab€ab ® Cab. The force 
(6.184) then has a component which is tangential to the wall if a is not exactly 
over b. Furthermore, the normal component of the force may be attractive if 
the particle a is sufficiently far off the wall. For a particle which is close to the 
wall, conversely, and if rg, is collinear with np, the normal component of the 
force is, as a first approximation, proportional to wap > 0, that is repulsive, as 
expected.*4 


6.3.3. Mobile rigid bodies 


Let us now examine how the motion of a rigid body under the action of the 
forces which a fluid exerts on it can be modelled. We have known since Chapter 
1 (Section 1.5.1) that the motion of a solid is determined by the total force 
and the total moment it receives. The discussion in Section 3.4.3 has taught 
us that the force can be estimated from a drag coefficient, but the latter is 
usually unknown, except in simple cases, from experimental data. Even so, this 
model is only applicable to a steady motion in a presumably ‘infinite’ space. As 
regards the moment of forces, it might be subjected to an analogous theoretical 
treatment, with the same restrictions. In view of the study of any motion of a 
body under the action of a mixture of fluids possibly exhibiting a free surface, 
and in non-steady conditions, we must resort to numerical simulation. Here we 
disclose a possible approach through the SPH method (for instance, refer to 
Monaghan et al., 2003; Violeau et al., 2007). 

First of all, let us consider the case of a single rigid body, hereafter called the 
‘solid’. As for the fluid, one might imagine that it is discretized by a collection 
Qs of particles, along the lines of Section 1.5.1. This approach may seem 
complicated for modelling a rigid object, consequently having few degrees 
of freedom. The underlying idea is that those particles making up the solid 
are considered as edge particles which are possibly accompanied by dummy 
particles, the solid then playing the role of a wall moving according to the 
fluid load. We can then truly speak of a fluid—structure interaction. It should be 
specified that all the wall treatment methods set out in the previous section can 
be used for implementing this approach. 

Within this context, the mass and inertia tensor of the solid are defined using 
the formulas (1.180) and (1.203), which are gathered below: 


M= > ma 


aEeQs 


(6.185) 
J= SP mg [Ita — RP — a — RB) ® (Ca — RB) 


aEQs 


where R is the centre of inertia of the solid (we have used the definition 
(1.183)). We may recall that J is constant and invertible, according to Sec- 
tion 1.5.1. There are cases in which the solid has a simple shape, for which M 
and J can be calculated on a theoretical basis from continuous integrals among 
which (6.185) are approximations. In the general case, however, the discrete 


forms (6.185) are necessary. In the following, upon each iteration, R will have 
to be calculated according to (1.182): 


1 
R= 7 > Maa (6.186) 


aEeQs 


In the above equations, the masses of the particles*> making up the solid are 
calculated as for the fluid particles (refer to the beginning of Section 5.2.3). 
Since the solid density is usually not identical to that of the fluid, it is all the 
same with the particle masses. 

Here, the equations of motion (1.232), providing the velocity V of the centre 
of inertia and the rotation vector & of the solid, are applied to the case in which 
the forces result from the action of both pressure (Fir ‘) and friction (Fd 5) as 
exerted by each of the surrounding fluid particles, on the basis of (1.214) and 
(1.217). As to the gravity force moment, it is yielded by (1.231): 


dV : 
Me = > (Fi + Fd") + Mg 
ee (6.187) 
dQ int diss 
I= = Yo - Bx (Fi + Fd") + MR xg 
aEeQs 


For writing the fluid forces F’”” and F4'°’, we will make the choice as given 
by equation (5.204) with k = | (which corresponds to (5.202)) and by eqn 
(6.45)). The equations of motion (6.187) then become similar to (6.58): 


dV 
Ma == a MamMp By, W.,,€ab =e Mg 
aeQs beQr 
(6.188) 
dQ es 
a =— ye MaMp BipWap a — R) X eap + MR X g 
aEeQs, beEQr 
where 2 denotes the set of fluid particles, whereas the quantities 
Ugp-e 
Bi ee int ype (6.189) 
Pa Pp PaPblab 


have been defined by analogy with (5.246) and (5.247). 

The two-fold sum occurring in the second line of the system (6.188) is tricky, 
because a and b do not belong to the same sets. It is therefore impossible to 
make the manipulations of the calculation (5.250), which would have conse- 
quently cancelled the total moment. 

The system (6.188) should be accompanied by the kinematic equations in 
order to become identical in form to (1.219), where F and Fg denote the total 
force and the total moment of the forces, as given by the right-hand sides of the 
equations in (6.188). A discrete form over time can then be produced along the 
lines of (5.266), where each of the pairs (R, V) and (6, ) is treated separately. 
Due to the discussions in Section 5.4.1, the symplectic scheme (Section 5.4.2), 
is recommended and then gives 
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35In the case of a two-dimensional simula- 
tion, it should be remembered that they are 
masses per unit length. Hence, it is all the 
same with M and J. 
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36That would require, however, solving the 
new system, which would illustrate the posi- 
tions in an implicit form. 


yn =y" a Prot 
R"+1 = R” 4 yt se 
(6.190) 
ont} om + J RS: 





gmt =e Ae Q*|s5¢ 


The particles making up the solid are still to be moved. As a first approach, 
it may be written that their velocity is governed by the second line of equa- 
tion (1.191), whereas their position may be incremented using the second line 
in the particle symplectic scheme (5.269): 

Va ut! — yn A qt x (r” _ R”) 
’ a 


a 


(6.191) 





n+l _ um m+1 
f° =f, aor 


We may note, however, that this system does not define a really rigid motion, 
because the calculation (1.194) made in Chapter 1 does not exactly persists. 
(6.191) yields, indeed 


So ar (6.192) 
As such, we get ce : pe = 0, which looks like (1.194). Here, however, 
that does not involve ie = ril,, because of the temporal integration scheme. 


The distance between two arbitrary particles does vary, in accordance with the 
following law: 


2 2 
m+1 = m m+1 
(72 ) aad (ur, + Uap 9) 


2 
= (ri)? + nm, ult "50 + (ut 150) 
(6-193) 
= (ri)? + 20%, « (2! x x) 5 + ("1 x x51) 


2 
= (rm) + ("x r%,62) 


(the central term on the third line is zero by virtue of the vector product 
properties). A second-order error in d¢ can be found in the case of a rota- 
tional motion, as in the calculation (5.362). Substituting r+! for r” in the 
scheme (6.191) may seem to be a solution to that problem,*° since the discrete 
motion would then verify ue . re = 0, which is now identical to (1.194). 
Nevertheless, a calculation similar to (6.193) would show that a further error 
is made. The condition rg, = cst prevails, indeed, over (1.194) because the 
latter only involves the former within the context of a continuous time. This 
phenomenon is analogous to the non-compliance to the conservation with the 
non-symplectic temporal schemes (refer to Section 5.4.3). 

It should be pointed out that the relative error is very small. This is because 
the norm of the vector @ has the same order of magnitude as U/L, where U is 
a flow velocity scale and L is a spatial scale characterizing the solid. With the 


definitions (5.212) and (5.413), we then get 





2 
m+1 m\2 2 
(a ) ~~ (75) (= x am) 


(ay rab 


~ (26t)* 
hQy? 
co 
h 2 
~ tacz) 


which is typically on the order of 107°. The error, however, will produce 
significant effects after 10° iterations. Such a scheme as the Stormer—Verlet 
scheme may be utilized to reduce that error (refer to Section 5.4.2). The error 
upon each iteration is then in 6f? (Kajtar and Monaghan, 2008). A more 
rigorous solution consists in applying the fourth line of the system (6.190) (left 
unused so far), in order to update the components of the vector 8. The solid 
can then be reconstructed from its initial configuration in the new coordinate 
gmt git gintl 
| 22, ats 


(6.194) 


system with axes ( ). To that purpose, it is necessary to 


resume the discussion conducted in Section 1.5.1, just before equation (1.190), 
that is to subject the solid, in its inertial frame of reference, to a rotation by an 


angle lem —6”" | = iepert | dt about the axis directed by Qt! . This process 


strictly requires the use of a transformation the matrix of which is provided 
by (1.136). In the limit of a very short time step, the approximation (1.138) 
then gives 


ee ~ ne + grt x re" St (6.195) 


which corresponds to a discrete form of (1.190) over time. Equation (6.195) 
could be readily found again by means of the scheme (6.191). Thus, the latter 
is, indeed, nothing but an approximation of an exact motion of a rigid body. 

If the particles making up the solid are considered as edge and dummy 
particles, in the sense as introduced in the previous section, they will impart 
to the fluid particles forces which will be symmetric to those they receive. 
Thus, the conservation of the total linear and angular momenta in the system 
consisting of the fluid and the solid is ensured. Each of these two subsystems 
is not isolated, of course, and then does not obey these conservation laws, 
since linear and angular momentum fluxes exist between them, as given by 
equation (6.187). There are further methods for treating the effect of the solid 
on the liquid while satisfying these conservation laws (for instance, refer to 
Kajtar and Monaghan, 2008). 

In all cases, the normal to the wall n, for each edge particle b should follow 
the rotational motion of the solid. Equation (3.146) then yields 

d Np 


— =Qx np (6.196) 
dt 


That equation may be integrated into a scheme identical to that of the solid 
motion (6.191): 


vb, nth int + om! yx ym (6.197) 
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37Most of the graphic representations illus- 
trating the SPH method utilize this convie- 
nient trick. It should be recalled, however, 
that it is a matter of intellectual comfort, 
since, from a mechanical point of view, a 
particle is likened to a material point. Since 
this point carries a finite mass, however, it 
represents a volume of fluid which spreads 
through space, but in an indefinite way. 


38In the same way as the dispersal of infor- 
mation for a strange attractor, according to 
the notions introduced in Section 4.2.2. This 
is a manifestation of the mixing process 
which we extensively discussed in Chapter 4. 


The presently disclosed model (eqns (6.188) to (6.191)) is illustrated by a 
practical application in Section 8.4.2. 

The case of several solids is treated likewise, with an additional difficulty, 
since the inter-solid contacts have to be handled. To that purpose, the methods 
for calculating the wall forces as mentioned in Section 6.3.2 can be matched, 
but there are dedicated approaches. In that respect, methods of the ‘contact 
algorithms’ type, which too are based on a variational approach, are worth 
mentioning. One may refer, for example, to Campbell et al. (2000). Kajtar and 
Monaghan (2008) treat yet another problem of the same kind, namely several 
solid bodies interconnected by joints. 


6.4 Discrete turbulence: basic models 


To start with turbulence modelling within the SPH method, we begin by 
writting the Reynolds-averaged momentum equation in a discrete form, then 
we analyse SPH forms of the first-order turbulence closure models: mixing 
length, one-equation and two-equation models, up to explicit algebraic models. 
Eventually, the k — ¢ model is studied from a numerical stability viewpoint. 


6.4.1 Discrete Reynolds equations 


Turbulence can be modelled in many ways through SPH. In the next sections, 
we will use the discussions of Chapter 4 to disclose some of them, keeping the 
near-incompressibility hypothesis in mind. 

Wishing to begin with the simplest models, we may introduce for each par- 
ticle a statistical averaging operator identical to that in Section 4.3.1, and work 
in Reynolds averages. Before writing the basic equations of this approach, we 
must question whether the notion of mean Lagrangian derivative as defined by 
(4.40) is actually justified. What is meant, indeed, by the motion of a particle 
‘following its mean velocity U,’? This is a statistical notion which makes some 
sense in a continuous formalism, but which could be very puzzling within the 
context of a discrete Lagrangian method. To clarify this point, let us consider 
the behaviour of a particle as a macroscopic fluid mass over time: if it is 
roughly likened to an n—sphere*’ of diameter 67, Fig. 6.4 (b) shows that the 
turbulent structures of the same order of magnitude as dr, by exerting a space 
variable Lagrangian motion, will take part in the deformation of that sphere. 
After a given period of time on the order of the time scale characterizing the 


space scales, that is (5r? / é) is according to equation (4.120), the particle will 
be too strained to be possibly likened to a sphere. After an even longer lapse of 
time, it will even be spread over a large part of the fluid domain,*® preventing 
us considering any longer a discrete model representing the flow. 

In order to get through that issue, one has to imagine that the particles are 
regularly reconstructed (theoretically at each time step), in the same way as 
in Fig. 6.4 (c). In this formalism, the particles then regularly exchange mass 
(while keeping constant individual masses), as well as linear momentum and 
energy. This interparticular transfer of information is illustrated by fluxes, 
which exactly happen to be the turbulent fluxes as discussed in Section 4.3.2. 


6.4 





The notion of particle eddy viscosity then comes into its own as a model 
enabling us to redistribute the mean quantities for modelling the exchanges 
having given rise to scales which are not solved by the discretization being 
chosen.*? This is the context in which the Lagrangian derivatives ‘by following 
the mean motion’ D/ Dt should be understood. This is also true for all the types 
of derivatives contemplated throughout Chapter 4 (i.e. D /Dt and D /Dt), 
which we will use here too. It shall be kept in mind, however, that in practice 
these notations stand for the same thing as d/dt for the establishment of the 
numerical schemes“? in Section 5.4. It should be mentioned, however, that this 
does not need any particular procedure from the programmer. 

Thus, mean quantities Ug, p,, and so on, as well as an eddy viscosity v7.q 
will be considered for each particle a. In addition, an operator of a Lagrangian 
derivative “by following the mean motion’, identical to (4.40), is defined: 

DAg , 0Aq _ 
De = He + (gradA),, - Ug 

The numerical schemes remain unchanged as compared with the discussion 
in Section 5.4. The equations of continuity (4.39) and motion (4.82) may also 
be discretized like the equations with respect to the instantaneous fields, for 
example with such a system as (5.241), provided with viscous forces analogous 
to those in Section 6.2. We must remember, however, that the eddy viscosity 
is not constant in space (nor in time), which forces us to resort to the model 
(6.59) for treating the viscous term, hence losing the conservation of angular 
momentum. The system of discrete equations governing the evolution of both 
mean velocity and density of particles then takes the following form: 








(6.198) 





De = 
Va, on = 2 mill - w! ,€ab (6.199) 
for the continuity, and 
Du 
Va, —* (6.200) 
Dt 
£4 Ep Cab 
= b b Wap +8 
b Lin,a + Lm,b es eZ 
——— [(n + 2) ab « €ab) Cab + Wad] 
2 Pa PbTab 


for the momentum. The dynamic eddy viscosity of each particle is defined 
according to the formulas (4.83) and (4.74): 


Lm,a = Pa (va + vT,a) (6.201) 
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Fig. 6.4 Deformation ((a) and (b)) and 
reconstruction (c) of the volumes represent- 
ing the particles, under the effect of stretch- 
ing. 


3%7t should be pointed out that what has 
just been stated is analogous to the molec- 
ular viscosity process which, from a Boltz- 
mann statistics point of view, represents the 
exchanges of mass, momentum and energy 
between mesoscopic particles in the contin- 
uous medium theory (refer to Chapter 3, Sec- 
tion 3.5.2). We may recall, however, that it 
is a very unsophisticated model within the 
context of turbulence. 

“The arguments in the next sections are 
obviously not linked to the retained option 
for the treatment of (incompressible or nearly 
incompressible) pressure. 
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It is always possible to get back to a form identical to (6.58) for the viscous 
term, but with a variable viscosity. The conservation of angular momentum 
is then recovered, but the resulting accuracy is no longer strictly consistent 
with the arguments in Section 6.2. The resulting equation of motion is then as 
follows: 








Po Ps 
Du 2 5 
Va, ae =H Mp Pa Pp Tap - Cab w) plab + & 
b —(n+2) (ions + Lm,b) eee 
PaPblab 
(6.202) 
Lastly, with a viscosity of the (6.57) type, we will get 
du 1 oe as 
Va, 7 = te dX Vp | (P. “Ff Po) Cab — (Hace a foi) od Wp +g 
(6.203) 


sacrificing both rigour and conservation of total momentum in favour of an 
even greater simplicity. 

Since the pressure is averaged here, it will be suitably calculated using mean 
quantities. With the incompressible algorithm as described in Section 6.2.5, 
the mean velocity field resulting from the prediction step (first line in eqn 
(6.104)) should, indeed, be used for calculating the right-hand side of the 
discrete Poisson’s equation (second line in (6.104)). Thus, the scheme (6.104) 
is formally unchanged, all the quantities being considered as averages, and the 
dissipative forces taking into account the eddy viscosity according to the just 
described model. In the weakly compressible case, the equation of state (5.207) 
is left unchanged, the mean pressure being related to the mean density, which 
is the same thing as p by virtue of the comments made in Section 4.3.2: 


2 Y 
= 0c, 
oe) 
Y po 


Let us now turn to the closure models for eddy viscosity. It is well-known 
that the simplest model is based on the notion of mixing length (Section 4.4.4), 
which varies in both space and time and then probably varies from one particle 
to the other. We will write, in accordance with (4.140): 


vg = L2_,S (6.205) 


m,aa 





(6.204) 


with, according to equation (4.98), a specific mean rate-of-strain for each 
particle being defined by 


Sa = ¥ 28a : Sa (6.206) 


where S, is the mean rate-of-strain tensor of particle a, being defined by 
equations identical to (4.61) and (4.72): 


l = aif 
S.= 5 [ (grad i), + (grad w, | (6.207) 


For explicitly calculating S,, a simple method consists of estimating the 
tensor Sz, for example on the basis of an approximation analogous to (6.100). 
Equation (6.206) can subsequently be directly used (Violeau et al., 2001). In 
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the next section, however, we will explain that another method is sometimes 
preferably used. 

Velocity is subject to a wall boundary condition as given by formula (4.189) 
in Chapter 4, that is for each edge particle b: 





ls .28 
Uy, = Uap (< ae c.) ty (6.208) 
5,b 


where ux.,p, ks,» and t, denote the (algebraic) shear velocity, the wall roughness 
and the wall tangential vector, at the point occupied by the particle b (Fig. 6.3), 
respectively. As to u, p, itis calculated by the formula (4.190). The estimation 
of velocity u (z = 6! ) at the distance 5’ from the wall can be made by means 
of a discrete interpolation analogous to (5.89). 

Lastly, it should be said that the viscous condition (6.91) as regards the time 
step is rearranged as follows in a turbulent regime: 


h? 
dt < Cs4.2 ———— (6.209) 


“ mMaxvry gq 
. ; 


With the model (6.205), and estimating the strain rate by the order of mag- 
nitude Sq ~ Umax/L (where L is a characteristic mixing length for the flow), 
we can write the ratio of the CFL condition (5.413) to the viscous condition as 





C h 10C Les 
51,2 CO a 61,2 ( ) (6.210) 


Csr.1 max (Le Se) C511 Lin L 


As compared with the applicable relation (6.92) in a laminar regime, we 
can see that this ratio does not depend on the Reynolds number, in accordance 
with the principles established in Chapter 4. With the estimation L,,/L ~ 1/10 
(refer to Section 4.4.4) and a reasonable spatial discretization, the viscous 
condition now prevails. This result is the consequence of the fact that the eddy 
viscosity is significantly greater than the molecular viscosity, as is well-known. 

The mixing length model is a so-called ‘zero equation’ turbulence model, 
that is calculating the eddy viscosity without solving any additional differential 
equation. Other models from the same category have been tested with the SPH 
method. In particular, refer to Lépez et al. (2009a), who propose a model in 
which the eddy viscosity is based on the vorticity of the mean flow (4.229). 
This kind of model, which was not mentioned in Chapter 4, however, produces 
good results in the specific case disclosed by these authors (hydraulic jump). 


6.4.2 One- and two-equation discrete models 


The models with either one or two equations as set out in Section 4.4.4 
can readily be implemented within the frame of the SPH method. Equations 
(6.199), (6.200) and (6.204) persist, the eddy viscosity being calculated other- 
wise. Thus, the equation governing the evolution of the turbulent kinetic energy 
(4.145) can be discretized along the lines of the generic equation (6.94) and 
yields: 
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Dka (Mk a + Lk b) kab , 
Va, = P,-—€&+ mp w (6.211) 
with, according to (4.144) and (6.95): 
‘ VT, 
LUk,a = Pa (v + +) 
Ok (6.212) 


Kab = ka — kp 


(Violeau and Issa, 2007a). The production of energy is constructed along the 
lines of (4.97): 


P, = v7? (6.213) 


unless one prefers the semi-linear model (4.158) which, with (4.117), is written 
as 


P, = = min (1, VC cs | V CukaSa (6.214) 
Both the eddy viscosity and dissipation rate of each particle can be estimated 
by the models (4.147) and (4.146): 


1/2 
a= cun! Lin,a 


xl? (6.215) 
gy = COE 
. Lm, a 


When it is desired to ignore such data as the mixing lengths Ly,,q, which 
are empirical or even unknown, one may adopt the k — ¢ model, discretizing 
the dissipation equation (4.148) in the same form as (6.211) (Violeau and Issa, 
2007a): 








Déq Ea (He, at Me, b) Eab_ , 
Va, = — (C,|P, a 6.216 
a Dt 5 (Ce1 Pa — Ce2€a) + 2 PaPbTab Wab ( ) 
with, according to (4.149) and (6.95): 
ss YT, 
Lea = Pa (». + +) 
Og (6.217) 


Eab = Ea — Eb 
In this case, we may recall that the eddy viscosity is given by (4.137): 
a? 


Eq 





ra =Cy (6.218) 

The definition (6.201) is then used for solving the equation of motion 
(6.200). The model’s constants are summarized in Table 4.1, Section 4.4.4 
(Chapter 4). The boundary conditions are provided by the formula (4.189). 
They are applicable to each edge particle b (refer to Section 6.3.2): 
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(6.219) 
_ lusal? 
ns) 


The model proposed in Section 6.3.2 based on the y, correction, however, 
could be used to prescribe turbulent boundary conditions in a better way 
(Ferrand et al., 2011). 

As regards the velocity boundary condition at a wall, it is unchanged as 
compared with (6.208). As to the treatment of the free surfaces, the condition 
(4.191) with respect to k can hardly be matched to a discrete context. It is 
frequently preferred to not prescribe any condition. On the other hand, the 
condition (4.192) with respect to ¢ is easily applicable provided that those 
particles lying at the surface can be identified (refer to Section 6.2.5), and that 
the water depth can be defined without ambiguity. 

A remark should be made here about the calculation of the strain rate, which 
is necessary for calculating the rate of production of turbulent kinetic energy 
Pq. We may recall that, in the continuous theory of Section 4.4.3, the kinetic 
energy lost by the mean velocity field is fully recovered by the turbulent eddies. 
On the basis of that assumption, we have got the global dissipation equation 
(4.100) which gives the energy lost in the whole fluid. Using the elementary 
discrete integration (5.84) and the definition (6.201), we can approximate that 
global dissipation rate through the following discrete sum: 


FX VattmaSa (6.220) 
a 





which means that a mean field kinetic energy dissipation as given by 


Fo ViltnaS, (6.221) 


mq Pa 


takes place in each particle in accordance with (4.99). Now, the discussion 
in Section 6.2.2 provides us with a discrete form of F,. With the presently 
adopted model for the viscous forces, Equation (6.56) can be generalized to a 
mean field which is subject to an eddy viscosity: 
1 Lma + Lm,b _ = 
Fa =~ Gd VaVy me [2 +2) (ap + Hap)? + Fay] why (6.222) 
b a 

Identifying (6.220) and (6.222), we ultimately find the following approxi- 

mation: 
1 


Hin,a + Lem,b — — 
S2 wv — i oe [om + 2) (@ab * Was)” + ies | Wap (6.223) 
may ab 





This formula gives the value which the mean rate-of-scale S, of each 
particle should have in order for the dissipation of energy as modelled by 
the eddy viscosity (i.e. Vata s) to be compatible with the adopted model 
for discretizing the viscous forces.*! It is a priori advisable to use (6.223) for 


41Th Section 6.2.4, we already have taken the 
same precaution for internal energy, which 
recovers the whole macroscopic kinetic 
energy being lost through viscous friction. 
Here, however, it should be pointed out that 
this approach only works, as it is disclosed, 
with the quadratic model (6.213) for the pro- 
duction. 
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calculating S,, instead of the method being suggested in the previous section 
and given by equations (6.100) and (6.206). The presently described method 
may also be used within the context of the mixing length model and, besides, 
advantageously resorts to a single discrete sum instead of the n? (= 4 ou 
9) sums which are required for calculating the components of the S, tensor 
with (6.207). In addition, we may note that (6.223) always defines a real Sj, 
thanks to the positiveness of F' (refer to Section 6.2.2). Lastly, for the sake of 
simplicity, the model (6.54) may be utilized for calculating F,, on the basis of 
a constant eddy viscosity, even though it is merely an approximation of reality. 
The following, less calculation-intensive model would then be achieved: 


1 Vp _ ~ 
$= 5 [n+ 2) (ean Tas)? + ap] hp (6.224) 
b a 


There is convincing evidence that the other standard two-equation models, 
such as the model k — @ (refer to Section 4.4.4) are suitable for a discrete 
approach equivalent to what has just been explained. Thus, a discrete form of 
equation (4.153) is yielded by 


Dog Wa 2 (Hava 5 jtep,b) Wab_ , 
Va, — =Cyi— hy -C So 6.225 
“Di ne - dX 7 PaPbTab Mab ( 


(Issa et al., 2009a) with obvious notations, referring to the formulas (4.151) 
and (4.154): 





‘i VT.a 
Mo,a = Pa (>. os ) 
Cw (6.226) 


ab = Wa — Wp 


The algebraic explicit model for the Reynolds stresses (non-linear k — ¢ 
model), which was set out in Section 4.5.3, may also fit the SPH method. We 
may recall it is restricted to a class of flows which are invariant in one direction. 
It shall therefore only be used in n = 2 dimensions. This model amounts to 
contemplating a viscosity tensor as given by the formula (4.253). In order 
to match it to the SPH formalism, we may note that, in two dimensions, the 
second relation in equation (4.227) may be rearranged as 


2 = 2. ( : ) 
—10 (6.227) 
= —Qw? 


where the unitary symplectic matrix @2 is given by (1.93), whereas Qis simply 
given by 


Q = Qy, (6.228) 
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Using (4.142), (4.253) may then be rearranged, for each particle a: 








ke kgQ 
LT = paC yu ( — 2B) a *o2) 
2 2 (6.229) 
= Um,a (I _ 2Br902) 
with,*? in the same way as (4.236): 
sp ge 
Of = = (6.230) 
Ea 


The equation of motion (6.203) is now written (Violeau and Issa, 2007a; 
2007b) as: 





ws as Min,a + Lin,b — 
an ; (Da + Dp) Cab — tab 
b 
Va, —“=-—)°V, = ¢ Wap +2 
, Q* Q* ab 
Dt Pa b 42B> Um,a os Lem,bS4h cone 
ab 


(6.231) 

It may seem strange that (6.203), rather than (6.200) or (6.202), was utilized 

here for the modelling of the viscous forces, since Section 6.2 has taught us that 

this form has flaws. That option, however, has a major advantage which can be 

highlighted by writing the kinetic matrix corresponding to the just introduced 
discrete viscous forces (refer to Chapter 2, Section 2.4.3): 


Va Vp 





Wp [ (44m. + [Lm,b) In — 2B) (tm aS%s + Hm.b%) | 


(6.232) 
(to be compared with (6.49)). These coefficients partly satisfy the Onsager 
symmetry principle (refer to Chapter 2, Section 2.4.3, eqn (2.181)), since 
ab = bq. On the other hand, they do not satisfy the condition a, = gp. 
Furthermore, they are not written in the requisite form for the conservation of 
angular momentum, that is &gp = Yab¥ab ® Yap (eqn (2.204)).43 However, the 
associated dissipation of mean kinetic energy, as given by formula (2.185), is 


written in a simple form: 


1 Va Vp 
a,b 


ab = — 
Tab 





Tab 


(tna + tind) Uap - Uap 


x 


. ; wi, (233) 
—2Bo (Htm.c QS a Hm,o%) Uap « (@2Uap) 


1 Va Vb a 
= 75 * a (ne + fim) WapWab 





a,b 


This result is due to the fact that @2U,, is orthogonal to Ug,. Equation 
(6.233), to be compared with (6.53), provides an always positive dissipation 
(we may recall that the derivative of the kernel w/,, is negative), which is 
tantamount to asserting the definite positiveness of the kinetic matrices og) 


42We may notice that 47 ,q has been likened 
here to jtm,a, ignoring the effects of the 
molecular viscosity, in accordance with 
Chapter 4. 


43 From a theoretical point of view, we could 
palliate that drawback by integrating the anti- 
symmetric part of aq) (i.e. the non-linear vis- 
cous term in @2) into the Hamiltonian matrix 
Qoy in eqn (2.207). This idea is consistent 
with the fact that this term does not dissipate 
energy, as evidenced by the following equa- 
tion. 
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as provided by (6.232). This result is important in itself, because it shows 
that the chosen model (6.203) for the viscous forces satisfies the principle 
of entropy increase (refer to Chapter 2), whereas the models (6.200) and 
(6.202) would not satisfy that property with the non-linear eddy viscosity 
model we have just described. With (6.202), for example, a term proportional 
to (€gp - Ugp) (@2€gp * Uap), Of undetermined sign, would subsist in (6.233). 
Furthermore, this option shows that the term in w2 in the model (6.229) plays 
no part in the dissipation of energy, which is consistent with the calculations 
made in Section 4.5.3 within the context of the continuous fluids (refer to the 
calculation (4.254)). 

The discrete algebraic explicit model we have just disclosed is unsurprins- 
ingly accompanied by equations (6.201), (6.211), (6.212), (6.216), (6.217) 
and (6.218) of the discrete model k — ¢. We may recall, however, that the 
production can no longer be calculated by means of the basic models (6.213) 
or (6.214). Section 4.5.3, indeed, provides the more precise model (4.256)— 
(4.257), which here should be used as is for calculating P*. The production is 
subsequently calculated by means of the definition (4.242), that is 


P, = Préq (6.234) 


Equation (4.257) requires the values of the mean rate-of-strain S* and 
mean scalar vorticity Q* of each particle, which are related to Sg and Q, via 
equation (4.236). The model (6.224) may no longer be kept for calculating 
Sq, Since (6.213) is invalidated; it is then necessary to return to the calculation 
method as defined in the previous section (eqns (6.206) and (6.207)). Likewise, 


we have 
1 Ou, Ou, 
Qxa=rx —{— 6.235 
He laa (5). a 


which is calculated by means of (6.101). That yields Q, thanks to the definition 
(4.229) (we may recall that we are in two dimensions here): 


p= 2 27 4\ (6.236) 





oF is subsequently calculated through (6.230), with oO = Qyza, to be used 
in equation (6.231). 

Applications of the discrete turbulence models which have been disclosed 
so far can be found throughout Chapters 7 and 8 (in particular, refer to 
Section 7.2.3, 7.3.2, 7.4.3, 8.3 and 8.4.2). Compared with the mixing length 
model as set out in the previous paragraph, the discrete standard k — ¢ model 
provides better results in terms of velocity profiles, as explained by De Padova 
et al. (2010) about the case of a hydraulic jump. 


6.4.3 Stability of the two-equation turbulent models 


The numerical solution of the differential equations (6.211) and (6.216) 
requires that a numerical scheme be selected. As with the solution of the 
equations of motion (refer to Section 5.4), a first-order scheme, either explicit 
or implicit, may be chosen. Denoting the diffusion terms as Dz and Dz, the 
first one gives 
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Va, cr — km +4 [(Pa 4 Daye = el" | bt 


a 


elm 7 (6.237) 
km ((CePa + Dex) — Ce28r | ot 





m+l__ om 
€ =€ + 


Here, however, the choice of a possible partial implicitation is not guided by 
such conservation reasons as in Section 5.4.2, but by the fact that the quantities 
k and ¢ should always be positive. Now, the dissipation terms within these 
equations may give rise, in particular if the time step is insufficiently small, to 
numerical values which are either locally and/or temporarily negative. In order 
to prevent that artifact, a scheme provided with partly implicit dissipative terms 
may be selected. The following will then be written: 


m 
Va, Kmth = Km 4 | (P + Dy)” — ee] bt 
(6.238) 





en gin 
oe = eG + E (Ce1 Pa “F Dea)" ~— Cathe] ot 


m ma 
ki ki 


we have expressed in that formula, as a factor of the explicit terms gers and 
e+! the characteristic time of the large eddies at time m, that is 1/” = ki" /e™ 
according to equation (4.142). That system may then be rearranged in an 
explicit form to yield 


m 
Ya, Kt! = kit + (Pa + Dia)” 3t 


1+4 
(6.239) 
mM § 
. 1 + Coe 


Except for the diffusion terms, whose signs are a priori unknown, the right- 
hand sides in that system only comprise positive terms, unlike (6.237). Thus, 
the dissipation terms cannot generate artificial negative values, which ensures 
the positiveness of the quantities being sought for a turbulence in equilibrium. 
These terms, however, duly take part in the decrease of k and ¢, because 
the denominators in (6.239) are strictly greater than 1. Besides, a first-order 
expansion of (6.239) into dt would yield (6.237) again. 

We will briefly discuss the numerical stability*+ of the k — ¢ model on the 
basis of the method dealt with in Sections 5.4.4 and 6.2.3, starting from the 
explicit scheme (6.238). A thorough study of that stability would prove rather 
difficult, because it would involve simultaneous treatments of the equations of 
motion, the continuity equation and both turbulent model equations. In order 
to make our work easier, we will then assume, as in Sections 5.4.4 and 6.2.3, 
that the possible numerical instability evolves from a homogeneous situation, 
which corresponds to constant initial values ko, €9 and v7.9, allowing us to 
uncouple the equations with respect to kg and ¢g from the others have which 
been already treated. Besides, this hypothesis leads to zero velocity gradients, 
hence to a zero production of turbulent kinetic energy. This working environ- 
ment is obviously favourable to the stability of the solutions, and consequently 
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44To tell the truth, the following is not related 
to the chosen numerical method for treating 
that system, except for the diffusion terms, 
which nevertheless will disappear in this 
analysis. 
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45 Here we shall take care not to confuse TO 
with the time scale of the small eddies, a 
notation which was used in Chapter 3. Here 
the subscript 9 refers to the initial state, but it 
is the characteristic time t of the large eddies, 
in accordance with (4.142). 


we only will get a necessary condition for stability. Under these hypotheses, 
the variation rates of both state parameters k and ¢ are written, by virtue of 
(6.211) and (6.216), as: 


. (uk, + Hk,b) kab, 
ka = —Eat+ Mp w 
i a dX PaPblab o 
(6.240) 
: € LMe,a + Me,b) Eab 
Eq = —C. + + Mp-—————_—— uw" 
7 : Ka X PaPblab oe 


Next, we ignore the molecular viscosity in favour of the eddy viscosity, which, 
according to (6.212) and (6.217), is tantamount to likening pz to povr.o/ox 
and fle to povr.o/o¢. The effect of a parameter fluctuation upon the variation 
rate of k is then revealed by the following fluctuations of energy: 








5 2 t 
b¢kq = Oo my (Ska — dkp) 
b Tab (6.241) 


Seka = —8Eq 


(the fluctuations of position do not offer any variation of ka, if one starts from 
a homogeneous initial state, because of the term kgp = kg — kp). As usual, we 
will seek the numerical wave components in the generic form 


6k =k (t) exp (—iK - r) 
de = E (t) exp (—iK - r) 


(6.242) 


K being a wave vector. After introducing (6.242) into (6.241), then approxi- 
mating the discrete sum through an integral as in Section 5.4.4 (for instance, 
refer to equation (5.375)), we get the following relations: 


inka xX 





4vr,.9 _~ ee. . 
> [wn (K) — wh (0))k (t) exp (—iK - rq) 
oxh (6.243) 


deka = —E (t) exp (—iK - rq) 


The total fluctuation of turbulent energy is yielded by the sum dka = 
b4Kq + d¢kq. Through a similar process for the equation with respect to ¢, we 
ultimately get the following linearized system: 


. As,T 
bkg © —| ——k(t)+ E (ft) | exp (—iK - rg) 
oot 





4 oe 7 (6.244) 
bi, © ( aE 4 2) em Ge 0 exp (iK- ry) 
oot Tt]? % 

where*> 

. 4Co ee ae 

A5,7 = ——= [wp (0) — wa (K)] > 0 
MGORES (6.245) 
ae ko , 


T= 
€0 
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We have defined As 7 by analogy with (6.72), with 


Rey = —— (6.246) 
YT,O 
in accordance with the notations (6.73) and (4.201). We are now seeking the 
temporal variations in the following form: 


k (t) = Ko exp (iat) 
(6.247) 
E (t) = Eo exp (iat) 
@ being a frequency associated to the numerical wave being sought. With the 
explicit numerical scheme*® (6.237), the system (6.244) becomes 


A 
Kox = (: = 1) Ko — Est 
Ok 


(6.248) 





Foy = (: _ As _ 2Ca=| Eo + a Koét 

Og TO T) 
where x is defined, as in Section 5.4.4, by (5.391), that is x = exp (iwdr). 
Since this system is simpler than those disclosed in Sections 5.4.4 and 6.2.3, we 
can easily show how the characteristic equation results from its homogeneous 
linear nature. We may, indeed, rearrange (6.248) as 





A 
[a = 
OK Ko\ _ 
ot As.T ot ( ) =" (oan) 
Ce2 3 1 2C 22 x 
T Og TO 


A solution for (Ko, Eo) clearly requires the nullity of the determinant in that 
matrix, that is 
2 1 1 
=| 2S As 7 | — + | = 2AG | x 
Ok Og 


Za (6.250) 
A A 
+(1- 7) (1- ats = 246) + 52 =0 

Ok Og Ce2 





with 
ot 
Ao = Ce2— > 0 (6.251) 
TO 


It is obvious, from the experience in Section 6.2.3, that the diffusion terms 
will introduce, for the time step, a condition analogous to the first condition in 
(6.209). We consequently will merely deal with the case in which the diffusion 
is ignored,*” which amounts to putting As5.7 = 0: 


Az 
x2 — 2.1 ~ Ao) x + 1-246 + —° =0 (6.252) 


é2 





46th that respect, the semi-explicit scheme 
(6.238) would lead to similar results. 


47 Thus, as previously stated, the following 
discussion becomes independent of the spa- 
tial discretization method. 
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The discriminant is positive and the (real) roots are given by 





Seid = 
n ( Ce2 


; 
(6.253) 


The stability condition (5.393) then prescribes 
2 


Ag < —-—_=__ (6.254) 
ig he 
The time step is ultimately conditioned by 
2 
bt < T © 0.62t 9 (6.255) 


Cea + V/ C — Ce2 


Back to the notation t for the characteristic time of the large eddies in 
arbitrary conditions, we may then assert that the time step should satisfy 


ot< C5t,5T (6.256) 


It seems natural for 5¢ to be incremented by the characteristic time of the 
large turbulent eddies. Unlike all the previously established numerical condi- 
tions, this is a relation with a physical rather than numerical meaning, because 
it does not depend on the spatial discretization nor on the speed of sound. We 
may compare (6.255) with the CFL condition (5.413). The characteristic time 
T may, indeed, be estimated from (4.117), (4.146) and (4.187), which yields: 


cot 10U max Lin Me 500 Ln (6.257) 


he [Cyjuyh h 
Thus, the CFL condition prevails. We may recall (Section 6.4.1) that it is in 
turn governed by the turbulent viscous condition (6.209). 


6.5 Discrete turbulence: advanced models 


We continue our overview of SPH turbulence models with advanced turbulence 
modelling. It turns out that the LES and @ approaches are the most natural 
techniques to deal with turbulent flows with SPH. In particular, it is shown 
how the latter is connected to the mirror systems theory presented at the end 
of Chapter 2. We finally introduce a stochastic approach based on a Langevin 
equation, from the considerations of Chapters 2 and 4. 


6.5.1 Discrete LES 


The SPH formalism perfectly fits the large eddy simulation (LES), which was 
dealt with in Section 4.6.1 within the context of the continuous fluids (Gotoh 
et al., 2004; Issa et al., 2005; Dalrymple and Rogers, 2006). A first indication 
for such an affinity can be found in the definition of the LES filtering operator 
(4.258). With a filter obeying the condition (4.260), it occurs in the same form 
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as the SPH continuous interpolation (5.2), being provided with the condition 
(5.31): 


Ainn= f A(t) Ga (|r —¥'|) dr 
s (6.258) 
[A]. (r,t) -| A(t’, t) wy (|r —r'|) dr’ 
Q 


These two formulas suggest that the kernel may be likened to a filter whose 
characteristic size A is given by the smoothing length h. This idea is confirmed 
by the kernel properties. First, its Fourier transform is most often decreasing 
(with the Wendland kernel (5.57)), like that of the gate filter whose transform is 
given by (4.264). Besides, the SPH continuous integration commutes with the 
partial derivative operators (compare (4.268) with (5.17)). Lastly, the kernel 
support is usually compact. The properties (4.267) and (5.14), stemming from 
the assumed symmetry of the filter and the kernel, may be parallelled too. It 
therefore seems appropriate to define a discrete approximation of the filtered 
quantities A by means of the continuous approximation of [A], (r, tf), as given 
by the operator J, (first line in eqn (5.123)): 


Aa © Ja {Ap} (6.259) 


(Issa, 2005). The discrete equations (6.199) and (6.202) which we have con- 
structed in Section 6.4.1 for treating the Reynolds equations may be tran- 
scribed, mutatis mutandis, for writing the discrete forms of the continuous 
equations (4.271) and (4.279): 


Dea ~ y 
Va, Dt = dX MpUah * Wap€ab 








Pa & Pb 
Da gy (6.260) 
= dom a Waplab 
Dt Uab * Cab . 
b — (n+ 2) (umM,a + Lm,o) ———— 
PaPblab 
+g 


The equivalent viscosity of each particle, which is denoted as ya, iS 
defined as in (4.280), in reference to the notation (6.201): 


itm.a = Pa (Va + vs,a) (6.261) 


where vs q is the sub-particle viscosity*® of the particle a. It is linked to the 
filter size, namely h here, by the formulas (4.277) and (4.281) (Violeau and 
Issa, 2007a): 


Vs,q = (csh)* 5q (6.262) 


where the Smagorinsky constant cs is given by (4.291). As to the filtered rate- 
of-strain, it can be calculated in several ways, as explained in Section 6.4.1 and 
6.4.2. The formulation (6.224), for example, now yields 


48 Within the context of the continuous fluids, 
we had called it ‘subgrid viscosity’, in refer- 
ence to the Eulerian numerical modelling, in 
Chapter 4. 
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2 1 Vp sin, NE he td 
= [ 2 +2) (ean - an)” + 25] wh, (6.263) 


The pressure is calculated, by analogy with (6.204), through the usual 


equation of state: 

2 y 

Cc 

pa = (4) + c| (6.264) 
Y Po 


The incompressible model disclosed in Section 6.2.5 does not raise more 
difficulties in this formalism. 

This model is advantageously simple, because the equations are formally 
unchanged as compared with the mixing length model, as was previously 
pointed out in Chapter 4 within the context of the continuous fluid turbulence. 
However, the requirements of this method are to be remembered now: the 
calculation should be three-dimensional and the spatial discretization A = h 
should satisfy the condition (4.275). Since the size of the large eddies is 
approximately one tenth of the spacial scale of the flow L (refer to Chapter 
4), here we get 


h 1 
Bn Tage GSA (6.265) 
L ~ 10c;/* 


This condition is usually rather easily verified. Lastly, we may recall the 
question of the initial conditions which were discussed at the end of Sec- 
tion 4.6.1; LES, indeed, requires a plausible initial turbulence state to be 
workable. The SPH method is then quite helpful: the Lagrangian nature of 
that method is sufficient for generating small numerical instabilities giving rise 
to turbulence in all circumstances, provided that the viscosity is not too large 
(refer to Section 6.2.3), which is the case with the LES approach (Issa et al., 
2005). Applications of SPH LES can be found in Sections 7.2.3 and 7.3.1. 

The above circumstance also argues in favour of the DNS as an approach 
for turbulence modelling by means of the SPH method, with all the restrictions 
we expressed in Chapter 4 (in particular, refer to the end of Section 4.4.6). 
Among the (few) attempts made to that purpose so far, it is worth mentioning 
Robinson (2009). This work is restricted to two-dimensional tubulence, which 
was not dealt with in Chapter 4. Though turbulence is definitely a mainly 
three-dimensional phenomenon, a two-dimensional approach is possible for 
studying such very flat flows as the atmosphere or the sea currents on the 
continental shelves. Developments analogous to those in Section 4.4.3 then 
highlight a different behaviour of the energy spectra, with respect to the three- 
dimensional case. Robinson’s work shows that the SPH method can predict a 
satisfactory statistical and spectral behaviour within that context, although it 
leads to an overestimation of dissipation at the smallest scales. The transition 
towards turbulence (refer to Chapter 4, Section 4.2.2) was also superficially 
investigated through the SPH method (in particular, refer to (Jiang et al., 
2006)). 
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6.5.2 a—XSPH model 


Because of its Lagrangian nature, the SPH method is prone to disorder, as 
mentioned in the preceding section. In order to prevent the erratic motions of 
the particles from making them unfortunately prone to disorder, sometimes 
inducing cross-trajectories, some authors utilize the so-called XSPH variant 
(according to Monaghan, 2002). The idea consists of moving the particles no 
longer with the velocity ug, but with a modified velocity denoted as U,, and 
defined by 


fig = ug — € mp was (6.266) 
Pab 


where € is a dimensionless, positive parameter nearly equalling one, whereas 


Pab (= Pha) is defined*? as the harmonic average of the densities of particles 
a and b: 
Sats 2 = 
Pab = TF _{. = Poa (6.267) 
Pa Pb 
Thus, in this section, instead of (5.83), we have 
dr, 7 
Va, “=i (6.268) 
dr 


We may first notice that the conservations of total linear and angular 
momenta in an isolated system are not altered by that change. The usual 
properties of symmetry may be easily used, indeed, for noting that the former 
quantity is left unchanged by the application of the operator (6.266): 


P= ) MqUq 
a 


u 
= So maa — € S* mamyp—” was (6.269) 
a a,b Pab 


= Y > mata =P 
a 


(the sum over a and b vanishes by antisymmetry). As to the angular momen- 
tum, it is therefore modified, but its conservation persists: 


du 
mo (3 pn aes 7) 
tm a) 
Yima Ug X Ug + Va X 
dt 
a 
= Se 2, raging A Wab + dX MaYa X 
Pab 


Ugh X Wah da 
= —e Y >) mamy Wab + dL mata X 
Pab dt 








(6.270) 





a<b 


We may note that the definition of Pg, is 
different from the formula (6.9), contrary to 
what is suggested by the notation. 
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The first sum in that result is zero, because each of the Ug, < Ugp, terms is 
zero too; the second one is the right-hand side in (5.249), which leads to the 
conservation of M. 

The idea behind this modified velocity field consists of smoothing the 
velocity in order to stabilize the motion, as can be seen by writing a continuous 
approximation of the discrete terms in (6.266) as 


J 
Yo mp was = >| (: + oe) Ug Wh ([r’ = ral) dr’ 
p 2 JQ Pa 


b ab 


+0 (1?) (6.271) 
Up _ 1 p(r’) ’ ’ nl 
Yi mp Wab = - 1+ —— J u(r) wy (|r — ral) a’ 
- b 2 Ja 


Pa Pa 
+0 (1?) 


where r’ stands for rp in the continuous formalism. It is noteworthy that the 
terms in O (h?) appearing in these approximations are of the same order of 
magnitude, because u (r’ ) is close to Uy. A calculation analogous to those 
in Section 5.2.1 would show that their difference is in O (n°). Writing the 
difference of the two lines in (6.271), we get 


: € 
i, =u, + — | (p (r') + pa) [u(r’) — ug] wa (|r — ral) d"r’ + O (n°) 
Q 
: (6.272) 
In order to simplify the following discussion, we will provisionally assume 
that the density is constant, which will not change our conclusions. Through 
the kernel normalization condition (5.5), we can write: 





i &d-out ef u(r’) wa (|r — ral) dr’ (6.273) 
Q 


That formulation expresses U, as a barycentre and suggests that a value 
greater than | of € would be meaningless (we will come back to that). Let us 
now consider the spatial Fourier transform in (6.273), noting that the transform 
of a convolution equals the product of the transforms (refer to Appendix B): 


ty (K) © (1 — €) ty (K) + thy (K) & (K) 
= th (K) {1 —€[1 — my (K)]} 


(6.274) 


With the Gaussian kernel, whose Fourier transform (5.77) is less than 1, 
we then get Ug (K) < Gy (K), and the modified field then contains less energy 
than the original field. But (6.274) primarily teaches us that this damping is 
even more efficient since one considers large wavenumbers, because wy, (K) is 
decreasing. Thus, the operator (6.266) smoothes the velocity field in the same 
way as the operator (6.259) does. 

To get a deeper insight into this mechanism, let us return to the expression 
(6.272), and let us proceed in a fairly similar way as in the discussion of 
Section 5.2.1, writing a second-order Taylor series expansion of u (r’ : 


6.5 Discrete turbulence: advanced models 


u(r’) = ug + (grad u), - (1 — rq) (6.275) 


1 
5 (r’ — ra)! (grad grad u), (r’ — ra) + O (|r - ral’) 
Inserting (6.275) into (6.272), we find 
“ 1 
Uy =Ug +e (ered uw), Ji + 5 (grad grad u), : | +O (1°) (6.276) 


where J; and J2 are two integrals as defined by 


Ji =I, (r’ — ra) wa (|r — ral) d"r’ = 0 

_ (6.277) 
b= / (r’ — rq) ® (tr — ra) wa (|r — ral) d"r’ 

Q 


The former is zero by virtue of the kernel properties being dealt with in 
Section 5.2.2. As to the latter, we learn from equation (5.64) that it equals 


_ Cw2 
n 


Jo hI, (6.278) 





where C,,,2, as given by (5.65), is positive. This integral has the dimension of 
the square of a distance and the order of magnitude of its components is h?. 
Hence, returning to (6.276), we get: 


ity =u +a7(Vu) +0 (h3) (6.279) 
a 
where the length a is defined by 


ECy,2 
2n 
Before carrying on with our investigations, we may note that we have got a 


form of the discrete Laplacian which differs from those we have established in 
Section 6.2.1: 


h~h (6.280) 


a = 





2n u 
(vu). No Dimes was (6.281) 
w, b ab 


We may, for instance, compare it with (6.43) and find that they look like 
each other. Their proximity is ensured because 


Wab yt Mab —2Wab 
rab Ohh 
(we may recall that the kernel has a negative derivative). The form (6.281), 


however, would correspond to kinetic matrices (refer to Chapter 2, Sec- 
tion 2.4.3) as provided by 





(6.282) 


Mam < 
C h2 alMb n 


These quantities look like (6.49) and verify the Onsager symmetry condi- 
tions (2.181), but do not verify the required conditions for properly describing 
the frictions, as formulated in Section 2.4.3. 


ab = 
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5° Once again, they should not be confused 
with the difference of two terms. That nota- 
tion refers to the notations Aj; in Sec- 
tion 2.5.2. 


Let us now return to the discrete form of Uy and show that the just introduced 
formalism may be relevant for the formal approach of the mirror Lagrangian 
systems, as introduced in Section 2.5.2 of Chapter 2. (6.266) may, indeed, also 
be rearranged as 


ty = D mp Aarup (6.284) 
b 


where the A,» quantities have been defined by:>? 


1 
Aap = — : =<€ (x nates) bap tem (6.285) 





Ma é Pac Pab 


The velocities Uy here play the part of the mirror velocities denoted as u* in 
Section 2.5.2. The Ay, make up a symmetric tensor, a and b here being tensor 
sub-scripts. We are going to explain that it has, up to the fourth-order in h, an 
inverse tensor. To that purpose, we note that the definition (6.266) allows us to 
write 


v U U, 
Ugh = Uab — € » Me eaz oa wpe (6.286) 
p Pbe 


Cc ac 


We then calculate the following expression: 
¥ Ugh 2 UWac Ubc 
ta te} mp—— wap = Ua — € > Wab Y Me (Fe wae — Mu 
b Pab D _ p p 


ac be 

(6.287) 

Through the calculation leading to (6.279) we know that each of the discrete 

sums in the right-hand side of (6.287), multiplied by €, is an operator equal 

toa?V2+0 (n°). Since a has the same order of magnitude as h, it becomes 
obvious that 





Mp 
Pab 





=o! (viu)_ +0 (n°) (6.288) 


The equality (6.287) is then reduced to 
P U, 
Ug = tig +E Dp wan + 0 (h*) (6.289) 
b Pab 
Thus, we have managed to invert (to the fourth order in /) the definition 


(6.266), which shows us that the inverse of the tensor Agy, having components 
Bap, is yielded by 


1 
Py =o italy =) eg 0 (n*) (6.290) 
Ma é Pac Pab 
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This formula is identical to (6.285), provided that —e is substituted for €. 
The above discussion shows that inverting the velocity fields ug and Uy is 
tantamount to changing the sign of €, or even formally going back in time,*! 
which changes the sign of the velocities. This is consistent with the basic idea 
of the mirror systems as discussed in Section 2.5.2, which aims at modelling a 
dissipation of energy by highlighting an energy flux between the basic system 
and the mirror system. Hence, without making any calculation, we can invert 
(6.279) and write 


Ug = tig — (vu). a7 (a) (6.291) 


The XSPH model then takes the form of a discrete approximation of the 
a model of turbulence (Section 4.6.2), the formula we have just determined 
being the analogous of (4.298). That idea is further supported by the fact 
that, for reasonable values of h, the length a satisfies the condition (4.326), 
as evidenced by the relation (6.280). We may then consider the velocities Ug 
as regularized velocities, and we will denote as A all the quantities A being 
calculated from that velocity field. Thus, it is unsurprisingly a turbulence 
model, because of the quadradic aspect of the stresses in a turbulent flow 
(Chapter 4). We may recall that the quadratic nature of the friction forces is 
a specific feature of the mirror systems in Section 2.5.2. 

Due to the above arguments, we have to seek the equations of motions from 
the Lagrange equations. To do this, by analogy with (2.259) and (4.295), we 
introduce the following Lagrangian: 


1 : 
L= ye ymat “Ua 
a 


1 
= >. 5 Mab Aapta Up (6.292) 
a,b 


1 
= —-B pu, -u 
) 5 abUg - Up 
a,b 


(we will purposefully neglect both internal energy and external potential, 
which have no effect on our arguments in this sections; if need be, they will 
be added at the very end of our calculations). According to equation (2.260) 
in Section 2.5.2, the second of these formulas corresponds to the formalism 
of Section 1.4.1 with Agy = mampAgpln. This brings us back to the standard 
SPH approach (i.e. Agp = dap/Maq) when € = 0, according to (6.285). 

Using the definition of ty to calculate the Lagrangian (here being limited to 
the kinetic energy), we get 


1 (a Uab 
L= a Zz Mag - Ug — = > mamp= Wab * Ua 
7 2 2 ab Pab 





(6.293) 
oe 2 3 ue, 
= —Mgus, — — MqMp— Wab 
re oo a i 


and, mutatis mutandis: 


5! The strictly formal nature of this concept 
is reflected by the fact that a” then becomes 
negative. The irreversible nature of the dissi- 
pative systems can be found again, and it can 
be seen that the positiveness of € is relevant. 
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(6.294) 





b= 5 mail? + am 
a 


(where the velocities in standard characters refer to norms, as usual). Equation 
(6.294) indicates that the kinetic energy is positive definite, in connection with 
Section 4.6.2, and constitutes a discrete approximation of (4.312), as can be 
seen from the previously introduced procedure (eqn (6.272). 

The discussion in Section 2.5.2 enables us to immediately assert, from 
(6.292): 





OL 3 
Pa = = Mag 

an (6.295) 
: aL 
Pa = = = Maa 

OUg 


The second equation in (6.295) will provide the equation of motion, apply- 
ing the Lagrange equations. In that respect, we may note that the velocity Ug 
is associated with the position rg, by virtue of (6.268), and so the Lagrange 
equation takes the following form: 


D<9dL aL 
Se (6.296) 
Dt 0Uq Org 








The strictly formal resort to the notation D /Dt is justified by the above 
remark about the close relationship between that formalism and the model @ in 
Section 4.6.2. The general calculation (2.252) in Section 2.5.2 could be used 
for calculating the force received by the particle, but here it is simpler to start 
again from the definition (6.293) of the Lagrangian: 


ae meme po (6.297) 
= © Ora 








(the symmetry of the expression under the summation sign makes it possible 
to substitute pp for P,,). Once again, we will consider that the density does 
not vary, which is tantamount to only keeping the influence of the positions 
on the kernel value in (6.297) (Monaghan, 2002 provides a more complete 
calculation). We find: 


0 0 0 
Whe She Wac oe Wab 
ar, Or, Ora (6.298) 


= = —Sapw', cLac — dacWpab 








Then, inserting (6.298) into (6.297) and acting upon the sub-scripts, we get 





ap a= monte (Sap W,-€ac + SacW/,€ab) (6.299) 
a 
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€ 2 1 / € 2 1 / 
7 > MaMcUge— Wackac + = > MpMquyg — Waplab 
4 z Pa 4 b Pb 


2 
€ Yap. 
a MaMp—— Waplab 
2 b Pab 


Lastly, with (6.295) and (6.299) the Lagrange equations (6.296) yield: 


Dug _ € 
Dt 2 





uz 
So mp ew) yea (6.300) 
b Pab 


It should be kept in mind that we have ignored the internal energy which, as 
usual, would give rise to the same pressure forces as in the previous sections. 

It can be found that the force which we have determined in (6.300) depends 
on the velocities and is therefore a viscous force, analogous to the —div Ty 
term of equation (4.304) in the continuous @ model theory, which gives the 
XSPH model the nature of a discrete LES type approach, with a numerical 
mixing length having the order of magnitude of h, according to (6.280), which 
is still consistent with the results of Section 6.5.1. The smoothing length h 
should then satisfy, within the frame of this model, the condition (4.325). 

As suggested above, it appears that the viscous force (6.300) is no longer 
linear in Ugp as in Section 6.2, but is quadratic, as in Section 2.5.2. Thus, using 
the above approach, we can find again the quadratic aspect of the turbulent 
viscous forces, which was already emphasized in Section 4.4.4. That force 
then has the general shape (2.179) as determined in Section 2.4.3, but with 
kinetic matrices which now depend on the velocities: 


€ Wy 
Lab = ~MNgMp—— (Cab ® Uap) (6.301) 
2 Pab 


This form satisfies the symmetry condition &g, = pq, as well as the condi- 
tion (2.196), which substantiates the conservation of angular momentum, but 
not (2.204), and so the viscous forces subsist in the presence of a rigid body 
motion. Besides, the condition al, = gp is disregarded. ae 

Comparing (6.301) with (6.50), an estimation of the sub-particle viscosity 
Va can be provided in the XSPH formalism: 


“ €labUab ehuab 


~~ OY (6.302) 
4(n+2) 4(n+2) 


Let us interpret that result. Noting that Ug ~ Ug, the regularized velocity 
gradient (or rate-of-strain of the regularized velocity) can be estimated by 


C u 
i - (6.303) 


and so (6.302) is rearranged as 


Ba ~ (esh)? 54 (6.304) 


52Th that respect, a close relationship can be 
found between this approach and the discrete 
algebraic explicit model as described in Sec- 
tion 6.4.2. 
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*3The following formula confirms that the 
energy dissipation rate varies like u2 
accordance with the continuous case within 
the frame of the model a. 


u, in 


(in accordance with the continuous model (4.309)) provided that we put 


/ € 


The XSPH model may then be considered as a form of LES along with a 
Smagorinsky closure model, in accordance with (4.281). This result substanti- 
ates the implicit link existing between SPH and LES, as previously mentioned 
in Section 6.5.1. 

Let us now turn to energy. Section 2.5.2 states that it is defined by (2.262) 
and is constant. The kinetic energy lost by the mirror system (i.e. the regular- 
ized velocity field) can be calculated through (6.300): 


de Gl. 
pa i 
di  dt“2"" 





. du 
= Dimtatta» Se (6.306) 


2 

€ “ab (= / 

= > MaqMp—— (ap : €ab) Wab 
4 ab Pab 


(we have carried out a symmetrization of the subscripts on the last line). 
Formula (6.306) is analogous to (2.263) (without potential energy), and the 
energy flux released by each particle is derived from the formula as: 


2, v 
5 ee Hy (ilen 008), 
Pa= a fo (6.307) 
(the sum now only regarding b). This is the local production of turbulent kinetic 
energy, as predicted by the XSPH model. As expected, it is a cubic function of 
the velocities, in accordance with Section 2.5.2 and Chapter 4. We can provide 
its order of magnitude based on the above arguments:>* 
a 
A 
Besides, the velocity fluctuations, defined as the velocity deviation from the 
regularized velocity, are determined by 





(6.308) 


=<) ee ahs (6.309) 
b ab 
~ €hSq 


(the ultimate estimation made in (6.309) corresponds to each of the com- 
ponents of this vector). The turbulent kinetic energy (i.e. included in the 
regularized velocity fluctuations) can then be estimated by calculating the half 
of the squared norm of u/,, according to (4.76): 


gj, 29 
ka © ; (€h¥q)* (6.310) 
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Estimating the turbulent energy dissipation by &g ~ P, (as in Section 4.4.2, 
eqn (4.105)), we lastly can provide an order of magnitude of the dimensionless 
rate-of-strain of the regularized velocity field: 

k vy 
it = 4 W 6 (6.311) 


a Ba 





If the value found in Section 4.4.6 is adopted as the order of magnitude of 
8% for a logarithmic area (eqn (4.205)), we can derive from it a recommended 
value for the dimensionless parameter € involved in the definition of the 
regularized velocity (6.266): 





~ 0.55 (6.312) 
Le 


Most of the authors utilizing the XSPH regularization have adopted the val- 
ues ranging from 0.5 to 2/3, without providing further explanations. We have 
just shown that it is the order of magnitude allowing us to ensure an energy 
dissipation of the regularized field which is compatible with the commonly 
accepted theory in a near-wall turbulent area. Returning to the estimation of 
the Smagorinsky coefficient (6.305), we derive from it its value: 


€ 1 
~V4n4+2) Yaar nc}l* 


(we refer, of course, to a dimension n = 3, as is normal for a LES type 
approach). Interestingly, this is the value proposed by Lilly, according to the 
discussion in Section 4.6.1 (eqn (4.291)). 

Thus, the XSPH regularization, provided with a value of the same order 
of magnitude as (6.312) for the parameter €, constitutes a discrete version of 
the turbulence model @, as pointed out by Monaghan (2002). In the light of 
the current analysis, it also behaves like a Lagrangian large eddy simulation, 
provided with a sub-particle viscosity in line with the orders of magnitude 
as prescribed by the theoretical investigations of Chapter 4. Interestingly, this 
model handles the turbulence without the assistance of any further equation, 
the only trick being the regularization (6.266). 

Let us now return to the procedure through which we could get the equation 
of motion (6.300); we may note that its derivation may be extended to the pres- 
sure and gravity forces, provided that both internal energy and gravity potential 
are deleted in the Lagrangian (6.292). Returning to the case of a slightly 
variable density, the resulting forces will be left unchanged as compared with 
the already discussed discrete systems, but we have learnt in Section 5.3.3 
that the pressure force discretization is closely related to that of the continuity 
equation. From the calculation extending from (5.231) to (5.233), the velocity 
appearing in the latter is by definition obviously dr /dt, that is here t,. This 
result is consistent with the continuous case (4.301), in which the regularized 
velocity u plays a role in the continuity equation. Thus, taking (6.266) into 
account and if the system (5.241) is chosen for the discretization of the pressure 
term, the whole XSPH is written as: 


0.17 (6.313) 
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b Pab 
(6.314) 
d¥q = 
dr“ 
Dea 





¥ ’ 
= ) MpUab * Wapeab 
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Dt 


It should be remembered that the formulation D / Dt only has a formal role, 
and that it may be considered as a mere Lagrangian derivative for the numerical 
resolution. Thus, the preceding equations may be subject to one of the temporal 
schemes as disclosed in Section 5.4. 

As can be seen, the viscous term takes a much simpler form than before, 
paradoxical as it may seem for a turbulence model. One cannot help but 
emphasize the outstanding smartness of this model, since it is variationally 
compatible with the discussion in Section 4.6.2 within a continuous con- 
text. That model was only seldom numerically substantiated (refer, how- 
ever, to Monaghan, 2011), but the success of the continuous a model sug- 
gests that its translation into SPH formalism is expected to yield good 
results. 

It is arguable that our calculations were partly based on a presumably 
constant density, whereas we came back, for establishing the system (6.314), to 
an approach governed by a variable density continuity equation; it is justifiable, 
however, to consider that approach as suitable within the frame of weakly 
compressible flows. 

It is noteworthy that the continuity equation might be written in a form 
analogous to (5.238), with a discrete divergence operator which is different 
from DE, It could then be argued that the discrete gradient operator chosen 
for modelling the pressure gradient is not skew-adjoint to it. In spite of this 
shortcoming, our choice is satisfactory. It should be kept in mind, indeed, that 
the a model does not satisfy the conservation of energy in the ordinary sense 
(refer to Section 4.6.2). It should also be pointed out that there is no obstacle 
to associating this model with the incompressible algorithm as described in 
Section 6.2.5. 

As regards the stability of the XSPH model, it can be studied through 
a procedure analogous to what was done in Sections 5.4.4 and 6.2.3. Sec- 
tion 5.4.4 taught us that the discrete formulation of the kinematic equation 
drq/dr = Ug does not play any part when one considers a continuity equation 
accompanied by an equation of state without background pressure. As to the 
viscous term in the equation of motion, Section 6.2.3 states that it only acts via 
the variation term 6yU,, which here is linear in ugp, and hence zero if one starts 
from a uniform initial state. Thus, the stability analysis of the system (6.314) 
is unchanged as compared to what was written in Section 5.4.4, the only 
difference being that the continuity equation is now based upon the regularized 
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field Ug. Starting from (6.266), we will write a slight variation of this 
field as 


big = Sug — - Y~ mp wap (Sq — Sup) (6.315) 
0 
b 


Approximating that discrete equation through integrals is no more difficult 
than in Section 5.4.4, by seeking the numerical velocity fluctuation du in the 
form (5.383), then using the kernel normalization condition (5.5): 


bUg © dug — € I(/ wp (7) ari) buy— f wp (7) du ars| 
Q Q 


= 1 7 | wh (F) d"r + | wp (F) exp (-iK . r) ars| (6.316) 
Q Q 
xU (t) exp (—iK - rg) 
= [1 —« (1 — wp (K))] U(r) exp (—iK - ra) 
Thus, the system (5.406), whose last equation is derived from the continuity 
equation, is then modified and yields 


2 
coRo 


Uox =Uot+i wy, (K) Két 
PO 





(6.317) 
Rox = Ro + ipown (K) [1 — € (1 — wp (K))|K - Uo x dt 


(we may recall that the second equation in (5.406) has no effect on the 
result). Equations (5.407) and (5.408) are then unchanged, the A> coefficient 
as defined in (5.399) being substituted by 


oe [Se xtm an] 1-0 -amaoy 
2.7 =| TAG, A : (6.318) 


= Aj[1—e (1 — wy (K))] > 0 


with the usual definitions (5.73), (5.211) and (5.397) for Kt, Mag and Co. 
Thus, the condition (5.409) remains, but now regards A2,7, that is Ao 7 < 4, 
and leads to a CFL type condition analogous to (5.410). We may note, however, 
that with a Gaussian kernel (i.e. smaller than 1) and if € < 1 (a previously 
mentioned intuitive idea), the definition (6.318) gives Az,r < Az. The condi- 
tion A2,7 < 4 is then more readily satisfied, so much more as the wavenumber 
is high. In particular, the maximum of A2,7 is lower than that of Az. Thus, 
the XSPH model tends to stabilize the numerical system, even better since € 
is great, which is true to intuition. For € = 1, it can easily be demonstrated 
that the coefficient /2e ~ 2.33 appearing in the CFL condition (5.410) is 
substituted for by J/3e & 2.86, whereas this coefficient would be close to 2.6 
for the above recommended value € = 0.55. 


6.5.3 Discrete stochastic models 


We will conclude this overview of the turbulent SPH models by mentioning 
the stochastic models, on the basis of the discussions in Section 4.6.3. This is 
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because the Lagrangian nature of the SPH approach incites us to represent the 
turbulent mixing by means of a random force, that is utilizing a Langevin type 
equation (Welton and Pope, 1997; Violeau et al., 2001). Equation (4.359), for 
instance, can be applied to each fluid particle, provided that the discrete time 
step dt is substituted for the infinitesimal time dt, which yields 


Co,a€a 
ot 








d 1 Cc 
Vo, = (~<eraa ee ee cou!) ae é, (6.319) 
a 


dt 2k 


where Co,q is defined by (4.358) and depends on the particle a via the 
P* = Pa/€q ratio of the kinetic energy production to its dissipation rate. 
In equation (6.319), &, denotes a random vector ascribed to particle a and 
changing upon each iteration. It should satisfy the last three relations of the 
system (4.330), that is to say it should be statistically independent of ug and 
be a normalized centred random vector of independent components: 


Va,  £,=0 (6.320) 
ey ® &, =I, 


In dimension n = 2, such a random vector can be got from two real random 
variables €1,4 and ¢2,q, which are evenly distributed over the segment [0, 1]: 


cos (27 62,4) 


(6.321) 
sin (27 7,4) 


Va, &, = /—2Inbia ( 


The components of the &, vector are then independent standard normal 
variables (Carter, 1994), thus satisfying (6.320). 

With, as usual, Dy = Pp, + pgza and wu’, = uy — Ug, taking into account 
equation (4.358) giving Co,q, and resorting to the model (5.241) for discretiz- 
ing the pressure gradient, equation (6.319) is also written as 


dug Pa Po ! 
Va, =— mp{— ++ >] wze 
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CRe 
+(-—2 41, + CePa | (a — tte) (6.322) 
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Thus, each particle is provided with a velocity gradient I’, (as defined by 
(4.61)), in addition to the other variables which were previously defined in 
Section 6.4.2 (we may recall that the constants Cp and Ce are given by the 
Table 4.2 in Chapter 4). It is a discrete form of the generalized Langevin 
model, the quantities kg, €g, Pa and I, being possibly calculated by means 
of the equations (6.211), (6.216), (6.214)-(6.224) and a formula analogous to 
(6.100): 
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Ta © GO {ity} = D> Vp Ga + Uy) @ wh,eap (6.323) 
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When it is preferred to not use the discrete model k — ¢ for calculating 
these quantities, the following reasoning may be applied. Considering the 
production-dissipation equilibrium (4.105) and the definition (4.97) of P, we 
will write 


P, = &4 = V7S2 (6.324) 


Sq being calculated as in Section 6.4.2 (eqn (6.224)). As to k, it may also be 
related to ¢ via equation (6.215), on the basis of an ad hoc estimation of the 
mixing length. 

As specified in Section 4.6.3, the question of the estimation of the mean 
velocity and pressure has to be addressed. One possible approach consists in 
utilizing the J, operator (first line in eqn (5.123)) to write 


Pa x Ja {Ap} 


Uy © Jo {up} 


(6.325) 


Comparing this formula with (6.259), however, shows that this approx- 
imation is conspicuously not fully relevant. We could as well resort to 
the equations of an averaged model in the discrete Reynolds sense (Sec- 
tion 6.4.1 and 6.4.2), definitely with an extra computational time. As indi- 
cated at the end of Section 4.6.3, most of the benefit of the stochastic 
approach would then be lost. Thus, it seems one has to be satisfied with the 
approximation (6.325). 

The case of the simplified Langevin model (eqns (4.360) and (4.362)) is 
reduced to the following discrete form: 


dug Pa Pb ’ 
Va, =— ) m,p|— + 7 ])w e 
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b 
CRE 7 
oe (Ug — Uy) (6.326) 
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Whether the model (6.322) or (6.326) is chosen, it can be found that a 
stochastic force appears, and (6.166) may therefore be substituted by 





a 
Va, mg— = Fit + Bass 4 Boe 4 pent (6.327) 
dt ; 


according to equation (2.280) in Section 2.5.3 (here we have ignored the 
surface tension and wall forces). The stochastic force F*’°° models the mixing 
effect exerted by the turbulent eddies, and thus is added to the dissipative forces 
Bas , which are here reduced to the second line of (6.326). This equation, 
together with a discrete continuity equation (refer to Section 5.3.1), can be 
integrated by means of a temporal scheme (refer to Section 5.4.1). As stated 
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+4 Taking into account the conditions pre- 
scribed for the time step for the stability 
of the SPH numerical model (refer to Sec- 
tion 5.4.4), it is unlikely that this case will 
occur. The stability of the k — ¢ model even 
requires the inverse condition (Section 6.4.3, 
Equation (6.247)). 


in Section 4.6.3, the time step df should satisfy the conditions as given by 
equation (4.329) for the stochastic model to have a physical meaning. 

If, however, that condition is not satisfied, in particular if the time step is 
larger than or of the same order as** ty, it is also possible to utilize the model 
(6.326) provided that an exact integration is made, on the basis of the formula 
(2.305), which here can be applied with u? = w/” and uy (t) = w”"*!, as well 
as Tr = 21/"/Cr (refer to Section 4.6.3, eqn (4.328) as well as the comments 
after eqn (4.361)): 
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Within the limit of the very small time steps, that is 6¢ < 1/”, this model 
provides the following approximation 
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which is an explicit discretization of (6.327), and complies with (2.307). 

It will probably have been noticed that the equation of motion (6.326) does 
not present the dissipative and stochastic forces in a symmetric form, and 
therefore the action-reaction principle is not perfectly satisfied, contrary to 
what has been done so far. Thus, the presently disclosed model only ensures 
the conservation of momentum of an isolated system on an average. The 
latter result is directly due to the fact that the Langevin models present a 
fluctuating velocity signal the average of which obeys the Reynolds equation of 
motion. 

The stability of the presently described model would still have to be studied, 
in the same way as in Section 5.4.4. This study, however, could only be 
undertaken on the basis of the mean behaviour of the system. Practically, this 
kind of model leads to a comparatively disorderly motion of the particles, 
readily giving rise to numerical instabilities caused by the resulting major pres- 
sure fluctuations. This problem could be remedied by joining the simplified 
Langevin equation to the incompressible scheme as set out in Section 6.2.5. 
Furthermore, that would advantageously disorder the particles to a sufficient 
extent to prevent the problem illustrated in Fig. 6.1 (b). Thus, the stochastic 
forces would induce a rearrangement of the particles in space over time, 
whereas Poisson’s equation (6.105) for the treatment of pressure would restore 
the stability of the system, each of these two processes correcting the errors 
in the other. To the best of our knowledge, this kind of model still has to be 
devised. 


(6.329) 
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A stochastic turbulence application for SPH is disclosed in Section 7.2.3. 
Besides, this kind of model is suitable for simulating a wide variety of diffusive 
processes, as is the case with the fluids in the porous media. Such an approach 
was adopted by Tartakofsky et al. (2008) for simulating this mechanism 
through the SPH method. The thermal fluctuations are modelled by means of 
an analogous technique by Litvinov et al. (2008) and Vasquez-Quesada et al. 
(2009). 
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SPH method validation 


7.1 Introduction 


Developing software necessarily implies a validation step, in order to test the 
conceptual foundations of the adopted numerical method (namely, for the pur- 
pose of this book, the SPH method), as well as to check both implementation 
and programming for quality. To do this, a battery of test cases is usually set 
up in the form of simple, sometimes very schematic, applications suitable for 
successively testing the software functions on the basis of theoretical solutions 
or experimental data. In fluid mechanics, the flows for which there are math- 
ematical solutions of the equations are rather rare, as explained throughout 
the Chapters 3 and 4, and poorly reflect the everyday reality, since they are 
most often laminar. Using a model based upon another numerical method 
is then attractive, allowing validation on the basis of a proper matching of 
the achievement of the model being tested to those of a previously evaluated 
model. We will sometimes utilize this method, considering reference models 
based on techniques involving grids. Nevertheless, we will focus our attention 
on empirical observations for a really satisfactory validation of the modelled 
physical processes. 

The test cases disclosed in this chapter have been chosen through experience 
gained in the development of the validated software, namely SPARTACUS 
(Smoothed Particle Hydrodynamics for AcCurate flow Simulation), which has 
been developed since 1999 at EDF R&D’s LNHE department (Laboratoire 
National d’Hydraulique et Environnement), first in Fortran77, then in For- 
tran90. It is based on the SPH method, implementing some of the equations 
as presented in Chapters 5 and 6, with the following options: 


e the systems of equations (5.240) and (5.241) are indiscriminately used 
for momentum and continuity; 

e the viscous forces are indiscriminately modelled by means of the models 
(6.57) and (6.58); 

e the equation of state (5.207) is utilized in the frame of the weakly 
compressible approach and the (6.106)—(6.108) system is employed in 
the case of the incompressible algorithm; 

e no surface tension effect is considered; 

e the symplectic scheme (5.269) for integration over time is adopted; 

e no renormalization is considered; 


e the solid wall effect is taken into account by the dummy particle method 
disclosed in Section 6.3.2. The Lennard—Jones repulsive forces (6.156) 
are also considered, as well as the conservative approach as provided by 
the equations (6.161), (6.165) and (6.166), in only one instance; 

e the mobile rigid bodies are modelled through the technique disclosed in 
Section 6.3.3; 

e turbulence is addressed by means of the mixing length model (eqns 
(6.199) to (6.207)), the two-equation models (6.211) to (6.218), or even 
the LES approach (6.259) to (6.264). The non-linear k — ¢ model (6.231) 
and the stochastic model (6.326) are only seldom tested too. 


Care should be exercised with the equations as specified throughout the last 
two chapters, in particular as regards the choice of the sound speed, which is 
governed by the conditions (5.212) and (5.213). The time step is set by the 
CFL conditions (5.413) and (6.128), depending on the chosen algorithm for 
the calculation of pressure. 

We need to say a few words about the basic precautions to be taken 
when programming a model which is based on the SPH method. Throughout 
Chapters 5 and 6, we have highlighted the symmetry (or antisymmetry) of 
those terms appearing in the specific discrete sums of the SPH method. That 
symmetry characterizes fluxes, namely mass, momentum (force) and energy 
(power) fluxes and provides discrete conservation properties (in particular, 
refer to the remark just after eqn (5.204), as well as Section 5.3.4). In addition, 
it has an algorithmic advantage, since the fluxes can be calculated only once 
for each pair of particles, which saves computation time and memory space. 

As mentioned in Section 5.2.3, each particle interacts with a finite number of 
nearby particles, provided that the selected kernel has compact support. This 
choice is highly recommended, because it leads to an algorithm the size of 
which is proportional to N, (number of particles) instead of Ne For each 
particle a, the particles b contribution to the evolution of the quantities related 
to a lie, as previously explained, within a n—ball of radius h;. A procedure 
has to be devised for seeking the particles lying near each particle a, and 
should be implemented upon each iteration, since they are mobile due to 
the Lagrangian nature of the SPH method. Several methods are available to 
achieve this (in particular, refer to Dominguez et al., 2010). One of the simplest 
methods, which is rather economical, consists of splitting the computational 
domain into n—cubes of side length h;, which can be made once for all ar 
the beginning of the calculation. Upon each iteration and for each particle a, 
all those particles b which are located either within the cube containing a or 
within the adjacent 3” — 1 cubes can then be reviewed, only retaining those 
verifying! the condition rgp = |ta — Vp] < hy. 

As previously explained, the geometry of some flows should be considered 
as definitely three-dimensional (n = 3), whereas other ones may be regarded, 
in terms of simulation, as two-dimensional (n = 2); such is the case with the 
open channel being dealt with in Section 4.4.5. In this case, the modelling 
requires much less computation time and memory space. The case of the chan- 
nel in Section 4.4.5 also highlights the periodical nature of some flows.” Given 
these conditions, two periodic, that is virtually communicating boundaries 
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‘From an algorithmic point of view, consid- 
: . : a) : 

ering the criterion r2, < h2 is more efficient, 
; abet : 

since no superfluous calculation of a square 

root has to be made. 


2The mentioned channel has a stronger prop- 
erty, namely the invariance under longitudi- 
nal translation, which actually makes it a one- 
dimensional flow, since the variables only 
depend of the coordinate which is perpendic- 
ular to the bed. 
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Fig. 7.1 Application of discrete interpolation 
(5.86) to a configuration of particles. It is the 
velocity field of the test case in Section 7.2.1. 
The dummy particles (refer to Section 6.3.2) 
are involved in the discrete sum but are not 
represented in the interpolated field. 


should be considered. It should then be ensured that a particle moving out 
through a periodic boundary immediately reappears in the domain across the 
other boundary. But there is more: it should also be borne in mind that the 
particles lying at a distance h; from each of these boundaries are liable to 
interact with those lying within the same distance from the other boundary, 
through the above described process. 

This chapter will deal with flows exhibiting a growing complexity, starting 
with steady cases, that is governed by pressure and viscosity; it will then 
become possible to validate the spatial discretization schemes of the associated 
terms. We then will discuss flows with a quickly deformed free surface, which 
will validate the SPH suitability for easily modelling them, a property which 
primarily results from its Lagrangian nature. Thus, it will be possible to assess 
the suitability of that method for predicting the forces exerted on a solid, 
which will lastly advantageously be used for treating flows involving moving 
and stationary bodies. We will review the functions we have just mentioned, 
particularly to show the contribution of the incompressible scheme and the 
turbulence models. For those flows involving interfaces, the spatial scales of 
the flows are presumably large enough for the Weber number (3.225) to be 
high enough, so that the surface tension forces are, at first glance, negligible 
(refer to Section 3.4.5). 

There are several approaches for graphically illustrating the results of a 
Lagrangian code. The visualization of the particles, that is of their positions 
and possibly their paths, is unquestionably advantageous since it remains 
true to the spirit of the SPH method. However, it is hardly suitable for the 
visualization of the continuous fields, albeit at the basis of the theory of fields, 
as explained in Chapter 3. As such, a post-processing of the particle data will 
sometimes be preferably carried out to display the data in a more readable 
form, which additionally facilitates the comparison with the grid methods. 
The results which are discussed later utilize the discrete interpolation (5.86), 
which associates a discretely interpolated continuous field, being denoted as 
[A]q (r,t), to each point in space r, each point in time f and each discrete 
collection of quantities {A,}. This procedure may be applied to the points 
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corresponding to the positions rg of the particles, which is equivalent to the 
discrete operator J, {Ap} in Section 5.2.4 (first line in the system (5.119)). 
It is nevertheless often more convenient to apply [A], (r, t) to all the points 
r of a grid, which provides the result appearing in Fig. 7.1. We will almost 
systematically use this procedure. 


7.2 Steady flows 


Steady flows can be used to assess the suitability of a model for properly 
predicting the viscous phenomena, which play a major part in it as regards 
the spatial distribution of the velocities. The wall boundary conditions and the 
numerical stability of the method are the issues at stake within that context. 


7.2.1 Periodic hill 


It is interesting to assess the suitability of the SPH method for simulating 
gravity-less confined flows. With this proposed test case, we also attempt to 
predict a recirculation area in a configuration having a periodic geometry. 
Through this case, the reprentativeness of the boundary conditions can then be 
assessed both at the solid walls and at the periodic boundaries. A laminar flow 
regime is set in order to avoid the difficulties raised by the definition of turbu- 
lent boundary conditions for a spatially variable flow (refer to Section 4.4.6). 
In particular, this makes it possible to validate the results by comparing them 
with those achieved through a finite volume type approach. The following is in 
accordance with Issa et al. (2004), as well as Violeau and Issa (2007a). 

We consider an infinite length channel which is invariant along the trans- 
verse direction y, periodic along axis x, and featured by the periodic occur- 
rence of hills at the lower wall. This case can then be treated two-dimensionally 
and, because of the periodicity of the configuration, a single hill may be 
contemplated. The geometry of the latter is defined by its ordinate z, as given 
by the following six functions (refer to Uribe and Laurence, 2002): 


doo + ag2x2 + ao3x°? if O<x <9 
ayo tax + aypx? + aj3x if 9<x< 14 
any + arx tanx* +a3x? if 14< x < 20 


3. 
3 
2 3 (7.1) 
a390 + a3,x + aj2x~ +.433x° if 20< x < 30 
3 
3 


z(x) = 


d4g + da,x + dgyx? + a43X if 30 <x < 40 
a59 + a51X + aspx +a53x° 1f40< x < 54 


where x and z stand for the horizontal and vertical distances, respectively, 
being reckoned from the origin as indicated by the halftone shaded disc in 
Fig. 7.2. If these distances are measured in millimeters, the coefficients {aij} 
are given by Table 7.1. The lengths corresponding to Fig. 7.2 then are L = 252 
mm, / = 54 mm, hy = 28 mm and hh; = 56.98 mm. 

The fluid being considered is water (oy = 1,000 kg/m? and v = 10~° 
m?s~!, as per Table 3.2). Steady flow conditions are set, featured by a Reynolds 
number Re = Uhy/v. The latter is constructed from the height of the hill and 
the averaged velocity U, which is defined by a formula identical to (4.193) 
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Fig. 7.2 Periodic hill geometry, after Issa 
et al. (2004). The spatial origin is illustrated 
by the halftone shaded disc. The solid edges 
are illustrated by thick lines, the bound- 
aries provided with periodicity conditions are 
illustrated by thicker lines. 


3The above-mentioned process should, in 
principle, be analyzed through a numerical 
stability study, on the same grounds as Sec- 
tion 5.4.4. 
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Table 7.1 Periodic hill case. Coefficients defining the geometry as illustrated 
in Fig. 7.2 (after Uribe and Laurence, 2002). 








ij j=0 j=l j=2 j=3 

i= 28.000 0 6.775 x 1073 —2.125 x 1073 
i= 25.074 9.755 x 107! —1.016 x 107! 1.889 x 1073 
i=2 25.796 8.207 x 107! —9.055 x 1072 1.627 x 1073 
i=3 40.464 = 1.946 x 1072, —2.070 x 1074 
i= 17.925 8.744x 107! —5.567 x 1072 6.277 x 107-4 
i=5 56.390 -1 1.645 x 1072 2.675 x 1079 





through an integration over an arbitrary vertical section. A laminar flow regime 
is considered, characterized by a Reynolds number Re = 50, which corre- 
sponds to U = 1.786 x 107 m/s. The flow is determined by a mass-specific 
horizontal force f°’ which is added into the right-hand side of the Navier— 
Stokes equation of motion and which acts as a driving pressure gradient (refer 
to Section 4.4.5). F°*' is then to be regarded as one of the external forces 
and here is substituted for |For | /Mg in equation (5.203). Since the velocity 
profile is not known in advance, there is no theoretical link betwwen F ext and 
the value of U to be desirably prescribed. This shortcoming can be palliated 
by matching F upon each iteration” according to the law 


2(U™ —U)-— (oe = U) 
26t 


poom — 


(7.2) 


where U™ denotes the averaged velocity as constructed from those velocities 
calculated upon the corresponding iteration.* The initial value F°"° may be 
taken as zero. 

At the initial time, the particles lie a distance 6r = 1 mm apart on a regular 
Cartesian grid and are not moving about at any velocity. Their density is set to 
the reference value pp and their pressure is zero. Here a fourth-order, B-spline 
type kernel (eqn (5.51)) is considered, for a ratio h/dr = 1.2. The walls are 
modelled by edge particles and three layers of dummy particles, according to 
the procedure described in Section 6.3.2. Using these data, the system gathers 
19,548 fluid particles and 2,008 particles for wall modelling purposes. 


The weakly compressible scheme based on an equation of state (refer to 
Section 5.3.2) is adopted. The numerical speed of sound co is equal to 10 times 
the maximum flow velocity Umax, in accordance with the recommendations in 
Section 5.3.2 (eqn (5.212), in the absence of gravity actions). Only knowing 
the average velocity, it is estimated that Umax 1s about twice as much, which 
remains consistent with the applicable law (4.196) in a rectilinear channel. We 
then choose co = 0.03 m/s. Hence, the simulation time step, which here is 
set by the CFL condition in equation (5.413), equals 5t = 1.6 x 107? s. The 
number of iterations is set to 1.7 x 10°, and so a particle can be transported 
over a distance 20 times longer than the channel length. This option is sufficient 
for establishing a steady regime; the simulated physical time is then 2.720 s. 

Since no theoretical or experimental data is available for this case, the results 
achieved with SPH are compared with those stemming from the Eulerian 
calculation model CODE_SATURNE, a software which was developed and 
validated at EDF R&D from a finite volume method (Uribe and Laurence, 
2002). Figure 7.3 shows that the axial and vertical velocity fields are quite 
similar to those obtained with CODE_SATURNE. Furthermore, as shown in 
Fig. 7.4, the recirculation area is properly modelled by SPH. These conclu- 
sions, however, should be mitigated by specifying that the results in Fig. 7.3 
were obtained through a temporal averaging of the results, once the system 
convergence was established (Issa, 2005), as allowed by the steady nature 





(6) 
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Fig. 7.3 Periodic hill case. Spatial distribu- 
tions of the horizontal (a) and vertical (b) 
velocities on completion of convergence. 
Comparison between the finite volume (top) 
and SPH (bottom) methods after Violeau and 
Issa (2007a, with permission from Wiley & 
Sons). 
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Fig. 7.4 Periodical hill case. Comparison 
between the finite volume (top) and SPH 
(bottom) methods. Velocity vectors at the 
recirculation, after Violeau and Issa (2007a, 
with permission from Wiley & Sons). 


Table 7.2 Periodic hill case. 
Abscissae of the detachment (xs) 
and reattachment (xp) points 
as predicted through numerical 
calculation. 


Method SPH _ Finite volume 
xs (mm) 14.6 14.7 
XR (mm) 115 120 














of the flow. Without this procedure, the results are not as smooth as those 
regarding the finite volumes (particularly in terms of vertical velocities). These 
irregularities, which will not be discussed here, can partly be ascribed to the 
Lagrangian nature of the SPH method and remain quantitatively permissible. 
There are several means which are more attractive than a temporal average 
to get free of them, for example the incompressible algorithm as disclosed in 
Section 6.2.5 (not applied in this case). 

In order to provide that validation with a more quantitative nature, we will 
now consider the horizontal velocity profiles along the cross sections {P;} 
(i = 1,..., 6) illustrated in Fig. 7.2, having respective abscissae as given by 
x (P;) /hy = aj, with {a;} = (0.05; 1; 2; 3; 5; 8). Figure 7.5 shows that the 
profiles achieved with CODE_SATURNE and SPH are very similar. It should 
be pointed out that the SPH profiles in Fig. 7.5 result from a three-dimensional 
modelling (Moulinec et al. 2008). As compared with the just disclosed two- 
dimensional modelling, the advantage is that the number of particles inter- 
acting with a given particle is significantly greater (refer to Section 5.2.3). 
The profiles, which are achieved through the discrete interpolation (5.86), then 
become much smoother. The two-dimensional modelling, however, provides 
outstanding results with respect to the velocity profiles, albeit less regular (refer 
to Issa et al., 2004). 

In addition, the profiles related to the P2, P3 and P4 sections clearly reveal 
the presence of the recirculation area. The latter can be characterized by the 
abscissa xs of its detachment point, as well as the abscissa xr of its reat- 
tachment point, though these two quantities can only be observed in a rather 
imprecise way. The resulting values are displayed in Table 7.2. It can be found 
that the place of the detachment point is perfectly determined through SPH. 
The difference as regards the reattachment point is greater and may be related 
to the Lagrangian nature of the model. This is because the particle motion only 
allows a statistical estimation of that point. It is noteworthy, however, that there 
is no reason to decide in favour of either of the results of the two models as 
long as experimental data are not available. 
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This test case demonstrates the SPH method’s ability to simulate incom- 
pressible non-gravity flows featured by the presence of a recirculation area 
in a periodic regime. This is because the velocity profiles are very similar to 
those stemming from a well tried and tested Eulerian model. Moreover, the 
boundary conditions as prescribed at the walls and the periodic boundaries are 
satisfactory. 

This case was tested for sensitivity of the results to various parameters 
(Violeau, 2009b). The velocity profiles are found to be hardly sensitive to 
the discrete SPH operators selected for modelling the equations of continuity 
and motion (systems (5.240) and (5.241)). Variationally inconsistent operators 
(refer to Section 5.3.3) do not impair the simulation in this particular case. 
Lastly, all three discrete models for the viscous forces in a weakly compressible 
regime (eqns (6.42), (6.43) and (6.44)) give quite similar results. On the 
contrary, the interpolation equation (5.192) for the density is insufficient in 
this case for predicting well-founded results. All those we have set out were 
obtained through the discrete continuity equation (5.194), the value of the 
superscript k having no effect on the results. 

The case of the three-dimensional periodic hill has also been addressed in a 
turbulent flow regime (Re = 10, 595) by Issa (2005), on the basis of the LES 
as disclosed in Section 4.6.1 and 6.5.1. A further similar, laminar case in the 
form of a periodic backward-facing step can be found in Issa et al. (2004). 


7.2.2 Lid-driven cavity flow 


Here we propose a relevant case for testing the SPH ability to replicate the 
driven flow of a fluid in a closed cavity, induced by the motion of one of the 
walls and in the absence of gravity. Due to the viscous forces, the fluid is 
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Fig. 7.5 Periodic hill case. Comparison 
between the finite volume (solid lines) and 
SPH (symbols) methods. Axial velocity 
profiles for each of the cross sections as 
shown in Fig. 7.2, after Moulinec et al. 
(2008). 
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Fig. 7.6 Lid-driven cavity flow 
Description of the geometry after Lee et al. 
(2008), and positions of the horizontal (HH), 
vertical (VV) and diagonal (DD) monitoring 
sections. The spatial origin is illustrated by 
the halftone shaded disc. 


case. 


40n the contrary, Uj;qg and L might be set 
to one, the value of Re being determined 
through the selected viscosity v. We may 
recall, indeed, that the factor 1/Re plays the 
part of viscosity within a dimensionless con- 
text (refer to Section 3.4.3). 


















































then set into a rotational motion in the cavity, getting a more or less complex 
structure according to the problem parameters. This case is fully described in 
Rogers (2006). The wall condition modelling is important in this case, more 
specifically the modelling of the viscous term in the Navier-Stokes equation, 
which accounts for the diffusion of the momentum within the flow, hence, 
ultimately, for the flow itself. Here we follow the ideas of Lee et al. (2008). 

The square cavity of side L illustrated in Fig. 7.6 is considered, the flow 
being presumably two-dimensional. The top wall is moving rightward with a 
constant velocity Uj;q. The fluid (water, i.e. p9 = 1, 000 kg/m and v = 10~° 
m’s~!) will then start rotating substantially clockwise. To be honest, the 
numerical values of these parameters are not critical, and it is the same with 
L and Ujjq, since the validations which are proposed below are dimensionless. 
The analysis in Section 3.4.3 shows, indeed, that the characteristics of this 
flow are only based on the value of the Reynolds number Re = UjjgL/v. Here 
we consider the values Re = 400 and Re = 1, 000, for the measurements and 
simulations that are available in the scientific literature. Thus, they are laminar 
flows. These values of Re are governed by the choice* of Ujia. 

At the initial time, the particles are spaced a distance dr = L/Nq apart on 
a regular Cartesian grid and their velocity is zero. It is contemplated to study 
the sensitivity of the results to the value of the integer Ng, to which the values 
40, 70, 100 and 160 are assigned. The inital density of the particles equals 
the reference value po and their pressure is zero. A fourth-order, B-spline type 
kernel (eqn (5.51)) is being considered, for a ratio h/dr = 1.3. The walls are 
modelled by edge particles and three layers of dummy particles, according to 
the procedure described in Section 6.3.2. 

At first, the weakly compressible sheme based on an equation of state (refer 
to Section 5.3.2) is utilized. The numerical speed of sound co is determined 
by eqn (5.212), as expected in the absence of gravity. Umax is not known in 
advance, but it seems obvious that it should equal Uj;. Initial tests, however, 
highlight a void pocket at the centre of the cavity, which can be reduced 
provided that a factor 100 is substituted for the factor 10 in (5.212). We then 


ultimately choose co = 100U);q. Thus, the simulation time step, which is here 
set by equation (5.413), is yielded by 
3 =~OCL 
6t =5.2 x 10 °——— (7.3) 
NaUtia 

The required number of iterations for establishing a steady regime is then 
independent of the L and Uj;q parameters, as well as the discretization Ng, of 
course. On the other hand, this number depends on Re, as long as the latter 
is not very high (refer to Section 3.4.3). The numerical experience shows that 
40,000 iterations are enough for the presently adopted values of Re. 

We also intend to test the incompressible scheme as described in Sec- 
tion 6.2.5. The time step is then based on the fluid velocity, as it is known 
(condition (6.128)), which allows 100 times less iterations, with the option we 
have adopted for co. 

Both lengths and velocities will be non-dimensionalized as follows, in accor- 
dance with (3.151): 








14 XxX 
Vi, x; = L 
7 . (7.4) 
us = 
' Ulia 


Figure 7.7 illustrates the shape of the velocity field near the upper left and 
lower right corners for Re = 1,000. The fluid trend to rotate clockwise can 
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Fig. 7.7 Lid-driven cavity flow case, Re = 
1,000. Spatial distribution of the velocity 
fields in the upper left (left) and lower right 
(right) corners. Predictions of the nearly- 
incompressible (a) and incompressible (b) 
SPH methods, and finite volumes (c). After 
Lee et al. (2008, with permission from Else- 
vier). 
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Fig. 7.8 Lid-driven cavity flow case, Re = 
400. Profiles of dimensionless velocity ut 
along the sections in Fig. 7.6. Vertical veloc- 
ity along HH (top) and horizontal veloc- 
ity along VV (bottom). Comparison of the 
nearly-incompressible (left) and incompress- 
ible (right) SPH methods for several dis- 
cretizations, that is several values of Ng: 40, 
70 and 100 (dotted lines), with the finite vol- 
umes (STAR_CD model, solid lines) and the 
observations made by Ghia et al. (1982, sym- 
bols). After Lee et al. (2008, with permission 
from Elsevier). 
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be seen, with a counter-clockwise recirculation near the lower right corner. 
This flow configuration is confirmed by Chern et al. (2005). There the weakly 
compressible and incompressible schemes of the SPH method are compared 
with the predictions made by the commercially available software STAR_CD, 
which is based on a finite volume technique, with a discretization correspond- 
ing to Ng = 128. It can be found that the general shape of the flow is properly 
replicated by both SPH schemes, the incompressible algorithm exhibiting, 
however, a smoother and higher-grade velocity field, particularly as regards 
the recirculation. Figure 7.8 quantitatively confirms that qualitative analysis 
by illustrating profiles of dimensionless velocity uj; for Re = 400. It is the 
horizontal distribution of vertical velocity ( = z) along axis HH, as well as 
the vertical distribution of horizontal velocity (i = x) along axis VV, both of 
them being illustrated in Fig. 7.6. The spatial origin is shown by the halftone 
shaded disc in the same figure. It can be seen that those profiles achieved by 
the weakly compressible scheme are excessively fluctuating, whereas those 
provided by the incompressible method are significantly smoother, close to the 
finite volume profiles and the measurements proposed by Ghia et al. (1982). 
Figure 7.8 also suggests the convergence of the SPH method, the profiles 
becoming similar to those predicted by STAR_CD as Ng increases. Ng = 100 
provides profiles which are satisfactory in that respect. 

Figure 7.9 illustrates the spatial distribution of pressure with both schemes 
in the SPH method, for Re = 1, 000. Pressure is very poorly predicted by the 
weakly compressible scheme, as can be seen, exhibiting great spatial variations 
which make interpretation of the figure barely feasible, whereas the incom- 
pressible scheme provides incomparably more regular profiles. Quantitatively, 
a dimensionless pressure may attractively be defined along the lines of eqn 
(3.151): 








(7.5) 


(we may note, however, the presence of a 1/2 factor with respect to (3.151)). 
Figure 7.9 illustrates the spatial distributions of p* along two profiles, namely 
HH and DD, a diagonal profile displayed in Fig. 7.6. For Ng = 160, the dimen- 
sionless scheme is very close to the predictions through the finite volumes. 


7.2.3 Infinite open channel 


Let us now turn to a simple generic case, namely the infinite channel, whose 
theory is set out in Chapter 4, Section 4.4.5. In spite of its seeming simplicity, 
it will make it possible, for the first time in this chapter, to test the validity of 
the turbulence models we have described in it, as well as of their discrete forms 
as disclosed in Chapter 6. Thus, this case is crucial for testing the efficiency 
of the modelling of the Reynolds equation viscous term having a spatially- 
varying eddy viscosity. For the first time, we also consider the influence of 
gravity. Here we follow the ideas of Issa (2005) and Violeau and Issa (2007a). 

The channel of Fig. 4.7 is considered, the flow being presumably two- 
dimensional, with a water depth H = 0.4 m. Since the flow is invariant along 
x, the channel length does not matter, the flow being periodical along x. The 
fluid with a reference density p9 = 1, 000 kg/m? flows at the average velocity 
U under the action of a driving force (refer to Section 7.2.1). A laminar flow, 
featured by U = 0.25 m/s and v = 10~* m?s~!, corresponding to a Reynolds 
number Re = UH /v of 10 is first considered, then a turbulent regime (U = 
0.753 m/s and v = 10~° m’s~!, that is Re = 3.012 x 10°). In the turbulent 
case, an equivalent bottom roughness k; = 1 cm (refer to Section 4.4.5) is 
defined. The shear velocity, as provided by (4.194), then equals u, = 0.0435 
m/s. The shear Reynolds number, as defined by (4.182), equals Re, = 435: 
this is a rough turbulent regime. 

At the initial time, the particles are spaced by a distance dr = | cm apart 
on a regular Cartesian grid, and their velocity obeys a linear profile between 
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Fig. 7.9 Lid-driven cavity flow case, Re = 
1, 000. Pressure distribution within the cavity 
with nearly-incompressible (a) and incom- 
pressible (b) SPH. Profiles of dimension- 
less pressure p+ along the sections HH 
(c) and DD (d) in Fig. 7.6: comparison of 
the nearly-incompressible (dotted lines) and 
incompressible (solid lines) SPH methods 
for Ng = 160, with the finite volumes (sym- 
bols). After Lee et al. (2008, with permission 
from Elsevier). 
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Fig. 7.10 Infinite channel case, laminar 
regime. Pressure (a) and velocity (b) profiles 
between the bottom and the surface. The 
SPH results (symbols) are compared with the 
theoretical profiles (4.166) and (4.171) (solid 
lines). 


the bottom and the surface. Their density equals the reference value po and 
their pressure is zero. Here a fourth order, B-spline type kernel (eqn (5.51)) is 
considered, for a ratio h/dr = 1.5. The walls are modelled by edge particles 
and three layers of dummy particles, according to the procedure as described 
in Section 6.3.2. 

The weakly compressible scheme based on an equation of state (refer to 
Section 5.3.2) is adopted. The numerical sound velocity co is determined by 
eqn (5.213), as it should be in the presence of gravity. As a precaution, as in 
the preceding section, we further increase the factor 10 in the law (5.213), and 
here put co = 30U max. In the laminar case, the maximum velocity is derived 
from the law (4.196); thus, we choose cp = 11 m/s. The simulation time step, 
which here is set by the CFL condition of Equation (5.413), then equals df = 
5.45 x 107‘ s. In the turbulent case, the maximum velocity, being derived from 
the theoretical profile (4.183), equals Umax = 0.858 m/s, which yields co = 26 
m/s and 5t = 2.31 x 10~“*s. In both cases, the results are treated after a steady 
regime has been achieved, which occurs after about 10° iterations. 

For modelling the turbulence, we contemplate the discrete models k — Ly, 
(with the profile (4.175) for the mixing length) and k —« (§ 6.4.2). The 
condition (4.192) for the particles lying at the surface is prescribed. 

Figure 7.10 illustrates the pressure and longitudinal velocity profiles 
achieved in a laminar regime, as compared with the theoretical profiles (4.166) 
and (4.171). It can be found that both of them are fairly well replicated by the 
model. In a turbulent regime, Fig. 7.11 illustrates the profiles of the turbulent 
kinetic energy k, its dissipation rate ¢, of the eddy viscosity vr and of the 
mean longitudinal velocity 7 as a function of zt + z/H. The first three above 
quantities are adimensionalized and denoted as kt, et, Vp , In accordance 
with the formulas (4.188). As can be seen, ¢ and u perfectly match the semi- 
analytical formulas (4.183) and (4.188), whereas the profile of k as predicted 
by the model k — Ly is very close to the values as calculated by Warner et al. 
(2005). In addition, the figure indicates the empirical profile as proposed by 
Nezu and Nakagawa (1993): 


kt = Cyew** (7.6) 


with C, = 4.78. As to vr, the model k — € provides predictions which are 
rather close to the experiments conducted by Nezu and Nakagawa (1993). It 
should be pointed out that the numerical prediction of that quantity is a delicate 
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task, and that there is no precise ‘standard’ profile in as simple a case as that 
adopted here. As regards the measurements, they are naturally rather difficult to 
carry out. The present profiles are in accordance with the DNS available in the 
literature (for instance, refer to Moser et al., 1998). The k — w model (which 
is not disclosed here) provides results which are similar to the k — ¢ model. 
Violeau and Issa (2007a) explain that, in this case, the non-linear model k — ¢ 
(refer to Section 6.4.2) relatively trivially improves the predictions. 

The LES approach (refer to Section 6.5.1) was applied to this case (as 
expected in three dimensions) by Issa (2005), with a 0.2 m wide and 1.2 m long 
channel, for a depth-averaged velocity U = 1.345 m/s (i.e. Re = 5.38 x 10°). 
The method provides good results in terms of mean longitudinal velocities u 
(refer to Fig. 7.12). To this purpose, the fields are time-averaged, considering 
that this is a steady flow. Besides, the figure also provides an instantaneous 
view of the filtered longitudinal velocity field u, that is taking the large eddy 
fluctuations into account (refer to Section 4.6.1). 

Lastly, an analogous test case was the subject of a stochastic modelling of 
the turbulence, on the basis of the simplified Langevin model as disclosed in 
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Fig. 7.11 Infinite channel case, turbulent 
regime. Profiles of dimensionless quantities 
kt (a), e+ (b), vp (c) and @ (d) betwen the 
bottom and the surface. The SPH results with 
the k — Lm (0) and k—«e () models are 
compared with the formulas (4.183), 4.188) 
and (7.6) (solid lines) and with experimen- 
tal (x, after Nezu and Nakagawa, 1993) and 
numerical (+, after Warner et al., 2005) data. 
This figure is taken from Violeau and Issa 
(2007a, with permission from Wiley & Sons). 


Fig. 7.12 Infinite channel case, turbulent 
regime. SPH calculations with a LES type 
model for the turbulent closure. Spatial dis- 
tribution of the filtered longitudinal velocities 
(a) and vertical distribution of their Reynolds 
average (b). The solid line represents the log- 
arithmic law (4.183). After Violeau and Issa 
(2007a, with permission from Wiley). 
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Fig. 7.13 Infinite closed channel case, turbu- 
lent regime. SPH calculations with a stochas- 
tic model for the turbulent closure. Distribu- 
tion of the stochastic longitudinal velocities 
as a function of the distance to the lower wall, 
the latter being represented on a logarithmic 
scale. The solid line represents the logarith- 
mic law (4.183). After Violeau et al. (2001). 
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Section 6.5.3 (refer to Violeau et al., 2001). This time, it is a closed channel, 
a wall being substituted for the free surface, and accordingly gravity may be 
disregarded. It is shown (for instance, refer to Pope, 2000) that the theoretical 
arguments in Section 4.4.5 are unchanged in some vicinity of each of the 
two walls. Figure 7.13 shows the longitudinal velocity field resulting from 
equation (6.326), as a function of the distance to the lower wall, which is 
adimensionalized on the basis of the shear velocity and the molecular viscosity. 
It can be found that the rough logarithmic profile (4.183) is properly replicated 
on an average, the fluctuations of longitudinal velocity u/, duly having the order 
of magnitude of u,, (refer to Chapter 4). The closed channel case was also sim- 
ulated with good results by means of the mixing length model (Section 6.4.1) 
(Violeau et al., 2001). 


7.3 Collapse of a water column 


The collapse of a water column is a class of simplified flows that is particularly 
propitious for assessing one of the specificities of the SPH method, namely its 
suitability for modelling greatly strained flows which are determined by both 
gravity and inertia, along with a comparatively strong impact onto a wall. Many 
quantitative and qualitative validations are possible. 


7.3.1 Collapse onto a dry bottom 


The presently discussed case is suitable for testing the SPH ability to predict 
the behaviour of a rapidly varying free surface turbulent flow, in the presence of 
solid walls under the action of gravity. This case consists of a rectangular fluid 
column collapsing onto a two-dimensional basin, which may be likened to a 
schematic dam failure. The wall condition modelling faces a serious challenge, 
since the break wave rapidly propagates towards the opposite vertical wall 
closing the basin. In addition, this case shows that complex free surfaces can 
be treated, since, upon the return of the wave, a wave-breaking takes place and 
is followed by an intense turbulent mixing. Here we follow the ideas of Issa 
(2005), as well as Violeau and Issa (2007a). 





























Figure 7.14 illustrates the presently adopted geometry, in order to refer to 
the experiment conducted by Koshizuka and Oka (1996). It is considered that 
the flow is two-dimensional, the origin of the coordinates lying in the lower 
left corner of the fluid (halftone shaded disc in the figure). Here the length 
a equals | m, which is not really important since the subsequently proposed 
validations are dimensionless. The fluid is water (¢9 = 1, 000 kg/m? and v = 
10? mes-4), 

At the initial time, the particles are spaced by a distance dr = 1 cm apart 
on a regular Cartesian grid, and are not moving about at any velocity. Their 
density equals the reference density po and their pressure is zero. Here a fourth- 
order, B-spline type kernel (eqn (5.51)) is considered, for a ratio h/dr = 1.5. 
The walls are modelled by edge particles and three layers of dummy particles, 
according to the procedure described in Section 6.3.2. With these data, the 
system gathers 20,000 fluid particles and 5,045 particles for wall modelling. 

The weakly compressible scheme based on a equation of state (refer to 
Section 5.3.2) is adopted. The numerical speed of sound co is determined by 
equation (5.213), as it should be in the presence of gravity. Umax is not known 
in advance, but it is close to 12 m/s, as evidenced by a preliminary numerical 
experience. We then choose cg = 120 m/s. The condition with respect to the 
water depth in (5.213) does not alter that value, unless the depth exceeds 15 m 
upon the uprush following the impact against the wall, but this is most unlikely 
to happen. In addition, it should be pointed out that this condition is based on 
the assumption of a hydrostatic pressure, which probably proves invalid upon 
that runup phase due to the significant vertical inertia of the fluid during that 
stage. Thus, the simulation time step, here being set by equation (5.413), is 
5 x 1075 s. The number of iterations is set to 5 x 10*, which corresponds to a 
simulated physical duration of 2.5 s. 

Here the flow is turbulent, but the inertia, gravity and pressure forces ini- 
tially prevail over the Reynolds stresses.° Utilizing a turbulent model would 
therefore be useless, at least during the first stages of the flow. On the other 
hand, immediately upon the impact of the fluid against the right-hand wall 
of the reservoir, the high deformations generate an intense turbulent kinetic 
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Fig. 7.14 Case of the collapse of a water 
column onto a dry bottom, after Koshizuka 
and Oka (1996). The initial configuration is 
shown by a thin line and a subsequent con- 
figuration by a thick line. X and H are also 
defined, the spatial origin being illustrated by 
the halftone shaded disc. 


As stated in the introduction to Chapter 4, 
a comprehensive theory still has to be devel- 
oped for generally assessing the extent of 
turbulence within a flow, particularly when 
it has a free surface. Here we can intuitively 
justify our assertions, which would be sub- 
stantiated by a calculation of orders of mag- 
nitude through a method analogous to that in 
Section 3.4.3. 
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Fig. 7.15 Case of the collapse of a water col- 
umn on a dry bed. From right to left and 
bottom to top: changes in the flow upon the 
impact against the wall, then upon the wave- 
breaking (the shading illustrates the velocity 
norm). After Violeau and Issa (2007a, with 
permission from Wiley & Sons). 





energy (refer to Chapter 4) which diffuses the momentum and exerts a strong 
impact on the shape of the free surface. Without any experience for accurately 
validating that effect, we consider for now that sticking to a turbulence-free 
model is satisfactory. This approximation is corroborated by simulations with 
turbulence models which do not alter the first flow phases. 

Figure 7.15 illustrates the evolution of the resulting flow, as well as the 
spatial distribution of the velocity norm at various times. In order to perform 
the validation of the initial instants, we will use the maximum abscissa X of 
the fluid particles, as well as the maximum water depth H along the left-hand 
wall (refer to Fig. 7.14). The evolution of these two quantities over time f is 
considered. Distance a and gravity g are obviously the parameters involved 
in this process. Thus, for each of the X and H quantities, we have n = 4 
parameters (X or H, g, tf, a) out of which m = 2 are independent, and the 
considerations in Section 3.4.3 allow to state that we can construct n — m = 2 
independent dimensionless numbers. Hence we get 
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where ¢x and dy are unknown functions, and with the conventional definitions 
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Figure 7.16 displays the resulting graphs, being compared with the experi- 
mental results as achieved by Koshizuka and Oka (1996). It can be found that 
the results are satisfactory, in spite of a slight offset along X*, which is likely 
to be caused, especially during the early flow, by the solid boundary condi- 
tion near the front, where the detailed experimental observations reveal the 
occurrence of an initial breaking phenomenon which can barely be modelled 
(Stansby et al., 1998). The observations made by Koshizuka and Oka (1996) 
show, indeed, at the very beginning of the column collapse, an acceleration 
of the front which is greater than that suggested by our simulations, which 
acceleration might result from this kind of behaviour. 

We may recall that the simulations set out so far are based on a ‘dummy 
particles’ type approach for the treatment of the walls. It is interesting to study 
the behaviour of the wall force model (6.156) disclosed in Section 6.3.2. The 
coefficient C occurring in the formula (6.157) is then set to 7.5 for H = 2a, 
which yields Ey = 15 kg.m*s~*. The total number of particles is then reduced 
from 25,045 to 21,001. Figure 7.17 shows that the flow shape is globally 
identical, but with significant local differences near the edges. It can be seen 
that the dummy particle method is more stable, although it has the shortcoming 
of letting fluid particles adhere to the wall and stay on it when the fluid itself 
has flown away. 
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Fig. 7.16 Case of the collapse of a water col- 
umn on a dry bed. Evolutions of X* and 
H* as a function of time tt (eqn (7.8)): 
comparison of the SPH results (solid lines) 
with the measurements made by Koshizuka 
and Oka (1996) (symbols). After Violeau and 
Issa (2007a). 


Fig. 7.17 Case of the collapse of a water col- 
umn on a dry bed. Positions of the particles 
for t = 0.5 s, on top with the dummy particle 
model, on bottom with the Lennard—Jones 
wall forces. 
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Fig. 7.18 Case of the collapse of a water col- 
umn on a dry bed. Spatial distribution of the 
pressure at t = 0.6 s, without density smooth- 
ing (left) and with the smoothing (7.9) (right). 


6Care should be exercised not to confound 
this with the definition (6.267). 


Fig. 7.19 Case of the collapse of a water col- 
umn on a dry bed. Three-dimensional SPH 
simulation with a LES type model, compared 
with an experience (after Issa, 2005). 


pG1000 Pay 
12 





Figure 7.18 illustrates the spatial distribution of the pressure at t = 0.6 s. It 
exhibits great spatial variabilities resulting from the use of the weakly com- 
pressible scheme. As in the case described in Section 7.2.2, the incompressible 
scheme disclosed in Section 6.2.5 here provides for a much better prediction of 
pressure, as demonstrated by Lee et al. (2008). Another way of abating these 
fluctuations, which is less computationally costly and more in line with the 
spirit of the SPH method, consists of utilizing a gravity smoothing analogous 
to the XSPH model (6.266): 


Wee Pab 
Vda, Pa — Pa = Pat €p So mp wap (7.9) 
b Pab 


where Pz, is defined by the general formula (6.9),° whereas Pah = Pa — Pb- 
The parameter €, is set to 0.05. Figure 7.18 then shows markedly improved 
results, but without achieving the same performance as the incompressible 
scheme. 

The same case may be subjected to a three-dimensional simulation, which 
facilitates the comparison with an experience. Issa (2005) carried out this work 
with an LES type model (Section 6.5.1) for the turbulent closure. Figure 7.19 
shows that the qualitative prediction of the open surface is satisfactory (also 
refer to Issa et al., 2005). The effect of the selected turbulence model over a 
water column collapse will be discussed in the next section. 
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7.3.2 Collapse onto a wet bottom 


Let us now turn to a case which is similar to that in the preceding section, 
but with a slightly different geometry, and particularly a reservoir which is 
filled with water up to a given height before the column collapses. The break 
wave which propagates in it then breaks, which may be compared with the 
experience conducted by Janosi et al. (2004). Here we follow the ideas of 
Violeau and Issa (2007b) and (2007c). 

Figure 7.20 illustrates the once again two-dimensional geometry being 
adopted here. We may note that the experience was obviously conducted using 
a gate separating the two parts of the reservoir, being lifted at the rate of 1.5 
m/s from the very beginning. This gate shall preferably be taken into account in 
the model, because an instantaneous collapse would result in slightly different 
results. The selected distances are L = 1.18 m, / = 0.38 m and H = 0.15 m. 
As to the depth of the right-hand part of the reservoir, two values are adopted: 
d= 18 mm and d = 38 mm. The fluid is water (p9 = 1, 000 kg/m? and 
v = 10~° m’s~!). 

At the initial time, the particles are spaced by a distance dr = | mm apart on 
a regular Cartesian grid and do not move about at any velocity. Their density 
equals the reference value pp and their pressure is zero. Here a fourth-order, B- 
spline type kernel (eqn (5.51)) is considered, for a ratio h/dr = 1.5. The walls 
are modelled by edge particles and three layers of dummy particles, according 
to the procedure described in Section 6.3.2. With these data, the system gathers 
71,310 fluid particles and 8,450 particles for wall modelling. From the very 
beginning, the particles making up the gate are moved vertically at the required 
velocity. 

The weakly compressible scheme based on a equation of state (refer to 
Section 5.3.2) is adopted. The numerical speed of sound cg is determined by 
equation (5.213), as it should be in the presence of gravity. Preliminary tests 
show that Umax is about 2.4 m/s, hence we choose cp = 24 m/s. The condition 
with respect to the water depth in (5.213) does not alter this value.’ Thus, the 
simulation time step, which here is set by the condition in equation (5.413), is 
2.5 x 10~> s. The number of iterations is set to 2.4 x 10*, which corresponds 
to a simulated physical period of time of 0.6 s, which is enough for the wave 
to propagate to the right-hand wall. 

As in Section 7.3.1, this flow is turbulent, but inertia, gravity and pressure 
prevail over it. The wave breaking, however, gives rise to local strains which 
generate turbulent kinetic energy (refer to Section 4.4.2), liable to affect the 
shape of the breaking wave. Accordlingly, turbulence is taken into account 
by means of those models described in Section 6.4. Here the one-equation 
model k — L,, and the non-linear model k — e disclosed in Section 6.4.2 are 
adopted. Since we do not know the spatio-temporal distribution of the mixing 
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Fig. 7.20 Case of the collapse of a water col- 
umn on a wet bed. Geometry and initial con- 
figuration (after Janosi et al., 2004). 


7 According to eqn (3.170), in case of rapidly 
varying flow an additional condition should 
control the time step, which is based on the 
Strouhal number. In the present case and 
later on, however, the latter condition has no 
effect. 
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Fig. 7.21 Case of the collapse of a water col- 
umn on a wet bed. Comparison of the numeri- 
cal models (Violeau and Issa, 2007b) with the 
experience conducted by Janosi et al. (2004, 
with permission from Springer). Case d = 18 
mm. The thick curved lines reproduce the 
experimental free surface. 





length L,, in such a complex case, we make it equal to the particle size, which 
comes down to a large eddy simulation (refer to Section 6.5.1). In order to 
assess the extent of the spatial variability of the turbulent phenomena, we also 
contemplate a model in which the eddy viscosity is constant. Starting from 
the discussion in Chapter 4 (eqn (4.140)), a literal estimation of it may be 
provided as 


1 

vp = Lb? S~ Foo Umax (7.10) 
(assuming Ly, ~ d/10, as recommended in Chapter 4). This estimation 
amounts to stating that the Reynolds number of the mean flow Re, as defined 
by (4.84), is in the region of 100, which is consistent with the order of 
magnitude as provided in Section 4.4.6. Numerically, we get vr ~ 7 x 1074 
m?s~!, a value which we will prescribe for the simulation under a constant 
viscosity. 

Janosi et al. (2004) provide fairly accurate photographs of the experience 
being replicated here; they are suitable for a validation as regards the shape of 
the unsteady free surface. Figures 7.21 and 7.22 allow us to make a comparison 
of the various models with the experience for both selected values of d, and 
show that the general shape of the flow is properly replicated. The shape 
of the experimental free surface is roughly replicated in solid lines on the 
graphs plotted through the simulation, with as much accuracy as allowed by 
the experience on the one hand (actually sensitive to slight three-dimensional 
effects), and through the quality of the photographs on the other hand. We may 
note that all the authors having worked on this test case have found a temporal 
offset of about 0.043 s between the times displayed on the photographs and 
those to be used for setting the results in the best possible conditions, which 
may be caused by an ambiguous choice of the initial time (chosen either just 
before or after the beginning of the gate motion). Accordingly, we will adopt 
that corrective action, which amounts to choosing graphic printout instants 
occurring 0.043 s prior to the measurement instants (the latter, however, will 
be adopted as reference time instants, because they are mentioned on the 
experimental photographs). 
































Figure 7.23, corresponding to d = 38 mm immediately after breaking, 
reveals the effect of the turbulence model. The constant viscosity model does 
not represent the free surface shape as accurately as the ‘true’ turbulent models. 
Similar results are highlighted with d = 18 mm (Violeau and Issa, 2007b, 
2007c). Further simulations, which are not presented here, do not reveal any 
improvement with a standard model k — ¢ as compared with the k — Lin 
model. As to the mixing length model (refer to Section 6.4.1), in this case its 
results are poorer than those of the constant viscosity model, which confirms 
that it is not suitable for simulating quickly varying flows, as we stated in 
Section 4.4.4. Issa et al. (2009a) give an account of an attempt with the k — w 
model yielding results which are qualitatively analogous to those of the k — ¢ 
model. 

Whichever turbulence model is adopted, the breaking is not perfectly repli- 
cated and the respective roles of the modelled physics and the numerical 
options being chosen cannot be brought out. The imperfection of the physical 
approach being contemplated here should be emphasized, indeed: on the one 
hand, the presence of air carried along by water (refer to Fig. 7.23) may 
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Fig. 7.22 Case of the collapse of a water col- 
umn on a wet bed. Comparison of the numer- 
ical results (Violeau and Issa, 2007b) with the 
experience conducted by Janosi et al. (2004, 
with permission from Springer). Case d = 38 
mm. The thick curved lines reproduce the 
experimental free surface. 


Fig. 7.23 Case of the collapse of a water col- 
umn on a wet bed, with d = 38 mm. Com- 
parison of three turbulence models, after Vio- 
leau and Issa (2007b). From top to bottom: 
constant viscosity, k — Ly model, non-linear 
k —e model. The continuous curved lines 
reproduce the experimental free surface, after 
Janosi et al. (2004, with permission from 
Springer). 
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Fig. 7.24 Breaking of a single wave in a 
sloping plane. Comparison of three turbu- 
lence models, after Issa and Violeau (2009). 
From top to bottom: constant viscosity, mix- 
ing length model, k — Ly, model. The thick 
lines reproduce the experimental free surface, 
after Li and Raichlen (2003). 








significantly change the shape of the free surface; on the other hand, the relative 
smallness of the flow scale (in the region of several centimetres) suggests that 
surface tension may play a significant role (refer to Section 3.4.5). For all that, 
it is hard to estimate the importance of a finer physical modelling. On the other 
hand, simulations have highlighted the importance of the numerical options, 
particularly the contribution of the renormalization (refer to Section 5.2.5), for 
finely modelling large variations of the velocity and the free surface shape, in 
particular the surface wave propagation (for example, refer to Guilcher et al., 
2007). Discretization is obviously a major point in the class of the numerical 
parameters as well. Further simulations (which are not presented here) show 
that with a double particle size (Sr = 2 mm), the free surface prediction 
is markedly less precise. Lee et al. (2008) also applied the incompressible 
algorithm as introduced in Section 6.2.5 to that flow, with similar results. 

The breaking phenomenon which we have highlighted can more generally 
be modelled with the SPH method. A single wave propagating in a gently 
sloping plane, for instance, is illustrated in Fig. 7.24 (refer to Issa et al., 2009b; 
Issa and Violeau, 2009). The comparison with the experience conducted by Li 
and Raichlen (2003) corroborates the analysis we have just made as regards 
the role of the turbulence model in the prediction of that process. Once again, 
however, the choice of numerical options may prove to be quite as important. 
Khayyer et al. (2008) achieve good results without any turbulence model but 
with a renormalization method. Xu et al. (2010), using an analogous method, 
manage to perfectly predict the counter-breaking illustrated in Fig. 7.24 (c). 


7.3.3 Collapse onto a motionless obstacle 


For the first time in this chapter, we will discuss a three-dimensional case, in 
line with the collapse onto a dry bottom of Section 7.3.1. We will consider 
a parallelepipedic fluid block collapsing onto a three-dimensional basin, pro- 
vided with a parallelepipedic obstacle lying on the bottom. The break wave 
will encounter the obstacle and cause a significant splash-up on it, before 
being reflected onto the opposite wall and moving back and forth in the basin. 












































0.295 
0.403 Fluid 
.000 |} =} a 
1000, Bo TH2 H4 | [ 
v 16 \ x 
iS 0.992 a 1.646 gi 
1.000 A- yz 
S 
Fluid a 
Box [0.161 3 7 
mara | I t ne = 
<o74 F 1.248 "<1 208 | 





A detailed definition of this case is given by Issa (2006). Here we follow the 
ideas of Lee et al. (2010). 

Figure 7.25 illustrates the presently adopted geometry, in order to refer 
to the experience conducted by Kleefsman et al. (2005). The fluid is water 
(eo = 1, 000 kg/m? and v = 10° m?s~'). At the initial time, the particles are 
spaced by a distance dr = 1.8333 cm apart on a regular Cartesian grid, which 
corresponds to 30 particles over the initial water depth of 0.55 m. They do not 
move at any velocity and their density equals the reference value po, whereas 
their pressure is zero. The walls are modelled by edge particles and three layers 
of dummy particles, according to the procedure described in Section 6.3.2. The 
system then gathers 108,540 fluid particles. 

The weakly compressible scheme based on an equation of state (refer to 
Section 5.3.2) is initially utilized. In this case, a fourth-order, B-spline type 
kernel (eqn (5.51)) is considered, for a ratio h/dr = 1.5. With these data, 
151,734 particles are required for modelling the walls. It can be found that 
this number has the same order of magnitude as the number of fluid particles, 
which highlights one of the major defects of the three-dimensional dummy 
particle technique. Since the total number of particles is comparatively large 
(260,274), a parallel algorithm will preferably be used for solving the equations 
(refer to Section 8.1). The numerical sound velocity co is determined by 
equation (5.213), as it should be in the presence of gravity. Umax is not known 
in advance, but a first numerical experience shows that it is almost 6 m/s. 
Hence we choose cg = 60 m/s. The condition with respect to the water depth 
in (5.213) does not alter that value. Then, the simulation time step, which here 
is set by equation (5.413), is 1.83 x 1074 s. 

The incompressible scheme, the efficiency of which is known from the 
confined flow case in Section 7.2.2, is considered here too. The reference 
velocity for the calculation of the time step is then Umax, as it is known 
(condition (6.128)), which would yield 6¢ = 1.83 x 10-3 s. However, it is 
deliberately decided to reduce it to 10-3 s, in order to be in line with the 
numerical model of Kleefsman et al. (2005). The latter is based on a volume 
of fluids (VOF) technique, on the basis of slightly less than 1.22 million cells. 

Here the flow is turbulent, but the inertia, gravity and pressure forces prevail 
over the Reynolds stresses in the first instants, as in Section 7.3.1. Though this 
argument is defeated, in particular, upon the impact against the obstacle, it is 
decided, for the sake of simplicity, not to model the turbulence here. 
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Fig. 7.25 Case of the collapse of a three- 
dimensional water column onto an obstacle. 
Description of the geometry, after Kleefsman 
et al. (2005). The distances are indicated in 
metres. 


8In this case, the number of particles dis- 
cretizing the walls is slightly lower than in 
the nearly-incompressible model, for reasons 
related to the model parallelism (refer to Lee 
et al., 2010). 
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Fig. 7.26 Case of the collapse of a three- 
dimensional water column onto an obstacle. 
Images of the flow as simulated with the 
near-incompressible algorithm of the SPH 
method. The shading represents the velocity 
module, in m/s. 


Tt is a sloshing phenomenon, for which the 
SPH method proves to be quite suitable (for 
instance, refer to Colagrossi et al., 2010). 
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Figure 7.26 shows a few images achieved with the weakly compressible 
algorithm. The wave propagation can be seen, the impact against the obstacle 
then the wave return to the left-hand wall, exhibiting the expected to-and-fro 
motion.? Figure 7.27 displays some instantaneous views obtained with both 
algorithms, being compared to the pictures in the experiment conducted by 
Kleefsman et al. (2005). One can see that the free surface is substantially more 
rugged with the incompressible scheme. Now, the experimental observations 
confirm the existence of breaking generating an intense waterdrop splashing, 
but it is smoother than predicted by the incompressible scheme, more like the 
results of the weakly compressible scheme. Though this comparison is very 
qualitative, its seems therefore that the reality lies between the two algorithms 
as regards the shape of the surface. The best behaviour of the incompressible 
algorithm in some places may partly result from a better prediction of the 
pressure by Poisson’s equation. On the other hand, the excessive particle 
splashing seems to be caused by a defect in the technique for the detection 
of free surface particles by means of the criterion (6.109). 

In addition, it can be seen in Fig. 7.27 that the SPH prediction is slightly 
lagging behind the experience, upon the after-impact wave return. This finding 
is confirmed by Fig. 7.28, which illustrates the temporal evolution of the water 
depth at points H2 and H4 whose positions are shown in Fig. 7.25. As in 
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the preceding section, the reasons for this drawback can be found either in 
the physical domain (turbulence, for instance) or in the numerical domain 
(insufficient discretization, in particular). 

The H4 profile in Fig. 7.28 highlights a slightly less good representativity of 
the free surface with the incompressible algorithm, in particular with an initial 
peak that does not correspond to the observations. On the other hand, Fig. 7.30 
shows that the pressure is much better predicted with the weakly compressible 
scheme. This figure regards the temporal evolution of pressure at points P1, P3, 
P5 and P7, which lie on the obstacle (their positions are shown in Fig. 7.29). 
Thus, as in Section 7.2.2, it appears that the prediction of pressure is signicantly 
better with the incompressible scheme, even in the presence of a free surface. 
However, an abnormal pressure peak can be noticed in the first instance at 
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Fig. 7.27 Case of the collapse of a three- 
dimensional water column onto an obsta- 
cle. Images of the flow as simulated with 
SPH, nearly-incompressible (a) and incom- 
pressible (b) algorithms. Comparison with 
the experience conducted by Kleefsman et al. 
(2005, with permission from Elsevier) (c). 


Fig. 7.28 Case of the collapse of a three- 
dimensional water column onto an obstacle. 
Temporal evolution of the water depth at 
points H2 and Hé4 (refer to Fig. 7.25) with 
SPH, weakly-incompressible (dashed-dotted 
line) and incompressible (solid line) algo- 
rithms. Comparison with the experience con- 
ducted by Kleefsman et al. (2005, dashed 
line). After Lee et al. (2010, with permission 
from Taylor and Francis). 


Fig. 7.29 Case of the collapse of a three- 
dimensional water column onto an obsta- 
cle. Locations of the pressure measurement 
points for the graphs in Fig. 7.30, after Kleef- 
sman et al. (2005, with permission from Else- 
vier). Distances are indicated in metres. 
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Fig. 7.30 Case of the collapse of a three- 
dimensional water column onto an obstacle. 
Temporal evolution of pressure at points P1, 
P3, P5 and P7 (refer to Fig. 7.29) with SPH, 
weakly-incompressible (dashed-dotted line) 
and incompressible (solid line) algorithms. 
Comparison with the experience conducted 
by Kleefsman et al. (2005, dashed line). After 
Lee et al. (2010, with permission from Taylor 
and Francis). 


Fig. 7.31 Case of the collapse of a two- 
dimensional water column onto a wedge. 
Instantaneous views of the pressure as pre- 
dicted by SPH with the dummy particles (a), 
Lennard-Jones repulsive forces (b), lastly 
the contact forces (c) methods (after Ferrand 
et al., 2010). 
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point P5. Lee et al. (2010), however, explain that this peak diminishes as the 
time step is shortened. 

There are many similar cases in the scientific literature dealing with SPH. 
For instance, Ferrand et al. (2010), deal with a triangular obstacle within 
a two-dimensional basin which is identical to that in Section 7.3.1. These 
authors investigate, within that context, the respective efficiencies of all three 
methods as described in Section 6.3.2 for wall treatment, namely the dummy 
particle method (Fig. 7.31 (a)), the Lennard-Jones repulsive force method (eqn 
(6.156), Fig. 7.31 (b)) and lastly the contact force approach (eqns (6.161), 
(6.165) and (6.166), Fig. 7.31 (c)).!° Although no validation is available in this 
case, the results, which speak for themselves, support the third approach, since 
the first two methods give rise to large pressure fluctuations near the walls, as 
well as small local void pockets, particularly in the case of the Lennard—Jones 
forces. 


7.4 Immersed bodies 


The SPH suitability for efficiently treating the fluid-structure interactions 
should be tested. The flows around motionless rigid bodies are an initial 
step before turning to the motion of a body motion induced by a fluid. The 
prediction of viscous forces and pressure, which was already discussed in 
previous sections of this chapter, is once again at the core of that issue, this 
time within the context of a slowly varying regime. 


7.4.1. Motionless body in a channel 


Here we will try to replicate the flow around a motionless body in the middle 
of a pipe. Depending on the conditions, the flow may either be steady or 
oscillate downstream of a body. This case is suitable for determining the SPH 
method’s ability to properly predict the distribution of the velocity and pressure 
fields in this kind of configuration, even when they are unsteady. Here, as in 
Sections 7.2.1 and 7.2.2, the effect of gravity is ignored. We primarily adopt 
the views of Lee et al. (2007a, 2008). 

The two-dimensional channel of Fig. 7.32, provided with a square obstacle 
at its centre, is considered. It is a periodic flow along axis x, which makes the 
treatment of the boundary conditions easier, avoiding the treatment of inflow 
and outflow boundaries, which are not easy to handle through SPH (refer to 
the introduction to Section 6.3). A steady flow is prescribed on the basis of 
the method described in Section 7.2.1, corresponding to an average velocity 
denoted as Up. The values of the side d and velocity Up are irrelevant, since the 
quantities can be non-dimensionalized on the basis of the water characteristics 
(eo = 1,000 kg/m? and v = 10~© m?s~!). The discussion in Section 3.4.3 
then shows that the flow is fully governed by the value of the Reynolds number 
Re = Uod/v. Setting the value of Up, the values Re = 20 and Re = 100 pro- 
viding laminar flows are considered. For this kind of configuration, experience 
suggests that the regime remains steady for the first of these values, and that it 
has an axis of symmetry corresponding to the symmetry of the geometry. On 
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10Tp actual fact, it is a variant of this model, 
which we discussed just after eqn (6.177) in 
Chapter 6. 
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Fig. 7.32 Motionless solid body in a channel. Description of the geometry, after Lee et al. (2008). The periodicity boundaries are indicated by a 


double line. 


the other hand, the second value of Re leads to the development of a vortex 
street with a temporal period T (refer to Section 4.2.2). The following relation 
can be highlighted through the dimensional analysis: 


St = Zo = badim (Re) (7.11) 
where the Strouhal number St has been defined according to (3.155). 

The channel length depends on the selected distance Ly (refer to Fig. 7.32), 
which should be large enough to prevent the wake downwards of the body from 
significantly disturbing the channel inlet due to a periodicity effect. Thus, for 
Re = 20, La = 28d is chosen, whereas Ly = 98d is necessary when Re = 
100, taking the presence of the vortex wake into account. The spatial origin, 
located aft of the solid, is illustrated by the white disc in Fig. 7.32. 

At the initial time, the particles are separated by a distance dr = d/20 apart 
on a regular Cartesian grid and are not moving about at any velocity. Their 
density takes the reference value pg and their pressure is zero. Here a fourth- 
order, B-spline type kernel (eqn (5.51)) is considered, for a ratio h/dr = 1.3. 
The walls are modelled by edge particles and three layers of dummy particles, 
according to the procedure described in Section 6.3.2. With these data, the 
system gathers 63,018 fluid particles and 6,730 particles for wall modelling 
when Re = 20. With Re = 100, these numbers are increased up to 201,618 
and 20,730, respectively. 

The weakly compressible scheme based on an equation of state (refer to 
Section 5.3.2) is initially adopted. The numerical speed of sound co is deter- 
mined by equation (5.212), in the absence of gravity. Umax obviously has the 
same order of magnitude as Up. For reasons previously set out in Section 7.2.2, 
however, we choose cg = 100Ug. Thus, the simulation time step, here being set 
by the CFL condition in equation (5.413), equals 


d 
dt = 2.6 x 10°*— (7.12) 
Uo 

The required number of iterations for establishing a steady or periodic 
regime is then independent of the d and Up parameters. On the other hand, this 
number depends on Re, the latter not being very high. Numerical experience 









































shows that 5 x 104 iterations are required for the presently adopted values 
of Re. 

We also intend to test the incompressible scheme as described in Sec- 
tion 6.2.5. The time step is then based on the fluid velocity (condition (6.128)), 
which allows 100 times fewer iterations, with the choice we have made for co. 

Time, lengths and velocities will be non-dimensionalized in the same way 
as (7.4): 
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Figure 7.33 displays the isovalue lines of dimensionless longitudinal veloc- 
ity ut for Re = 20. The weakly incompressible and incompressible schemes 
of the SPH method are compared with the predictions made by the STAR_CD 
commercially available software, which is based on a finite volume technique, 
with a very fine discretization (approximately | million cells). As expected, the 
flow is steady and symmetric to the solid body axis. Both SPH schemes agree 
fairly well with the finite volumes; as in Section 7.2.2, the incompressible 
scheme proves to be more precise. Figure 7.34 illustrates the development 
of the vortex street for Re = 100, with the same notations. Once again, SPH 
is rather effective with the incompressible scheme, whereas the weakly com- 
pressible approach is not suitable for faithfully replicating the calculations in 
finite volumes, which were carried out on a grid of about 3 million cells. With 
the weakly incompressible approach, the vortices unfortunately tend to remain 
too much collapsed. Comparing the pressure distributions (not illustrated here) 
leads to conclusions which are similar to those in Section 7.2.2 (refer to Lee 
et al., 2008). 

By analogy with equation (7.5), the dimensionless pressure is defined by 
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Dp (7.14) 
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Fig. 7.33 Motionless solid body in a chan- 
nel, Re = 20. Isocontour lines of the dimen- 
sionless longitudinal velocity uy obtained 
with SPH, Nearly-incompressible (top) and 
incompressible (bottom) schemes. The lower 
half of each graph exhibits a simulation in 
finite volumes. After Lee et al. (2008, with 
permission from Elsevier). 
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Fig. 7.34 Motionless solid body in a chan- 
nel, Re = 100. Isocontour lines of the dimen- 
sionless longitudinal velocity uy at tt = 
0.25 (left) and ++ = 0.75 (right). Results 
achieved with SPH, nearly-incompressible 
(a) and incompressible (b) schemes, and a 
simulation in finite volumes (c). After Lee 
et al. (2008, with permission from Elsevier). 









































Table 7.3 Motionless solid body in a channel. Values 
of Daas adimensionalized pressure as averaged at the 
square obstacle boundary, and of the Strouhal num- 
ber St. WCSPH = Weakly compressible SPH; ISPH = 
incompressible SPH. 











Method WCSPH_ ISPH Finite volume 
Pay (Re = 20) 14.56 3.48 5.53 
Pay (Re = 100) 1.09 6.30 3.23 
St (Re = 100) 0.19 0.23 0.25 





The value of pt as averaged at the square body boundary is denoted as p7,,; its 
values are given by Table 7.3, for the various simulations being disclosed here. 
The incompressible algorithm is not as precise as expected, while providing 
values of the same order of magnitude as the finite volumes, whereas the 
weakly compressible scheme yields quite inaccurate values. Table 7.3 also 
displays the predicted values of the Strouhal number for Re = 100, which once 
again support the incompressible scheme. 


7.4.2 Mobile body within an enclosure 


Since the preceding section has validated the ability to replicate the flow 
around a motionless body, it is interesting to consider the forced motion of 
a solid within an enclosure containing a fluid initially at rest. A thorough 
description of this case can be found in Colagrossi (2006). Compared to the 
preceding case, this test is suitable for determining the SPH method’s ability 
to handle mobile solids, although the motion is not controlled by the fluid, but 
instead by the programmer. Besides, the flow is definitely unsteady, the body 
accelerates from the state of rest. As in the preceding section, here the effect of 
gravity is ignored. We follow the views of Lee (2007) and Lee et al. (2007b). 
We consider the two-dimensional closed enclosure as illustrated in Fig. 7.35, 
internally provided with a square body. The latter gradually accelerates in order 
to get an asymptotic velocity denoted as Uo. If both velocity and acceleration 
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are denoted as V and y, then they can be non-dimensionalized, as well as the 
time, as follows: 
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The graphs of V+ (t) and y* (t+) are then shown in Fig. 7.36. The values 
of the solid side d and the velocity Up are of little importance, since the values 
will be non-dimensionalized on the basis of the water characteristics (99 = 
1, 000 kg/m? and v = 10~° m?s~!). The arguments in Section 3.4.3 then show 
that the flow fully depends on the Reynolds number value Re = Uod/v, as in 
Sections 7.2.2 and 7.4.1. Acting on Uo, we consider the values Re = 50, 100 
and 150, providing laminar flows. 

At the initial point in time, the particles are seperated by a distance dr = 
d/60 apart on a regular Cartesian grid, and are not moving about at any veloc- 
ity. Their density takes the reference value pg and their pressure is zero. As 
previously, a fourth-order, B-spline type kernel is considered (eqn (5.51)), for 
aratioh/dr = 1.3. The walls are modelled by edge particles and three layers of 
dummy particles, according to the procedure described in Section 6.3.2. With 
these data, the system gathers 175,380 fluid particles and 10,200 particles for 
wall modelling. 
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Fig. 7.35 Case of the mobile solid within an 
enclosure. Description of the geometry, after 
Colagrossi (2006). 


Fig. 7.36 Case of the mobile solid within an 
enclosure. Temporal evolution of the dimen- 
sionless velocity V+ and the dimensionless 
acceleration y* of the solid (eqn (7.17)), 
after Colagrossi (2006). 
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The weakly compressible scheme based on an equation of state (refer to 
Section 5.3.2) is initially adopted. The numerical sound speed co is determined 
by equation (5.212), in the absence of gravity. Umax obviously has the order of 
magnitude of Up. For reasons previously set out in Section 7.2.2, we choose 
co = 30U . Thus, the simulation time step, which here is set by the CFL 
condition of equation (5.413), is yielded by 


dt = 2.89 x 104 (7.16) 
0 


We also intend to test the incompressible scheme as described in Sec- 
tion 6.2.5. The time step is then based on the fluid velocity (condition (6.128)), 
which allows 30 times fewer iterations, with the choice we have made for cg. 

As in Section 7.2.2, we non-dimensionalize the time, the coordinates, the 
velocity and the pressure of the fluid as follows: 
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(we may notice, however, the absence of the 1/2 factor as compared with (7.5), 
which is equivalent to the definition (3.151)). For Re = 100, the distributions 
of the norm ot both dimensionless velocity u* = jut | and dimensionless pres- 
sure p* are illustrated in Fig. 7.37 at tt = 5 and in Fig. 7.38 at t+ = 8. The 
results achieved with the two SPH schemes are compared with the predictions 
made by a finite difference method on a 180,000 cell grid (Colicchio et al., 
2006). These images require the same comments as those of Sections 7.2.2 
and 7.4.1: SPH yields results analogous to the finite differences with respect to 
velocity, with a slight advantage for the incompressible scheme. Conversely, 
only the latter is suitable for replicating the pressure fields, the weakly incom- 
pressible scheme giving rise to very wide numerical fluctuations. With that 
scheme, in addition, two small void pockets appear near the right-hand corners 
of the solid, as can be seen in Figs 7.37(a) and 7.38(a). These artificial cavities, 
however, disappear through an appropriately selected numerical sound speed, 
that is co = 100Up instead of 30Up, as in Section 7.2.2. However, the time step 
is consequently reduced, which increases the number of iterations. 

Knowing this, we will focus on the incompressible scheme results. Figure 
7.39 illustrates the fields of dimensionless velocity and pressure being com- 
pared to the finite differences, for the other two values of Re. Usually a very 
good consistency between the two numerical methods can be seen, in spite of 
the significant differences in the prediction of pressure at ft = 8. The norm 
of the total pressure forces exerted by the fluid on the solid per width will 
advantageously be calculated in the cross-wise direction to the figures, the 
force here being denoted F”. Along the lines of the drag coefficient as given 
by (3.175), the pressure coefficient is then defined by 
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Figure 7.40 illustrates the evolution of Cp over time, for Re = 150. The 
incompressible algorithm in the SPH method is fairly consistent with the finite 
differences, in spite of several fluctuations which adversely affect SPH. The 
examination of Cp for the other values of Re leads to similar conclusions 
(Lee, 2007). 

The SPH method proves quite suitable for the problems related to the motion 
of a body within a fluid, whether its motion is forced or not, on the basis of the 
equations in Section 6.3.3. Within that context, the behaviour of the material 
forming the solid may also be modelled on the basis of the discretized Cauchy 
equation (5.199) (for example, refer to Oger et al., 2005). We will deal with the 
free motion of an undeformable body under the action of a surrounding flow 
in the next section. 


7.4.3 Sphere in a turbulent flow 


The preceding two sections have confirmed SPH’s suitability for modelling 
the flow around a fixed or mobile body, whose motion is forced. We now will 
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Fig. 7.37 Case of the mobile solid within 
an enclosure, Re = 100. Norm of the fluid 
dimensionless velocity u+ and dimension- 
less pressure pt at tt = 5. Weakly com- 
pressible (a) and incompressible (b) SPH 
simulations, after Lee (2007). Comparison 
with a finite difference scheme (c), after Col- 
icchio et al. (2006). 
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Fig. 7.38 Case of the mobile solid within 
an enclosure, Re = 100. Norm of the fluid 
dimensionless velocity u+ and dimension- 
less pressure pt at tt = 8. Weakly incom- 
pressible (a) and incompressible (b) SPH 
simulations, after Lee (2007). Comparison 
with a finite difference scheme (c), after Col- 
icchio et al. (2006). 





investigate the possibility of letting the body move about under the action of the 
forces exerted on it by the fluid, on the basis of the arguments in Section 6.3.3. 
It is therefore a fluid/structure coupling, though the stresses within the structure 
are not calculated. We will focus on the motion of a solid under the action of a 
current and gravity in an open channel analogous to that in Section 7.2.3. 

We consider the geometry of Fig. 7.41, showing a sphere lying in a plane 
under the action of gravity. As a matter of fact, it is rather an infinite cylinder, 
because the flow is presumably two-dimensional, that is invariant in the cross- 
wise direction. It is assumed that the plane is the bottom of an open channel 
analogous to that in Section 7.2.3, with a flow caused by a steady stream having 
a superficial velocity U through the method as described in Section 7.2.1, that 
is based on a driving force F°*' (eqn (7.2)). The flow is periodic along the 
horizontal axis x. 

As in many cases which we have tested in this chapter, the values of the 
diameter d of the sphere, the channel length L, the water depth H and the 
velocity U are of little importance, because the quantities may be adimen- 
sionalized. However, since the number of parameters is comparatively high 
here, we choose the following fixed values: d= 0.01 m, L =0.1 m and 
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H = 0.06 m. In order for the sphere to be considered isolated, the selected 
value of L would theoretically have to be much greater than d, as in Sec- 
tion 7.4.1. With these selected values, it should be considered that it is a 
periodic network of spheres. The selected fluid is water (o9 = 1, 000 kg/m? 
and v = 10~° m*s~!). Three values of the average velocities are consid- 
ered, namely U = 0.59 m/s, 1.18 m/s and 1.77 m/s. The Reynolds number 
Re = UH/v is then higher than 35,400 (refer to Table 7.4), which provides a 
turbulent flow in all circumstances. 

At the initial point in time, the particles are separated by a distance dr = 
d/20 = 0.5 mm apart on a regular Cartesian grid and are not moving about 
at any velocity. The fluid particle density equals the reference density pp and 
their pressure is zero. The particles making up the sphere are provided with 
a constant density p; = 2, 600 kg/m. The fourth-order, B-spline type kernel 
(eqn (5.51)) is kept, for a ratio h/ér = 1.5. The walls are modelled by edge 
particles and four layers of dummy particles, according to the procedure as 
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Fig. 7.39 Case of the mobile solid within an 
enclosure. Norm of the fluid dimensionless 
velocity u+ (1) and dimensionless pressure 
p* (2) for Re = 50 (a and c) and 150 (b and 
d), at t+ =5 (a and b) and t+ =8 (c and 
d). On each graph, the upper half represents 
the results of the incompressible SPH scheme 
(after Lee, 2007), the lower half represents 
the results of the finite differences, after Col- 
icchio et al. (2006). 
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Fig. 7.40 Case of the mobile solid within 
an enclosure, Re = 150. Evolution of the 
pressure coefficient Cp over time (eqn 
(7.18)). Comparison of the incompressible 
SPH (symbols, after Lee, 2007), and finite 
difference schemes (solid line, after Cola- 
grossi, 2006). 


Fig. 7.41 Case of the sphere in a turbulent 
flow. Description of the geometry. The peri- 
odic boundaries are indicated by double lines. 
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Table 7.4 Case of the sphere in a turbulent flow. 
Values of the parameters related to the motion of 
the sphere as driven by the current. 








U (m/s) Re ux (m/s) Reg Tt 
0.59 35400 0.0566 566 0 
1.18 70800 0.1131 1131 0.482 
La7 106200 0.1697 1697 2.34 





described in Section 6.3.2. With these data, the system gathers 23,822 fluid 
particles, 1,000 particles for wall modelling and 178 for the sphere. 

The weakly compressible scheme based on an equation of state (refer to 
Section 5.3.2) is adopted. The numerical sound speed co is determined by 
equation (5.213), since gravity is present. Umax obviously has the same order 
of magnitude as U, which yields co = 10U = 25 m/s. The simulation time 
step, which here is set by the CFL condition in equation (5.413), then equals 
1,2 10* 6, 

Here the turbulence modelling is provided by the k —L,, model as 
described in Section 6.4.2. Since the formula (4.175) is only valid for a 
steady flow in an infinite channel, the mixing length L,, is set to the par- 
ticle size, which is equivalent to a large eddy simulation approach (refer to 
Section 4.6.1). 
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Figure 7.42 illustrates the development of the turbulent wake downstream 
of the sphere when it is motionless, as well as the spatial distribution of the 
eddy viscosity, for U = 0.59 m/s. The estimate (7.10) yields vr ~ 6 x 10-5 
m?s~!, in accordance with the range of obtained values. Figure 7.43 illustrates 
the distribution of the turbulent kinetic energy k when the sphere can freely 
move about, for U = 1.77 m/s. Equation (4.147) and the estimate (7.10) yield, 


with L, = dr = d/20 and S ~ U/d: 
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We get the order of magnitude k ~ 5 x 107? m*s~?, in accordance with the 
numerical values. 

In order to quantatively validate these simulations, we will establish a result 
of the sediment transport theory. The motion of a ball in a plane is a simplified 
model, indeed, of that of a sand grain on a river bed, in a current-induced 
bedload motion. In order to provide an estimate of the risk of entrainment 
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Fig. 7.42 Case of the sphere in a turbulent 
flow. Evolution of the eddy viscosity when 
the sphere is kept motionless, for U = 0.59 
m/s. 


Fig. 7.43 Case of the sphere in a turbulent 
flow. Evolution of the sphere position when it 
can freely move about, and distribution of the 
turbulent kinetic energy, for U = 1.77 m/s. 
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of a grain having a diameter d, a balance of the forces it receives is initially 
established. The result of the gravitational force (second line in (1.57)) and the 
buoyancy (3.137) is written as 
Fe + F4 = Mg-— pVg 
(7.20) 
= (ps — p) VE 


where p; > p is the density of the material making up the grain, and V « d? is 
its volume. This force keeps the grain on the bed, whereas the friction exerted 
by the fluid on its surface, on the contrary, tends to entrain it. We know that the 
bed shear stress ty exerted by a turbulent flow equals pur (refer to eqn (4.168)). 
The friction force exerted on the grain is found through multiplication by its 
apparent area S « d*. The coefficients implicitly included in the just described 
laws of proportionality depend on the grain shape and the bed roughness, as 
well as on the way the grain is lying on the bed. In addition, we should mention 
the definite presence of other grains in its immediate vicinity, which makes 
the calculation of these coefficients absolutely impossible. Thus, the drag-to- 
gravity ratio (corrected for buoyancy) will be written as: 





|F?| _ Spuz 
Fs +F4| (ps — p) Vg 
| | : (7.21) 
oo 
Eg 
with 
. Ps 
25-150 (722) 
p 


The ratio (7.21) denotes a dimensionless bed shear stress. It is sometimes 
also known as the Shields parameter, and is denoted here as t+; it charac- 
terizes the possibility of grain entrainment. The latter will occur if that ratio 
exceeds some critical threshold 1,*: 


re 
t2i* ort (7.23) 
5gd 
The critical stress can be estimated through the dimensional analysis (refer 
to Section 3.4.3). Here the parameters of the problem are p, p;, v, g, d and ux, 
that is n = 7 parameters out of which m = 3 are independent (three physical 
units). Thus, the Vaschy—Buckingham theorem states that there are n — m = 4 
independent dimensionless numbers, namely 1°, € and t*, as well as a grain 
Reynolds number Reg as provided by 





usd 





Req = (7.24) 
Hence we may write 
i = ddim (P, Ps, V; 8; d, Ux) 


(7.25) 
= Padim (Rea, é, =") 


The condition (7.23) can then be rearranged in such a way as to delete the 
parameter t* from the function @adim yielding oP . Besides, in most natural 
applications in sedimentology, the parameter € takes values which are very 
close to 2.6, which allows us to consider it as constant. Thus, we ultimately 
write 


Tt = Padim (Rea) (7.26) 


We have known since Section 3.4.3 that the effect of the Reynolds number 
fades away when the latter is high enough. In the case of a sediment grain, 
however, the relative smallness of the diameter d leads to moderate values of 
Rea, which does not provide the independence of t;* with respect to Reg. 
With the presently adopted diameter, however, the observations (for instance, 
refer to Van Rijn, 1984) show that such is the case given the values of Reg 
(refer to Table 7.4). The experimental value of the critical stress then equals 
a ~ 0.055. The deviation from the critical threshold (or Shields parameter) 
is then introduced by 





(7.27) 
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Fig. 7.44 Case of the sphere in a turbu- 
lent flow. Saltation parameters LY and H,t 
as a function of 7*. SPH simulations for 
U = 1.18 m/s (triangles) and U = 1.77 m/s 
(squares). The other symbols represent exper- 
imental data, after Lee et al. (2000, with per- 
mission from ASCE). 
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Thus, the grain is then transported by the current when 7* is strictly 
positive, that is when the condition (7.23) is satisfied. In this case, it describes 
a curved path before falling back onto the bed, and so on. This phenomenon 
is known as saltation and can be characterized by the length L, and the height 
H; of the path after each further leap. The same reasoning as previously 
immediately gives 


Ls 


iL = a = hadim (Rea, bs o) (7.28) 


Equation (7.27) shows that tt is a function of T+ and a , or else of Tt 
and Reg, because of (7.26). Furthermore, € may be assumed to be constant, as 
previously, and the grain Reynolds number is possibly high enough. Following 
the same reasoning about H;t = H;/d, we get 
Lf =¢2 (T*) 

H;* = bu (T*) 

The functions ¢, and @y are provided experimentally (for instance, refer to 
Lee et al., 2000). 

The presently set out results of the SPH calculation can be validated on 
the basis of the just mentioned theoretical elements. The shear velocity ux 
is calculated by means of equation (4.170), substituting the driving force F°*" 
for g sin @ (refer to eqn (4.165)), which yields ux = / F°' H. The correspond- 
ing values of Reg and T* are provided by Table 7.4. For U = 0.59 m/s, T* is 
zero, that is the dimensionless stress is lower than the critical value: the grain 
remains motionless, as confirmed by the simulation. As regards the other two 
values of the superficial velocity, saltation takes place; Fig. 7.44 shows that the 
values of Lt and H;* as found through the numerical calculation are within 
the range of the experimental laws. 








(7.29) 


SPH applied to 
hydraulic works 


8.1 Introduction 


The practical applications of weakly compressible fluid mechanics, in par- 
ticular the design of fluvial or coastal works, or even the investigation of 
flows in closed pipes and enclosures, were long exclusively restricted to 
small-scale models. The latter have been being used for quite a long time, 
either for studying a specific phenomenon or for establishing semi-empirical 
dimensioning formulas, or else for assessing the efficiency of a given layout 
in an actual facility. With the advent of scientific calculation, lots of flows 
could be addressed through numerical simulation, especially in the field of 
often confined industrial flows. Grid methods, which fit quite well this kind 
of simulation, also found a range of applications with the free surface flows 
provided that the latter remain both simple and not very mobile (as is the 
case, in particular, with the propagation of long waves). The behaviour of some 
free surface flows, however, has features which are hardly compatible with the 
principle of the Eulerian methods. Just think of a breaking wave, the sudden 
fall of a solid into a fluid initially at rest, or even a dam break wave. 

The volume of fluid (VOF) technique, however, could provide suitable 
solutions for treating such flows through the grid methods, at the cost of susb- 
stantially greater complexity. This is the context within which the Lagrangian 
methods will probably be applied in the most effective way, since they can 
easily handle heavily and quickly strained free surfaces. In particular, although 
the SPH method was developed for addressing astrophysical problems, it was 
already being used in first hydraulic applications rather close to reality by the 
end of the 1990s (refer, notably, to Monaghan and Kos, 1999). Nowadays, 
the case studies are mushrooming, increasingly focusing on hydraulics (for 
instance, refer to Campbell and Vignjevic, 2009; Marongiu et al., 2010; Crespo 
et al., 2010). 

Since the practical applications in hydraulics are nowadays often three- 
dimensional, issues concerning computational time and memory space han- 
dling are raised, clearly to the disadvantage of SPH as compared with the 
Eulerian methods. One reason for this is the very small time step, primarily 
with the weakly compressible algorithm (refer to Section 5.4.4), but also and 
above all the large number of particles interacting with a given particle (refer 
to Section 5.2.3). This shortcoming becomes prohibitive where simulations 
involving several million particles are contemplated, which has become a 
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frequent case in three dimensions. In order to cope with this problem, it is 
essential, during the developement of SPH-based software, to have a specific 
architecture in mind, for example harnessing the capabilities of the supercom- 
puters through a massive parallelism (Moulinec et al., 2007; Moulinec et al., 
2008; Issa et al., 2008; Maruzewski et al., 2010). A currently very popular 
alternative, which emerged in and around 2006, is based on the harnessing of 
the computational capabilities of graphics cards (Graphic Processor Units, or 
GPUs; for example, refer to Hérault et al., 2010; Crespo et al., 2010). 

Applied scientific computing also requires the processing of input and out- 
put data. The first (pre-processing) consists in getting means for digitizing 
topographic or industrial data in order to discretize them in the form of a 
collection of fluid particles surrounded by solid edges which are formed as 
specified in Section 6.3.2, in both two and three dimensions. This kind of 
tool requires specific developments in order to meet the quality requirements 
as regards the modern numerical simulations (Oger et al., 2009; Lee et al., 
2009; Mayrhofer et al., 2010 may be referred to). As to the processing of 
the output data (post-processing), it is based on software designed to display 
many particles provided with different quantities, for possibly deriving con- 
tinuous fields therefrom through an interpolation. This should be achievable 
with visual effects ensuring a proper understanding of the results, even in 
three dimensions, and within periods of time consistent with the industrial 
exploitation of the results (for instance, refer to Jang et al., 2008; Oger et al., 
2009; Marrone et al., 2010; Crespo et al., 2010). 

In view of the satisfactory results of the schematic cases as disclosed in 
Chapter 7, we are going to set out four applications of the SPH method which 
nearly keep up with the industry requirements with respect to the possibilities 
and quality of the results. Thus, we will successively deal with the dimen- 
sioning of coastal works under the wave action, the functioning of a fish pass, 
the behaviour of an oil spill contained by a floating boom, and eventually the 
flow over the spillway of a large dam. In each case, we will first establish 
some theoretical results leading to either estimations of the required quantities 
or semi-empirical formulas. The implementation of the SPH method will be 
tested through these results. 


8.2 Wave action upon waterworks 


We consider here the behaviour of waves in the vicinity of coastal waterworks. 
We will see how dimensional analysis leads to semi-empirical formulae to 
estimate the overtopping rate of waves over a dyke. We then reproduce this 
phenomenon with the SPH method, before modelling the setup effect by wave 
breaking on a schematic coral reef. 


8.2.1 Coastal work design elements 


The design of the coastal works (breakwaters, groins, etc.) which are built for 
protecting a seashore against erosion or submersion by the sea is now more 
topical than ever. A thorough knowledge of the dynamics of wave interaction 








with such a structure is obviously crucial for this dimensioning. Now, the 
consequences of the hurricanes, tsunamis and heavy storms having hit various 
regions on Earth in the recent years have highlighted further advances required 
in the control of these interactions. The presently popular design techniques 
for dykes first rely on two characteristic phenomena, namely the runup, which 
is the vertical extent of a wave uprush along the facing of a breakwater, and 
the overtopping discharge rate, that is the volume of water flowing over the 
work per unit time, due to the wave action. These poorly controlled phe- 
nomena are always evaluated with some inaccuracy, and their use as dimen- 
sioning factors too often leads to very compelling conservatisms, or—what is 
worse—to an underdimensioning of the works concerned. Numerical simula- 
tion may then prove useful in assisting the designers of coastal civil engineer- 
ing works by providing further data in addition to those supplied by the scale 
models. 

Here we do not intend to set out a wave theory (refer to Dean and Dalrymple, 
1984). We will initially focus on some elementary theoretical and empirical 
results about the overtopping phenomenon. The overtopping discharge rate 
per unit length (reckoned in m/s) is denoted as q; this is the volume of 
water flowing over the work per unit time and per unit length of the structure 
being considered. It clearly depends on the physical parameters of the fluid (p 
and v) as well as on the gravity g, on the geometrical characteristics of the 
work and ultimately on the characteristics of the waves acting upon it. If we 
consider the case of a simple breakwater with a trapezoidal cross-section, as in 
Fig. 8.1, which is acted upon by a monochromatic wave train, the list of these 
parameters is comparatively short. The geometry, indeed, fully depends on the 
slope tan @, on the crest elevation above the mean sea level Hp, lastly on the 
berm width Ly. There are such other parameters as the size of the components 
(rock-fills, gravels, vegetation, etc.) making up the facing, which influence the 
wave runup through the friction exerted on the fluid. Referring to Section 4.4.5, 
the roughness caused by these components will suitably be denoted as ky. 
The elevation d as determined by the mean sea level above the presumably 
flat bottom should be taken into account as well. The monochromatic wave 
theories show that they are fully characterized by two parameters!, namely 
their period T and their amplitude (from crest to trough) H. It is sometimes 
more convenient, however, to consider the wavelength of the waves, related to 
the period and the water depth by an implicit relationship as given by the linear 
wave theory (Dean and Dalrymple, 1984): 


T? 2nd 
$22 teh (8.1) 
20 L 
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Fig. 8.1 Study of the monochromatic wave 
overtopping discharge rate acting upon a 
trapezoidal breakwater: notations. 


This outcome is natural, since every oscil- 
lator is featured by a frequency (inverse of 
its period) and an energy. It is shown that the 
energy of small waves is proportional to the 
square of the wave amplitude. For random 
waves, which are closer to reality, the notions 
of significant height and mean period are to 
be introduced (Dean and Dalrymple, 1984). 
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2More exactly, we have Umax = 1 H/T in 
the linear wave theory. 


3Going back to the discussion in Sec- 
tion 3.4.3, it can be found that changing the 
unit of measurement of mass would change 
the value of p without affecting the other 
parameters, which is another way of under- 
standing that p plays no part here. 


Thus, the pairs (H,7) and (H,L) may be chosen interchangeably for 
characterizing the wave train. We then must seek a relation of the same kind as 


q = ddim (p, v, g,d, H,T, Hp, Lp, tan8, ks) (8.2) 


where ¢gim iS an undetermined dimensional function. It is noteworthy that we 
have not introduced any velocity scale for the orbital wave motion, the latter’s 
order of magnitude being naturally determined by the ratio? U = H/T. A 
Reynolds number can then be constructed on the basis of that estimate: 
H? 
Re = — 
Tv 
For ordinary values of H and T, Re largely exceeds Re,,1 = 3, 000 (refer 
to Section 4.2.2), and often reaches values of about 10°. Hence, this is a highly 
turbulent flow, and so the Reynolds number influence is insignificant, as shown 
by Section 3.4.3 and Chapter 4. That means that the molecular viscosity v may 
be ignored in equation (8.2). Let us now refer to the arguments in Section 3.4.3. 
We have n = 10 parameters out of which m = 3 are dimensionally indepen- 
dent, which makes it possible to construct n — m = 7 dimensionless numbers 
and rearrange (8.2) as follows: 


(8.3) 





g* =daain (Frid, Hy Ly ke tané) (8.4) 
where the following has been defined 
H 
qt=— Ht == 
gHT H 
1 /H L 
Fr=—/— tte (8.5) 
TV g A 
A 5" Ab 


It will have been noticed that the density is not taken into account in these 
definitions. This is because here p is the single quantity which depends on the 
mass unit, and so it cannot be used for constructing a dimensionless number. 
The pair of integers (n, m) could then have been reduced from (10, 3) down to 
(9, 2), with the same result. 

With these notations, the relation (8.1) becomes 





2ndt 
27+ 
2x Fr°“L* = tanh Tt (8.6) 
with 
L 
Lt = — 8.7 
oe (8.7) 
Formally, (8.6) can be inverted for writing 
L SL" (Frd") (8.8) 


There are many empirical formulas of the (8.4) type in scientific literature; 
they are established as a result of small-scale model test campaigns. Three 


such formulas are provided below, beginning with that of Bradbury and Allsop 
(1988), as amended by Aminti and Franco (1988): 


CBA 
qt = ——_—_, (8.9) 


cr 
Fr (Fr. Hi?) 


where C ? 4 and Cc A are two constants (refer to Table 8.1). This yields, from 
a dimensional point of view: 


3 \ C2 
T./eH 
ise (8.10) 


q = CBAgHT ( 
b 


That formula has the benefit of simplicity, but the drawback of not revealing 
any dependence of the d*, Ee and k* parameters. Ahrens and Heimbaugh 
(1988) partly correct that deficiency with a dependence on d*: 


q* = CA” exp | —c# —__» ___ - cf" Fr (8.11) 
hence 


i H ‘ 
gery eh ep |G (=) TV (8.12) 


d* occurs here via L* (or L), as given by equation (8.8) (or (8.1)). Lastly, 
Hebsgaard et al. (1998) propose a more exhaustive formulation exhibiting the 
breakwater slope and berm width, as well as the friction exerted by the facing: 





1 Ht 4: CHSI + 
gece {kin sR OP [cr (kt) 2 3+ | (8.13) 





: (tan gycr’ 
or else 
T2 Hy + CHSIL 
q = CHI /9H3 in =~ exp| —c#S) 23? (8.14) 
21H H (tang) 


The facing roughness acts through the variable coefficients C # pe (kt) and 
cH ay (kt). Two values of either of them are given by the authors; they 
correspond, on the one thand to a smooth facing (ke = 0), on the other hand to 
a rubble-mounded facing (ke i 1). Though the influence of roughness is taken 
into account in a rather shallow way here, the formula offers the advantage of 
depending on it, unlike the first two formulas, which are calibrated through 
tests conducted on rubble-mounded breakwaters. However, since the latter face 
type is the only one in the considered applications, here we only keep those 
values of C a, ST and ce ‘7 which correspond to ke eo 1. 

The coefficients appearing in the above formulas are given by Table 8.1. 

These empirical formulas, of course, yield similar orders of magnitude. 
However, it would be naive to grant them a high predictive power, taking 
into account the complex processes governing the overtopping phenomenon, 
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4W should strictly be defined as a momen- 
tum flux (refer to Section 3.3.2). Effects of 
pressure variation should then be added to the 
presently given definition. 


Table 8.1 Calculation of the overtopping discharge rate as caused by monochromatic 
waves on the same breakwater as in Fig. 8.1. Values of the coefficients in the formulas 
developed by Bradbury and Allsop (1988, eqn (8.9)), Ahrens and Heimbaugh (1988, eqn 
(8.11)) and Hebsgaard et al. (1998, eqn (8.13)). 








Formula C} C2 C3 C4 
Bradbury and Allsop (1988) 2.27 x 10-9 2.68 = - 
Ahrens and Heimbaugh (1988) 308 10.732 1/3 16.616 
Hebsgaard et al. (1998) 300 4.92 OATS 0.3 





inducing in particular large uncertainties in the experimental measurements. 
Figure 8.5 in the next section illustrates the quality of predictions to be reason- 
ably expected from these equations. 

Lastly, it should be pointed out that the mean elevation Zs, of the sea 
surface level plays a crucial part in the use of the above formulas, because it 
essentially acts through the level Hp of the breakwater crest and is reckoned 
with respect to said level, that is Hp = Zsurf — Zp, Zp being the breakwater 
crest elevation in a arbitrary coordinate system. Now, of course, Zsy,;f depends 
on various external circumstances, particularly on the tide and the atmospheric 
effects. It is noteworthy that the waves themselves influence it, for the fol- 
lowing reason: as they propagate towards shallower bottoms, they tend to 
become stiffer and they ultimately break, in a way similar to that described in 
Section 7.3.2. In the process, they lose energy, a part of which is converted back 
into mean level-related potential energy, that is pgZs,,f (refer to eqn (3.138)). 
More specifically, this mechanism may be investigated by associating to the 
orbital motion of the breaking waves a velocity denoted as u”, which comes 
on top of the velocity possibly induced by the ambient current. It then appears 
appropriate to average the physical quantities over the wave period T for an 
arbitrary physical quantity A: 


1 T 
{A} = 7 | Adt (8.15) 


Considerations similar to those in Section 4.3.3 then show that a new stress 
tensor becomes established within the fluid; it is known as the radiation stress 
tensor, being denoted as W and given by:4 


W= {u” @u"} . (8.16) 


(by analogy with the Cauchy and Reynolds stresses, provided by eqns ( 3.250) 
and (4.46), respectively). Thus, the breaking phenomenon induces increased 
shear stresses, which are offset at equilibrium by a pressure gradient, and 
therefore by a mean water level gradient. Thus, the mean value of the water 
level Zsyrf rises slightly, in the breaking zone, by a quantity which is called 
setup and is denoted here as Az,,,,¢. A theoretical description and experimental 
analyses of that process can be found in Dean and Dalrymple (1984). 

In the next pages of this section, we will attempt to replicate the overtopping 
and setup phenomena by means of the SPH method. The above formulas will 
then be used for validating the numerical model for the prediction of overtop- 
ping. The setup phenomenon will be validated on the basis of experimental 
measurements and numerical simulations based on other methods. 


8.2.2 Numerical replication of overtopping 


The SPH method is commonly used for investigating the wave interactions 
with either fixed or floating coastal works (refer, for example, to Shao et al., 
2006; Dalrymple and Rogers, 2006). Its Lagrangian nature does lend itself 
to the modelling of quick and highly strained motions of a free surface, as 
discussed in Chapter 7 (also refer to Colagrossi et al., 2010). The overtopping 
dynamics over a coastal defense structure was studied on that basis, in par- 
ticular, by Shao et al. (2006) and Didier and Neves (2009). We will initially 
focus on the overtopping phenomenon, following the ideas of Violeau and Issa 
(2005), Lee et al. (2006) and Issa et al. (2007). 

The experiment conducted by Stansby and Feng (2004) will now be con- 
sidered. The wave agitation channel in Fig. 8.2 is discretized in dimension 
n = 2, in the same way as in the test cases of Chapter 7 (in particular, refer to 
Section 7.3.2), and provided with a paddle (mobile wall) moving according to 
the following law: 


_ Qt 
X (t) = Xmax Sin a (8.17) 


This motion generates monochromatic waves having a period T and an 
amplitude H, as yielded by 


2nd 
H= Xmax F— (8.18) 


d being the mean water depth and L the wavelength associated with d and 
T, as given by (8.1) (Dean and Dalrymple, 1984). It is contemplated to vary 
H and T, with such values as> H ~ 0.15 m and T ~ 3 s. The channel has 
a flat bed over a length L, before getting a gentle slope of 1/20" over the 
length Lo, then coming against a trapezoidal breakwater. It is initially filled 
over a depth d as measured above the bed elevation in its flat section. The 
distances mentioned in Fig. 8.2 are d = 0.36 m, L; = 1.90 m and L2 = 5.60 
m, whereas the parameters characterizing the breakwater geometry (which are 
defined as in Fig. 8.1) equal H, = 0.04 m, L, = 0.10 m and tan@ = 1/2. 
Since the breakwater is comparatively smooth in the original experiment, a 
low roughness is selected: ky; = 1 mm. 

A water particle size dr = 1 cm is considered, which gives a total of about 
26,000 fluid particles and 6,600 particles for the walls, and h/dr = 1.2 is set. 
Here the weakly compressible model is adopted for the prediction of pressure. 
Since the wave orbital velocity has the order of magnitude 2 H/T (refer to the 
preceding section), a sound speed co = 10 max (7H FE; gd) is prescribed 
(eqn (5.213)). The abovementioned orders of magnitude of H and 7, as well as 
the value of d, then recommend co = 19 m/s. Since the velocities may signifi- 
cantly increase upon the breaking and the overtopping, however, it was decided 
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Let us remember that the initial experience 
is a small-scale model. Assuming that its spa- 
tial scale is 125th | H = 0.1 m corresponds 
to full-scale waves of 2.5 m. The Froude sim- 
ilarity (refer to Section 8.5.1) then prescribes 
a time scale of 1/5’. Hence, T = 2 s corre- 
sponds to a full-scale period of 10 s. 


Fig. 8.2 Geometry of the experiment con- 
ducted by Stansby and Feng (2004). 
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Establishing and discussing these equations 
would lead beyond the scope of this book. 
Refer, for instance, to Nwogu (1993). 


Fig. 8.3. Numerical replication, by means of 
the SPH method, of the experiment con- 
ducted by Stansby and Feng (2004). 


to bring that value up to cy = 30 m/s, which gives a time step 5¢ = 1.6 x 1074 
s. No turbulence model is taken into account, in order to avoid dissipating too 
much energy for keeping the wave train in its propagation. This approach is in 
line with the existing wave modelling theories, which recommend considering 
the flow as that of a perfect fluid (refer to Chapter 3). On the other hand, 
as explained in Section 7.3.2, turbulence may play a role upon the breaking, 
which will therefore probably be poorly replicated by this model. 

Figure 8.3 provides several instantaneous views of the flow as replicated 
through the SPH method for H = 0.108 m and T = 2.39 s (ie. L = 4.301 
m and Xmax = 0.103 m). On these a wave can be seen propagating, break- 
ing and being partly reflected from the breakwater, whereas some amount 
of water overflows it in each period. In order to get a quantitative esti- 
mate of the degree of accuracy of the numerical predictions, the evolution 
of the free surface elevation zs, Over time is initially considered at four 
points along the channel {P;} (i = 1,2, 4,5) whose positions are indicated 
in Fig. 8.2. Their respective abscissae are provided by x (P;) = X;, with 
{X;} = (2.90 m; 3.47 m; 4.47 m; 497 m), as reckoned from the spatial origin 
illustrated by the halftone shaded disk in the figure. 

For validation purposes, it is interesting to compare the SPH results with 
those of another model, solving the Boussinesq equations® by means of a 
finite difference type method, what will henceforth be referred to as BFD 
(Boussinesq finite difference). Figure 8.4 illustrates the temporal evolution of 
Zsurf at the points being considered; on these the results of both SPH and BFD 
methods are compared with the measurements made by Stansby and Feng 
(2004). The comparison is clearly in favour of SPH, which almost always 
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results in a better prediction of the free surface profiles, except for the main 
peak exhibited by the point Ps. Besides, it can be noticed that the secondary 
peak highlighted by the measurement at points P2 and Py is not replicated by 
either method. As we suggested it in Section 7.3.2, this SPH deficiency could 
largely be remedied though either a renormalization procedure (Section 5.2.5) 
or an incompressible model (Section 6.2.5) for the prediction of pressure. In 
addition, increasing the discretization significantly improves the results in this 
case, at the cost of a more time-consuming calculation. A test with dr = 0.5 
cm (not set out here) proved being more suitable for predicting the peaks of 
Zsurf - 

A reckoning of the number of particles overflowing the breakwater crest 
makes it possible to estimate the overtopping discharge rate as predicted by 
the simulation, it being known that their individual volume (i.e. their area, 
in dimension 2) is provided by the formula (5.80). Varying H in the 0.1 
m-0.2 m range and T in the 1.2 s—4.0 s range, the values of g plotted in 
Fig. 8.5 can be determined. Comparing the predicted discharge rates with 
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Fig. 8.4 Temporal evolution of the free sur- 
face elevation at the points {P;} occurring 
in Fig. 8.2. Comparison of the experiment 
conducted by Stansby and Feng (2004, thick 
lines) with the numerical predictions of the 
SPH (symbols) and BFD (thin lines) meth- 
ods. After Lee et al. (2006) and Issa et al. 
(2009a, with permission from World Scien- 
tific). 
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Fig. 8.5 Numerical replication of the exper- 
iment conducted by Stansby and Feng 
(2004) using the SPH method. Comparisons 
of the calculated overtopping discharge rates 
(horizontal axis) with the semi-empirical 
formulas obtained by Bradbury and Allsop 
(1988, eqn (8.9), 0), Ahrens and Heimbaugh 
(1988, eqn (8.11), A) and Hebsgaard et al. 
(1998, eqn (8.13), A). After Issa et al. (2007). 


Fig. 8.6 Simplified geometry of the experi- 
ment conducted by Gourlay (1996). 








the semi-empirical formulas of Section 8.2.1 (eqns (8.10), (8.12) and (8.14)) 
provides a satisfactory match, considering the reasonably expectable accuracy 
of the prediction of so complex a phenomenon as well as the disparity in the 
empirical predictions. In particular, it can be found that the increase of g with 
T and H is properly replicated by the model. However, the above conclusions 
should be mitigated, noting that Fig. 8.5 has logarithmic axes. Furthermore, 
the roughness of the breakwater facing would have to be consistent with the 
presence of rockfills for better predicting the fluid behaviour when overflowing 
an actual breakwater (refer to Section 8.2.1). 


8.2.3. Numerical study of the setup phenomenon 


We will now turn to the experiment conducted by Gourlay (1996), which 
comprises the flow of a wave train over a board schematically representing 
a coral reef. Through this study, we will address the issue of the wave breaking 
and the setup which is described by the end of Section 8.2.1. Here we follow 
the ideas of Lee et al. (2006) and Issa et al. (2007). 

The adopted geometry, which is slightly simplified as compared with the 
experiment, is illustrated in Fig. 8.6, once again in dimension n = 2. The val- 
ues L} = Lg = 1m, L2 = 7m, L3 = 8m, dj = 0.08 m, d2 = 0.4m, d = 0.5 
m are adopted. Waves having a height of Hp ~ 0.15 manda period T ~ 1 s are 
generated by the method as set out in the preceding chapter. Particles having a 
size dr = | cm are considered, which gives a total amount of approximately 
40,000 fluid particles and 9,100 particles for the walls, and h/dr = 1.3 is 
set. Here the weakly compressible model is utilized for the prediction of 
pressure. Since the wave orbital velocity is about Umax = 1 Ho/T (refer to 
Section 8.2.1), a speed of sound of co = 10 max (Umax; Jed) (eqn (5.213)) is 
prescribed. The above mentioned orders of magnitude of Ho and T, as well as 
the value of d, then recommend co = 20 m/s. The velocities may significantly 




















increase during the breaking and the flow over the board, but that does not 
affect the choice of the value of co, because ./gd here substantially prevails 
over Umax. The time step is then dt = 2.6 x 10~* s. No turbulence model is 
taken into account, although that may affect the amount of macroscopic kinetic 
energy which is lost upon the breaking. 

Figure 8.7 illustrates an example of the shape of the wave near the point 
where it reaches the board for Hp = 0.200 m and T = 1.48 s. It can be 
observed that the waves do break there, which makes them lose a large 
amount of energy, inducing the setup phenomenon AZ,,,¢. The latter can be 
calculated by considering the elevation of the particles lying at the surface, 
for a given abscissa, which also makes it possible to determine the wave 
height H, which decreases from its incident value Ho, as Azsy,rf increases. 
Figures 8.8 and 8.9 show, for Hp = 0.148 m and T = 1.10 s, the distribution 
of H and AZsy,¢ as a function of the abscissa x, the origin being indicated by 
the halftone shaded disc in Fig. 8.6. Once again, we have decided to compare 
the results of the SPH method with the BFD method which was discussed in 
the preceding section, here proposing two variants to that approach. We also 
provide the numerical results obtained by Massel and Gourlay (2000). The 
comparisons are slightly in favour of the BFD model for H, whereas SPH 
substantially better predicts AZsyrf. 
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Fig. 8.7 Numerical replication of the exper- 
iment conducted by Gourlay (1996) with 
SPH, for Ho = 0.200 m and T = 1.48 s: 
zooming in on the point where the wave 
reaches the board (after Lee et al., 2006) 
and Issa et al. (2009a, with permission from 
World Scientific). 


Fig. 8.8 Experiment conducted by Gourlay 
(1996) for Hp = 0.148 m and T = 1.10 s: 
variation of the wave height H along with 
x. Comparison of the measurements made by 
Gourlay (0) with the numerical simulations: 
SPH (solid line), BFD models (dashed line), 
Massel and Gourlay (2000, A). After Issa 
et al. (2007) and Issa et al. (2009a, with per- 
mission from World Scientific). 
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Fig. 8.9 Experiment conducted by Gourlay 
(1996) for Hp = 0.148 m and T = 1.10 s: 
setup variation Azs,,;¢ with x. Comparison 
of the measurements made by Gourlay (0) 
with the numerical simulations: SPH (solid 
line), BFD models (dashed lines), Massel and 
Gourlay (2000, A). After Issa et al. (2007) 
and Issa et al. (2009a, with permission from 
World Scientific). 


Fig. 8.10 Experiment conducted by Gourlay 
(1996): value of the asymptotic setup Az* 
for various pairs (Hp, T). Comparison of the 
measurements made by Gourlay (squares) 
with the numerical simulations: SPH (trian- 
gles) and the BFD models (circles). After Lee 
et al. (2006). 
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Not surprisingly, the setup reaches an asymptotic value above the board, 
being denoted as Az*. Figure 8.10 presents the values of Az* for several sets 
of pairs (Ho, T). The SPH predictions are quite satisfactory, especially as the 
position of the free surface is subject to an inaccuracy of the same order of 
magnitude as the size dr of a particle which is indicated in the figure. 

Both the brief studies which we have just disclosed substantiate the effec- 
tiveness of SPH in the prediction of the interactions of the coastal waves 
and the fixed coastal structures, as confirmed by many papers, sometimes 
involving floating bodies, and leading to good predictions of the loads applied 
to the structures. As explained by Crespo et al. (2010), this approach may 
be extended to the three-dimensional simulation, provided that the available 
code is efficient as regards the computational time management (refer to 
Section 8.1). 


8.3 Fish pass 


The method of integral balances and the Kolmorov analysis make it possible 
to establish certain rules and orders of magnitude in order to proceed to the 
design of a waterwork such as a fish pass. After briefly presenting this analysis, 
we propose an SPH-based simulation. We also compare various turbulence 
models. 


8.3.1 Theoretical calculation of a pool fish pass 


Constructing a dam disrupts the biological continuity of a stream, changing 
its ecosystem and morphology. Failing specific measures, fish can no longer 
migrate as easily and therefore the biological cycles are upset. Thus, the dams 
are obstacles which fish must be able to get over in either direction for a 
successful life cycle. In particular, swimming upstream in spite of the obstacles 
they encounter on their way is crucial for the successful spawning of some 
species, which often takes place in very distant places upriver. The fish passes 
are designed to allow that journey, in all circumstances and for all the species 
concerned and therefore play a vital ecological role. Their dimensioning is 
based on the estimate of the spatial distribution of the current, which hinders 
the fish displacement, as well as on the characterization of the turbulent quanti- 
ties. Whereas the smaller eddies do not affect the fish migration, the larger ones 
are confusing structures, indeed, and a medium-sized eddy, that is of the same 
order of magnitude as the animal size, will hamper the swimming motions. 
This is how the spectral nature of the turbulence, which involves exceedingly 
variable scales (refer to Chapter 4), is detrimental to the efficiency of these 
works. 

Let us focus on a fairly common type of fish pass, which consists of pools 
communicating through vertical slots and provided with a resting area each 
(refer to Fig. 8.11). When there are enough pools, the flow may be considered 
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Fig. 8.11 Vertical slot fish pass with succes- 
sive pools, on the Claies de Vire dam, in 
France (photo by A. Richard, Onema). 
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Fig. 8.12 Geometry of a pass pool (after 
Tarrade et al., 2008). The halftone shaded 
area indicates the resting area. The solid 
curves illustrate the current shape, whereas 
the dashed curves correspond to the approx- 
imate fish trajectories. The periodic bound- 
aries are shown by thick lines. 



































as periodic, as here. Thus, we may focus on a single basin whose geometry is 
illustrated by a top view in Fig. 8.12. The presently adopted dimensions are 
L; =3 m, Lz = 2m, L3 = 1.388 m and L4 = 0.132 m, which corresponds 
to L = 0.300 m. The walls are rather smooth, with an equivalent roughness 
ks = 0.54 mm. The experiments (among others, refer to Tarrade et al., 2008) 
show that the flow is nearly two-dimensional, that is the mean velocity (in 
the Reynolds understanding) are essentially horizontal or, instead, parallel to 
the bottom, which is sloping with a constant slope being denoted as J = tané 
and being order 0.1. That slope induces a very turbulent but steady flow (on 
average) and the mean velocity field exhibits a waviness together with lateral 
recirculations the largest of which is schematically illustrated in Fig. 8.12. 
The measuments made by Tarrade et al. (2008) reveal a spectrum which is 
consistent with the Kolmogorov law (4.119). 

The balances achieved in Chapter 3 may advantageously be utilized for 
establishing some theoretical results which, in some respect, are not related 
to the exact geometry of the pools. To that purpose, we will turn back to 
equation (3.72), matching it to the context of Reynolds-averaged fields, and 
under a constant density. We know (refer to eqn (4.52)) that the Cauchy stress 
tensor then comes along with the Reynolds stress tensor, which yields 


ou 1 
/ de = (<7 -R-w02) ndv + Vg (8.19) 
Q ot aa \p 


where V is the volume enclosed within the domain Q2, which here is extended 
to the whole inside of a pool, whereas the boundary dQ of the latter corre- 
sponds to the vertically extruded edges of Fig. 8.12 (direction at right angles to 
that figure), to which the free surface and the bottom should be added. We will 
denote as 0&2, the portion of 0Q representing the walls, including the bottom, 
and as 0&2, the free surface (we borrow these notations from Section 3.4.4). 
Lastly, 9Qg stands for the boundary portion corresponding to the periodic 
boundaries, and so dQ = dQ, U IQp UdQg. 

Since the flow is steady, the first integral among those in (8.19) is identically 
zero. Since the wall velocity Uyajj is zero, the wall boundary conditions (third 
line in (4.159)) yields (U@ U)n = (U-n)U=0 on 0Q,. At a free surface 


(denoted as 0&,), the steady nature of the flow and the condition (3.142) 
ensure U - n = 0, which makes it possible to reach the same conclusion. Lastly, 
the integral of (@@ u)n on dQqgq is zero through periodicity, that is it has 
the same value with an opposite sign at both periodic boundaries.’ Thus, the 
integral of (U @ U) n over JQ is identically zero. Hence we get: 


1 
§ (C7 _ R) ndl+Vg=0 (8.20) 
a2 \P 
The force F exerted by the fluid onto the pool can be derived from: 
F=-| (@ — pR) ndT 
IQy 
(8.21) 


= (o — pR)ndl — Vg 
IQpUINe 


Let us now invoke the models (4.71) and (4.73) to express the stress tensors. 
We include the gravity in the pressure by means of the dynamic pressure p* = 
P+ pgz (definition (3.138)), and we delete the air pressure P,;,,, which acts 
on the other side of the edges being contemplated. With the approximations 
(4.80) and (4.202), we find® 


2 
F=f |- (P* ~ Farm + 50k) n+ 2p (0+ vn) Sn] a7 
4Q,pUINg 3 


x id [—(B* — Pom) 0+ 2ov7S-n] aT (8.22) 
IQpUIQo 

The shear stress T = 2ev7S-n is zero on the free surface when there is 
no wind (second line in the system (4.159)). Furthermore, since the velocity 
field is nearly two-dimensional, this is a simple shear flow, as in Section 4.4.5 
(save that there is no translational invariance). We may recall what this means: 
the velocity is substantially horizontal and varies substantially vertically. We 
therefore can state that the shear stress is negligible at the periodic boundaries. 
Moreover, we may infer that the pressure is distributed under a hydrostatic 
distribution (eqn (4.166)). If we now focus on the horizontal component F’ De 
F - ex of the force, the x axis being oriented in the direction of the overall 
flow, the above arguments can be used to reduce the integration to the periodic 
boundaries 022g only keeping the pressure forces:? 


FP we -{ (p* _— Pats) (n- ex) dT 
AE 
(8.23) 
~X —pg cose Zsurf (- ex) dT 
IQGE 


The experiments show that the free surface elevation Z;,,f varies in space, 
but we will assume that it is relatively constant at each of the boundaries mak- 
ing up dQg. The integral of z,,,,f at each of these boundaries is then constant 
and equals dL2Zsur¢, where d denotes the corresponding depth and Lz the 
pool width. Since the n vectors are opposite and verify n- e, = +1/cos 6, the 
integral (8.23) ultimately yields: 
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7This outcome is natural, since these bound- 
aries are used solely for mental convenience. 
In fact, they are part of the inside of the flow. 


8The v « vr assumption is justified by the 
very high value of the Reynolds number, 
which will be substantiated later on. On the 
other hand, with the presently considered 
slope, which is relatively steep, it seems that 
the relation (4.202) shows that the influence 
of the turbulent kinetic energy nonetheless 
amounts to about 20% of that of the pressure. 
We will clarify this point later. 


°This does not mean, however, that the tur- 
bulent shear loads do not play any part in 
the establishment of the force being sought. 
The following shows that it is balanced by the 
bottom-slope induced pressure gradient, as in 
the infinite channel case discussed in Chapter 
4 (refer to the first line in eqn (4.165)). 
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Ee ~ pgdLrSZsurf (8.24) 
= pgdL\LyI , 


L denoting the pool length, and 5Zs5y;¢ = LJ being the differential elevation 
of the free surface from one pool to another. 

The arguments in Section 3.4.3 also make it possible to write the force F? 
on the basis of a drag coefficient which, for instance, is constructed on the area 
L, Lz of the pool bottom (refer to eqn ( 3.175)): 


poe tee? 8.25 
= jpliloCp (8.25) 


where U is an order of magnitude of the mean velocity. Making both resulting 
expressions identical, we ultimately get 


| 2 
U = .|/—edl 8.26 
Cp? (8.26) 


Thus, the velocity being established within the pool is proportional to the 
square root of the bottom slope, as corroborated by the measurements made by 
Tarrade et al. (2008) with an approximation of about 10%. For a set flow rate 
Q = dL2U, we may also derive the characteristic water depth: 


a 1/3 
ie (8.27) 
2gL5l 





The validity of that law can be directly confirmed through measurements. 
For Q = 0.736 m?/s, indeed, Tarrade et al. (2008) record d = 1.12 m for 
I = 0.10, which is yielded again by (8.27) provided that Cp = 20.4. For 
I = 0.05, (8.27) then yields d = 1.41 m, which is fairly consistent with the 
measurements (d = 1.56 m). It should be pointed out that the experimental 
water depths are averaged over the whole pool. For some values of the slope, 
Tarrade et al. (2008) also highlight an eddying detachment of the mean velocity 
field at the outlet of the slot, which makes the flow unsteady. This kind of flow 
is similar to the unstable flows discussed in Section 4.2.2, although the oscilla- 
tions concern the Reynolds-averaged velocities. Thus, the deviations between 
theoretical calculations and measurements are due to the approximations we 
have made, in particular the steady nature of the flow. 

The same conclusion could be drawn about the turbulent kinetic energy k, 
by generalizing (3.55) to the case of a mean field. As explained in Chapter 4, 
here it would give nothing but an equilibrium between the integrals of the 
production P and the dissipation ¢, and would be no use for us to estimate 
k. Yet, the estimate (7.19) can be matched to this case. Our estimates of the 
turbulent quantities, however, will preferably be based upon the slot width L 
instead of Lz, which yields L,, ~ L/10 and S ~ U'/L, U’ being the velocity 
across the slot. This is, indeed, the area having the largest velocity gradient, 
which causes most of the turbulent energy to be generated (Section 4.4.2). 


The conservation of flow rate (refer to Chapter 3) also yields LU’ © LU, the 
water depth hardly varying in space. Lasty, we can state 


 — ems” 


V Cu 
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~ 0.033 | —U 
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The abovementioned flow rate corresponds to U = 0.329 m/s for J = 0.10 
and U = 0.236 m/s for J = 0.05, which yields k ~ 0.08 ms? to 0.16 m?s?. 
The velocity values we have just found lead to a Reynolds number Re = 
UL2/v which is higher than 4.7 x 10°, which validates the hypothesis of a 
highly turbulent flow. The Froude number Fr + U/./gd then ranges from 
0.060 to 0.10. It should then be pointed out that the estimates (4.202) and 
(4.203), which were made along an infinite channel in Section 4.4.5, are no 
longer strictly valid. Here we find, owing to (8.28): 


30k 1 (2) U? 
P— Pam 150,/ Cu L gd 


L 2 
~ 0.022 (2) Fr2 
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The factor (L2/ Ly makes all the difference. Yet, this result confirms that 
the turbulent kinetic energy is relatively small when compared to the pressure 
(refer to margin note 8 p. 525). 

Conversely, when it is desired to more precisely characterize the size L; ~ 
Ly» of the large turbulent eddies from their energies, it will be possible to invert 
(8.28): 





(8.28) 
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As can be seen, the arguments in the theoretical chapters can be used for 
determining both laws and orders of magnitude in practical cases, from the 
dimensional analysis, as well as from the equations and the general reviews 
we have made. Let us now set out simulations of flow in the fish pass through 
the SPH method; they will be partly validated by means of those formulas we 
have just established, as well as with measurements and simulations provided 
by another numerical method. 


8.3.2 Simulation of a pool fish pass 


Several papers point to the suitability of the SPH method to simulate the flow in 
a fish pass of the same kind as that which we have just described (in particular, 
refer to Marivela et al., 2009, for a three-dimensional simulation). Here we 
follow Violeau et al. (2008), once again using the geometry of Fig. 8.12 being 
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treated in dimension n = 2. Thus, this flow is seen from above, that is to say 
the free surface is not modelled in it, and no effect of gravity is taken into 
account. The adopted conditions correspond to the slope J = 0.10, for a mean 
depth d = 1.12 m. 

A steady flow is induced within the pool by means of the method as 
described in Section 7.2.1. Water particles having a size dr = | cm are consid- 
ered, which provide a total of about 60,000 and /5r is set to 1.5. In accordance 
with the preceding section, the selected flow rate is Q = 0.736 m?/s. Thus, 
the flow velocity across the slot having a width L (refer to Fig. 8.12) is 
U = 2.2 m/s, a value which we prescribe in equation (7.2). Here the weakly 
compressible model will be applied for pressure prediction, with Umax = U 
as an order of magnitude of the maximum velocity. Since we do not take the 
effect of gravity into account, however, we decide to increase the factor 10 
of equation (5.213) up to 30 (refer to Sections 7.2.2 and 7.2.3), which yields 
co = 60 m/s. We then get 5t = 10~* s as a time step. 

Turbulence here plays a major part, as in all the confined steady flows 
(although the actual flow here exhibits a free surface). We decide to test 
the following four models: the one-equation k — L,, model and the two- 
equation models k — ¢, k —w and non-linear k — ¢ (Section 6.4.2). Since 
we do not know the spatio-temporal distribution of the mixing length L,, in 
so complex a case, it is made equal to the particle size, which looks like 
a large eddy simulation (refer to Section 6.5.1). In addition, we will try to 
prescribe a constant eddy viscosity, as we did in Section 7.3.2. An estimate 
of its value may stem from a discussion analogous to that which resulted in 
equation (7.10), estimating L,, ~ L2/10 in it (as in the previous section). This 
yields vp ~ UL2/100 = 0.044 m?s~!. The turbulence models will highlight 
an eddy viscosity which, although it is variable, nonetheless has the same order 
of magnitude, albeit slightly less high. We ultimately choose vr = 0.03 m?s~! 
for the constant viscosity model. 

Figure 8.13 illustrates the distributions of the velocity magnitude after con- 
vergence. Three out of the four selected turbulence models are illustrated (the 
k — w model is ignored here), as well as the constant viscosity model, and com- 
pared with the measurements made by Tarrade et al. (2008). Small void pockets 
can be found near the slot, which means that the incompressible algorithm 
would be more relevant here (refer to Chapter 7, particularly Sections 7.2.2 
and 7.4.1). 

It can be found that the k — L», model provides a velocity field which is 
more variable in space than expected from the measurements, whereas the 
other models are more precise, especially the two-equation models. A closer 
analysis of the simulations shows that the k — Lj, model is not suitable here to 
get a steady flow, exhibiting an eddying detachment downstream of the slot, at 
odds with the measurements for these values of the flow rate and the bottom 
slope. This may result from a too small mixing length value, the eddying 
detachment resembling large turbulent structures. In this case, the mixing 
length model (refer to Section 5.4.3) leads to similar conclusions (which are 
not presented here). This result is in line with the results of Fig. 8.14, illustrat- 
ing the spatial distribution of the turbulent kinetic energy. It can be observed 
that the k — L,, model does not generate enough eddying energy, underesti- 
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mating the eddy viscosity (refer to the first line in eqn (6.215)). The velocity 
diffusion is consequently reduced, leading to an unstable velocity field. 

Whether it is for the prediction of the velocity modulus |t| or the turbulent 
kinetic energy k, Figs 8.13 and 8.14 corroborate the k — ¢ and non-linear k — 
€é models. Whereas the former slightly better predicts |u|, the latter is more 
efficient for predicting k. The order of magnitude of k is 0.1 ms”, in line with 
the estimate made in the preceding paragraph (eqn (8.28)). In the resting area 
indicated in Fig. 8.12, k ranges from 0.05 m?s? to 0.1 m?s?. The law (8.30) 
then gives the characteristic size of the large eddies: L; ~ 0.017 m to 0.024 
m. As expected, eddies of about L/10, that is a few centimetres, can be found 
again. They will probably only slightly disturb the fish species which are liable 
to use the pass. 

Three cross-sections {P;} (i = 1, 2, 3), shown in Fig. 8.12, have been 
selected for a quantitative validation of the quantities obtained. They are 
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Fig. 8.13 Pool of a fish pass, for J = 0.10 
and Q = 0.736 m/s. Distribution of the 
mean SPH-simulated velocity module for the 
constant viscosity (a), k — Lm (b), k — € (c) 
and non-linear k — ¢ (d) models. Comparison 
with the measurement made by Tarrade et al. 


(2008) (e). 


Fig. 8.14 Pool of a fish pass, for J = 0.10 
and Q = 0,736 m/s. Distribution of the 
SPH-simulated turbulent kinetic energy for 
the k — Ly (a), k — € (b) and non-linear k — 
€ (c) models. Comparison with the measure- 
ments made by Tarrade et al. (2008) (d). 
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10We do not intend to present these equations 
here (for example, refer to Hervouet, 2007). 
It should be noted, however, that they result 
from an integration of the Reynolds equations 
(4.51) over each water column, leading to a 
system of two-dimensional equations. They 
can be derived, to some extent, from a least 
action principle similar to that in Section 3.6 
(Rodriguez-Paz and Bonet, 2005). The model 
which is disclosed here takes the turbulent 
effects into account through a k — ¢ model 
which is integrated over the water column 
(Rodi, 2000). Lastly, the two-dimensional 
Saint-Venant equations can be numerically 
treated on the basis of the SPH method (in 
particular, refer to De Padova et al., 2010). 
A one-dimensional version also exists for the 
flows along channels, which would imme- 
diately result in the equilibrium (8.26), and 
whose Boussinesq equations as discussed in 
Section 8.2.2 are a generalization. 


Fig. 8.15 Pool of a fish pass, for 7 = 0.10 
and Q = 0.736 m/s, Distribution of the 
velocity and SPH-simulated turbulent kinetic 
energy module along P; (a), P2 (b) and P3 
(c) profiles. Constant viscosity (large dash), 
k —e (dotted), k — w (dash dotted), k —« 
non linear (solid lines), k — ¢ with Yap cor- 
rection (dash-dot-dotted) models. The small 
dash represent the results of the TELEMAC- 
2D modelling system (finite element Saint- 
Venant equations) and the symbols represent 
the measurements made by Tarrade et al. 
(2008). 


located at the abscissae x (P;) = X;, with {X;} = (0.5 m; 1.0 m; 1.5 m), ver- 
sus the origin point represented by the halftone shaded disc in the same 
figure. For further enhancing the validation, we consider the results of the 
TELEMAC-2D software, which was developed and validated in EDF R&D 
with respect to a finite element technique (Hervouet, 2007). This software 
solves the two-dimensional Saint-Venant equations (or non-linear shallow 
water equations),'° which are relevant in this case due to the nearly horizontal 
nature of the flow. Figure 8.15 shows the profiles of |u| and k, along each of 
the three profiles, for all the turbulent models which are selected here with the 
SPH method, being compared with the measurement made by Tarrade et al. 
(2008) and the results of TELEMAC-2D. 

The two-equation turbulent models in the SPH method fairly well replicate 
the velocity profiles, except in the vicinity of the upper wall, whereas the 
constant viscosity model gives slightly less good results. In addition, the 
k — € model was provided with the Yap correction (4.150), with substan- 
tially improved predictions. The Saint-Venant equations give results in line 
with those of SPH, albeit slightly less good. This is probably because they 
naturally induce a numerical diffusion phenomenon which does not exist in 
the Lagrangian methods. The turbulent kinetic energy profiles are markedly 
less well predicted in the upper half of the flow, where the kinetic energy is 
overestimated by the models. The constant viscosity model is not suitable, 
of course, for a proper quantitative prediction of that quantity. Tests (which 
are not dealt with here) conducted using the CODE_SATURNE finite volume 
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software (refer to Section 7.2.1) suggest that a good prediction of k here 
implies the use of a second-order model (Section 4.5.2) or even an LES 
(Section 4.6.1). Yet, the Yap correction significantly improves the predictions 
of the k — ¢ model about the P3 profile. The CODE_SATURNE software has 
been the subject of a simulation based upon the LES model as described in 
Section 4.6.1. Figure 8.16 shows the shape of the norm of the filtered velocity 
field |i , the latter being compared with the mean velocity fields as provided 
by the SPH method and the TELEMAC-2D software. 

As can be seen, the turbulence mechanisms are so complex that it is hard 
to accurately predict the desired quantities on actual geometries, even when 
they remain relatively simple. Fortunately, even a rough prediction of the 
eddy viscosity has relatively little impact on the velocity field, which makes it 
possible to have confidence in the numerical simulation results in that respect. 
On the other hand, if it becomes necessary to quantify either the kinetic energy 
or the eddy size for a practical application, the user must be aware of this model 
reliability. 
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Fig. 8.16 Pool of a fish pass, for J = 0.10 
and Q = 0.736 m?/s. Distribution of the 
module of velocity as simulated by means 
of the SPH (a, Reynolds-averaged veloc- 
ity), finite element (b, depth-averaged veloc- 
ity) and finite volume (c, filtered velocity as 
meant by LES) methods. After Violeau et al. 
(2008). 
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Fig. 8.17 View of a floating oil spill contain- 
ment boom (photo courtesy of EDF). 


Fig. 8.18 Floating oil spill containment 
boom: escape caused by entrainment (a) and 
submersion (b). After Violeau et al. (2007). 


8.4 Floating oil spill containment boom 


We first study the stability of an oil spill floating over a water column in the 
presence of a current, in the vicinity of an oil containment boom. We establish 
a criterion for oil entrainment under the skirt of the boom. An SPH simulation 
is then proposed to confirm the latter analysis. 


8.4.1 Oil spill instability criterion 


When an oil tanker wrecks, one of the most commonly used antipollution 
techniques consists in containing the floating oil spill on the water surface 
by means of a floating boom before pumping the hydrocarbon. This kind of 
boom, which is illustrated in Fig. 8.17, consists of an inflated tube lying over 
a retaining skirt, and provided with mooring members. Under the action of 
current, however, the hydrocarbon may be pulled under the skirt (entrainment), 
whereas the occurrence of waves may contribute to force it over the top of the 
tube (submersion), as shown in Fig. 8.18. There are further oil spill escape 
patterns (refer to Violeau et al., 2007). In order to optimize the real-time 
deployment of these booms, it is of interest to attempt to quantify the risk 
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of escape as a function of the external conditions, that is according to the 
wave parameters, the current velocity, the type of hydrocarbon and the boom 
dimensions. 

If one initially only considers the current effect under a steady regime, it can 
be stated that there is a critical velocity beyond which the hydrocarbon is no 
longer contained; the order of magnitude of that velocity can be established 
through theoretical reasonings. Here we refer to the notations in Fig. 8.19, 
Us denoting the velocity at the surface. The experiment (Violeau et al., 2007) 
shows that the volume of hydrocarbon is enclosed in a surface layer the 
thickness of which varies slowly, then is nearly constant. Entrainment takes 
place, at the interface, in a relatively restricted area which is located somewhat 
upstream of the boom. Assuming that the boom is anchored!! by its mooring 
members, we may invoke the dimensional analysis as set out in Section 3.4.3 
in order to estimate the critical entrainment velocity Us. as a function of the 
parameters of that problem. In the first place, we will consider the water density 
and molecular viscosity, that is 0; and vj, whereas the hydrocarbon is affected 
by p2 < p1 and v2. Afterwards, we will consider the gravity g, which plays 
a crucial role in the oil buoyancy process. The tube diameter will presumably 
not be involved in the oil escape process. On the other hand, the effect of 
the mean water depth H will be taken into account because the entrainment 
mechanism is governed by the turbulent eddies, whose size depends on H. 
That mechanism is induced, near the water—oil interface, by a conflict between 
the turbulent agitation, which tends to drive the oil droplets into water through 
a rotational motion, and the gravity F% corrected for buoyancy F4 which, on 
the contrary, acts as a stabilizer, driving the hydrocarbon back to the surface. 
The force F% + F4, whose calculation is given by (7.20), is still valid here. 
Thus, by analogy with (7.22), we can define: 


pa 2 Se 


2 


(8.31) 


The effects of gravity appear in the equations through the &2 factor, which 
make it possible to ignore o;. Furthermore, it may be considered that once 
an oil droplet has been ‘sucked’ far enough below the interface, it will follow 
the mean water velocity field and flow across the skirt, whose depth d (i.e. 
the boom draught) consequently affects the process. We ultimately may write, 


Fig. 8.19 Floating oil 
boom: notations. 


spill containment 


This assumption can be made in the 
absence of waves, although a gentle vertical 
motion is possible. We will contemplate it 
in the next section within the frame of the 
numerical simulation. For a more rigorous 
approach, it would also be necessary to con- 
sider both mobility and deformation of the 
skirt, which is made of a composite fabric. 
Anyway, the angle @ made by the skirt with 
the vertical (Fig. 8.19) is not to be taken 
into account among the parameters, because 
it depends on the current velocity and the 
boom stiffness. 
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12 This hypothesis is never true near an inter- 
face, since the gravity inevitably dampens the 
velocity fluctuations occurring at right angles 
to it (Violeau, 2009a). 


with a good approximation: 


Us.c = Pdim (Epo, VI, v2, 8; H, d) (8.32) 


Because of the oil droplet size, it would probably be necessary, for better 
accuracy, to take into account the surface tension phenomenon (Section 3.4.5), 
which we ignore here for the sake of simplicity. With n = 7 parameters out 
of which m = 3 are independent, we then have n — m = 4 dimensionless 
numbers, and the preceding relation is reduced to 





d 
Fre = dbadim (F Rey, Res) (8.33) 
where 
Us ba 
Fre = - 
“" JEgd 
Oecd 
Re, = —— (8.34) 
VI 
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Rez = = 
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When the flow is very turbulent, as is always the case in actual fact, the 
Reynolds number effect is no longer felt. We can therefore state that oil 
entrainment under the boom takes place for a critical Froude number Fr, 
which now merely depends on d/H: 


d 
Fr, = Padim (=) (8.35) 


In order to search for an approximation of Fr,, the mechanism we have 
just described should be quantified. A stability criterion of the oil spill will be 
written by comparing the power P of the (destabilizing) turbulence with the 
power P84 of the gravity force F‘ + F4 = £2 Vg, during the motion carrying 
a droplet from the top to the bottom of a large turbulent eddy having a size L; 
and a velocity u’ (Fig. 8.19), as reckoned per unit mass: 


1 
t 


Thus, the oil droplet traverses a half-circle (assuming that the eddy is per- 
fectly circular). If the fluctuating velocity u’ is constant in it, we get 


m/2 
ps4 = —é|u'|g- / eodé (8.37) 
—n/2 


= —2&gu' 


|u’ | ~ u’ can then be estimated by means of the formula (4.77), the turbu- 
lence presumably being isotropic.!? Invoking the equation (4.97) yielding P, 
the criterion (8.36) is then rearranged as 


8 
@<@,+ /——~5.44 (8.38) 
a0, 
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where a dimensionless number © has been defined on the basis of the turbulent 
kinetic energy k and the mean rate-of-strain S in the place being considered, 
in some vicinity to the interface: 


Ks 
@= Fe (8.39) 


In order to estimate k, we utilize the first line in (7.19). The mixing length 
(i.e. the size of the large turbulent eddies) L,, is proportional, indeed, to the 
water depth H, what we will express as L;, = neH, defining the dimensionless 
factor ne, which is a priori unknown but has an order of magnitude of 0.1 (refer 
to Chapter 4). Hence we get 





_ (mH) 
Ven 


We still have to characterize the rate of strain S$, which is the most doubtful 
part of our calculation. Admittedly, the velocity gradient in the hydrocarbon 
layer can be approximated through S ~ 2U,/65, 6 being its thickness. The 
velocity gradient in the immediately underlying body of water, however, 
should be considered, because it will govern the generation of turbulent energy 
P accounting for the entrainment.'? Now, the continuity of the stress T = 
2ev7S -n does not imply the continuity of the rate of strain, if only because 
the density abruptly changes across the interface. Since the velocity gradients 
in the water body depend in the first place on the draught d, one can merely 
provide the following estimate for the rate of strain: 


k (8.40) 


= nsUs 
d 


S 





(8.41) 


where 7; is a dimensionless factor of about one. In addition, the dimensional 
analysis indicates that it is constant, for a given boom geometry with a large 
Reynolds number. Combining (8.40) and (8.41), the stability criterion (8.38) 
becomes 


Fr< Fr, (8.42) 


where the Froude number has been defined by analogy with (8.34): 


Us 
Fr= 8.43 
r Fad (8.43) 


In the light of the foregoing, its critical value is provided by 
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13.4 momentum balance analogous to (8.19) 
would show that the quantity © decreases 
in the oil layer as the distance to the boom 
decreases. This kind of reasoning would then 
be insufficient to highlight the occurrence of 
such an entrainment as shown by the experi- 
ments. 
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This result obeys the general formulation (8.35). The condition (8.42) gives 
the critical velocity for the appearance of entrainment as 


1/4 TR 





3 /nens A 

As an application, let us consider a relatively heavy oil, having a density 
£2 = 995 kg/m, which corresponds to € = 0.005. for a boom with a draught 
d = 0.75 m, a water depth H = 2.5 m and arbitrarily setting ne = 0.1 and 
ns = 1, the formula (8.45) leads to a critical velocity Us.- = 0.17 m/s. In 
the same conditions but for a light oil, (92 = 850 kg/m?, ie. & = 0.176), 
that yields U; . = 1.02 m/s. These orders of magnitude are consistent with 
the experimental observations, giving Us. = 0.7 m/s for a light oil (Violeau 
et al., 2007). The difference primarily lies in the choice of the dimensionless 
quantities ne and 7s, but it is also noteworthy that the heavy oil viscosity 
equals v7 = 3 x 107? m*s~!. The Reynolds number associated to the oil 
layer, analogous to Rez (formulas (8.34)) but constructed over its thickness 
6 * 0.3 m, then equals Re}, = Us; -6/v2 = 7, and the flow is laminar in it. 
Thus, the critical Froude number (eqn (8.33)) is probably related to the latter: 
Fre = dhadim (Re5) instead of being constant. On the other hand, with the light 
oil, the viscosity vy = 3.32 x 10~° m?s! provides for the turbulence of the 
flow within the oil spill. 


8.4.2 Simulation of a floating boom 


The multiphase flow modelling with SPH has been dealt with in lots of papers 
(in particular, refer to Monaghan and Kocharayan, 1995; Colagrossi and Lan- 
drini, 2003; Ataie-Ashtiani and Shobeyri, 2008; Valizadeh et al., 2008). On 
the other hand, the specific case of the behaviour of an oil spill near a floating 
boom has been tested on several occasions, but has seldom been the subject 
of publications. We are going to explain that those mechanisms which were 
highlighted in the previous section may be readily replicated according to the 
findings made by Buvat and Violeau (2006) and Violeau et al. (2007). 

We will initially turn back to the data reported at the end of Section 8.4.1 
about the draught and the characteristics of both hydrocarbons, and we will 
work in 1 = 2 dimensions within a vertical plane which is locally orthogonal 
to the boom. A steady flow is induced in a 16 m long periodic channel having 
a depth H = 2.5 m, using the method as described in Section 7.2.1. Particles 
with a size dr = 2 cm are considered, which gives a total of about 100,000 
particles, and h/dr = 1.2 is set. The reference densities of the two fluids are 
set to p; = 1,000 kg/m? and p2 = 995 kg/m’, respectively. The selected flow 
rate corresponds to an average velocity U which may be related to the velocity 
Us at the surface, assuming a rough logarithmic velocity profile (eqn (4.183)) 
sufficiently far upstream of the boom. The two values Us = 0.3 m/s and U, = 
0.7 m/s are studied here. For these velocity values, the experiments (refer to 
Violeau et al., 2007) provide several values of the angle 8 which can be seen 
in Fig. 8.19, according to the boom stiffness. Besides, it should be taken into 
account that this angle is variable according to the portion being considered 
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along the boom (refer to Fig. 8.20), which prompts us to arbitrarily set 6. The 
value 9 = +10° is examined here. 

The weakly compressible model is adopted for pressure prediction, with 
Umax = 2U as the order of magnitude of the maximum velocity, in order to 
take the increase of the velocity under the boom skirt into account. Given these 
conditions, the term ./gH =5 m/s prevails over Umax in equation (5.212). 
We decide, however, to raise the factor 10 in that equation up to 20 (refer 
to Sections 7.2.2 and 7.2.3), which yields co = 100 m/s. We then have é6t = 
1.2 x 1074 s as a time step. 

Turbulence here plays a major role, as shown by the analysis in the preceding 
section, to represent the oil entrainment mechanism. Here we choose the one- 
equation model k — L,, (Section 6.4.2), which may be considered a good 
trade-off between accuracy and rapidity, and which additionally provides a 
satisfactory estimate of the turbulent kinetic energy in this case, which is 
similar to that in Section 7.2.3. Since we do not know the spatial distribution of 
the mixing length L,, near the boom, it is put equal to the size of the particles, 
which looks like a large eddy simulation (refer to Section 6.5.1). However, in 
line with what was written at the end of Section 8.4.1, no turbulence model 
is considered within the heavy oil, which is too viscous. In accordance with 
the previously discussed theoretical elements, we ignore the surface tension 
effects. More precise simulations in that respect would require the use of the 
discrete model as disclosed in Section 6.3.1. 

The boom is modelled using the floating-body technique as mentioned in 
Section 6.3.3. Its motion, however, is restricted to the vertical direction, in 
order to take the effect of buoyancy and the presence of mooring members into 
account. Here, this motion is actually of modest amplitude. The boom mass 
(per unit length in the transverse direction) is set to M = 13 kg/m. Yet, the 
particle densities are set to the water reference value po to prevent errors from 
occurring upon the application of the SPH discrete interpolation operator, for 
the quantities depending on p. 


Fig. 8.20 Floating oil spill containment 
boom: variation of angle 6 between the skirt 
and the vertical, according to the vertical 
section being considered. 
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Fig. 8.21 Floating oil spill containment 
boom: origin area of an_ entrainment 
phenomenon for Us =0.3 m/s, in the 
case of a heavy oil. Comparison of the 
SPH simulation (a) with a_ laboratory 
experiment (b). After Violeau et al. (2007, 
with permission from Elsevier). 


14This model, which was prepared at the 1:15 
scale at the La Rochelle University (France), 
is constructed on the basis of a Froude sim- 
ilarity, as expected for a flow in which the 
gravity prevails (refer to Section 3.4.3). 


Fig. 8.22 Floating oil spill containment 
boom: SPH simulation in the case of a light 
oil. Spatial distribution of the temporal 
maximum ©max,t (r) of the parameter © 
(formula (8.39)) for U = 0.3 m/s (a) and 
U = 0.7 m/s (b). After Violeau et al. (2007, 
with permission from Elsevier). 





With the light oil, the simulations show that the oil spill remains stable 
for Us = 0.3 m/s, whereas the entrainment takes place for Us = 0.7 m/s, in 
accordance with the criterion as introduced in the preceding section. Likewise, 
the model predicts an entrainment-induced oil escape with both velocities 
in the heavy oil case. In the latter case, Fig. 8.21 provides a zoomed in view 
of the boom and the entrainment origin area, for U; = 0.3 m/s. It can be seen 
that the interface shape is very similar to that resulting from an experiment on 
a small-scale model.!+ 

In the case of the light oil, Fig. 8.22 illustrates the spatial distribution of the 
temporal maximum Oymax,r Of the parameter © as defined by formula (8.39). 
It can be found that when the velocity at the surface is greater, Omax,; (r) duly 
takes higher values, because the largest velocity gradients S$ additionally result 
in a high production of turbulent energy k. The maxima (in space) of Omax,r 
occur near the interface and just under the skirt. Figure 8.23 illustrates the 
evolution of the spatial maximum @mmax,r of © over time. For U; = 0.3 m/s, it 
can be seen in it that Omax,r (t) remains below the critical value ©, as defined 
by (8.38). On the contrary, for U; = 0.3 m/s, Omax,r (¢) exceeds the threshold 
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©,. A first overshooting takes place in the very beginning of the simulation, 
when the velocity field is being established, generating high strains under the 
boom skirt, without any effect on oil spill stability. The second overshooting 
corresponds to the time tg when the hydrocarbon begins being entrained, and 
the maximum Omax,r (fe) 1s located near the water-oil interface when this 
mechanism takes place (refer to Fig. 8.22). That analysis corroborates the 
validity of the stability criterion (8.38). 

Other simulations of the same kind are discussed by Violeau et al. (2007), 
for various values of the skirt angle 0. In addition, a simulation is tested in 
that paper on the basis of a non-Newtonian hydrocarbon, that is the molecular 
viscosity of which depends on the rate of strain (refer to Section 3.4.1). 
According to the values of the surface current and 6, and as a function of the 
type of hydrocarbon being contemplated, other escape patterns are highlighted. 
Although these numerical modellings are not exhaustive, they are suitable 
for quantifying the possible oil escape from the boom in relatively general 
conditions. 

The same work was conducted by Violeau et al. (2007) in the presence of 
waves, the boom and the slick being arranged in a wave channel which is 
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Fig. 8.23 Floating oil spill containment 
boom: SPH simulation in the case of a 
light oil. Temporal evolution of the spatial 
maximum ©max,r (¢) of the parameter © 
(formula (8.39)) for U =0.3 m/s (solid 
line) and U = 0.7 m/s (dashed line). The 
time fe indicates the occurrence of the oil 
entrainment in the second case, whereas the 
critical value ©, is provided by (8.38). After 
Violeau et al. (2007, with permission from 
Elsevier). 


Fig. 8.24 Floating oil spill containment 
boom: behaviour in the presence of combined 
waves and current, simulated with the SPH 
method. 
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Fig. 8.25 The spillway at the Grangent dam 
(France). Photo EDF. 


identical to that in Section 8.2.2. The vertical motion of the boom, as well 
as the rotation thereof in the vertical plane, are then induced by the wave 
orbital velocity distribution and should be damped for modelling the transverse 
stiffness of the boom. This can be easily achieved though an artificial restoring 
force device. Lastly, both current and waves can be combined by providing a 
paddle which partly covers the water column, as shown in Fig. 8.24. 


8.5 Dam spillway 


In the present section, dimensional analysis is first used to establish a rule 
giving the flow rate over a dam spillway as a function of the upstream head. 
We then propose a short SPH model reproducing this law in the case of a 
simple, Creager-type spillway. The Goulours dam spillway is then numerically 
investigated in three dimensions. 


8.5.1 Dam release monitoring 


During its service life, a large dam is subject to variable flow rates, some 
of which are so high that they require a water release in order to prevent an 
overtopping which might endanger the dam stability. That requirement is even 
more crucial since a high flow rate is associated with such a great water depth. 
Now, too high a water level at the dam generates a flood which is detrimental 
to the people living immediately upstream of it. Dams are therefore fitted with 
water release units which are known as spillways, which are dimensioned for 
discharging the surplus flow from the reservoir when that is necessary (refer 
to Fig. 8.25). Their shape and size are quite variable according to the structure 
configuration and the experienced flow rates. During the development of these 
works, a high dimensioning flow rate is established, indeed, on the basis of 
extreme statistical data, before conducting a hydraulic study. The latter is 
usually carried out on a scale model, although software has been used on a 
growing number of configurations since the 2000s. 





The fact that the flowrate Q of water flowing over a work arranged on a 
channel or a river is a growing function of the associated water depth can be 
understood from the infinite channel case (without any water work) disclosed 
in Section 4.4.5. For a channel of width L, the formula (4.194) yields, indeed, 


Q=LHU 


( lA ) (8.46) 
Lu,H | — In —+C, 

kK €ks 

which does constitute a growing function of H. Apart from this simple theoret- 
ical result, intuition and experience confirm this behaviour. Besides, one could 
generalize, to some extent, some of the arguments expressed in Section 4.4.5 
to the case of a channel provided with works having any geometry, as we did 
in the case of the fish pass in Section 8.3.1. For all that, the complexity of 
the involved spillway layout would not enable us to explicitly calculate any 
analytical relation between Q and H in the general case. 

The dimensional analysis principles as established in Section 3.4.3, how- 
ever, may advantageously be used to that purpose. The flow rate is sought as a 
function of the fluid characteristics (o and v), the gravity g and the dimensions 
characterizing the dam and the spillway. To do this, a reference length denoted 
as Hg (which may be a characteristic distance of some element of the spillway, 
although this is not necessary) is selected, then one gets the maximum width 
L at the spillway, as well as the maximum water depth H as reckoned above 
the maximum elevation of the useful part of the spillway (refer to Fig. 8.26). 
The other lengths required for describing the spillway geometry are denoted 


as {L;} @ =1,... k), as for the calculation of the force exerted onto a solid 
(refer to the end of Section 3.4.3). Thus, we will write 
O = ddim (Pp, V. 8, H, Ha, L, Li,..., Lx) (8.47) 


As in Section 8.2.1, no independent velocity scale is available here; instead, 
it is linked to the other parameters by the first line in (8.46), which remains 
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Fig. 8.26 Calculation of the spillway dis- 
charge law: notations. 
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Fig. 8.27 Geometry of a Creager weir, after 
US Army Corps of Engineers (1990). Overall 
view (a), vertical profile in the indented area 
(b) and zooming in on the area surrounded by 
a dashed line (c). 


general. A Reynolds number can then be formed: 


Re= g 
LHv 





(8.48) 


As is well known, its influence disappears if it is high enough. Furthermore, 
for the same reasons as in Section 8.2.1 the density cannot play any part, it only 
depends on the mass unit. Then there still are, in (8.47), n = k + 5 parameters 
out of which m = 2 are independent, which yields m — n = k + 3 dimension- 
less numbers. In the first place, the Froude number can be constructed as 
follows: 


Fr= ae (8.49) 


L./ gH? 

The & +2 remaining numbers are the length ratios H/Hg, L/Hq and 
{Li/Hag} G@ =1,...,k). Apart from the first one, which depends on the 
upstream water depth, all of them are parameters characterizing the spillway 
geometry. As in the case of the drag coefficient discussed in Section 3.4.3 (eqn 
(3.175)), we will write (8.47) in the following dimensionless form: 


H 
O= Ly sig (=. shape) (8.50) 


where CQ is an undetermined function which is known as the works discharge 
coefficient, and only depends on its geometry, without taking the scale into 
account. It is determined through experience. 

By way of example, here we describe one of the simplest possible, albeit 
rather frequent cases: the Creager weir. It consists of a locally lowered crest 
over a width L (refer to Fig. 8.27), exhibiting a very precise shape for the water 
nappe falling downstream to keep a pressure equal to the atmospheric pressure 
for a given value of the upstream energy. The upstream facing, extending 
between the points M,; and Mj in the figure, is defined by three arcs of circles 
having centres with coordinates {x;} and {z;} and radii {R;} @ = 1,... ,k). 
Their values, as well as the arc boundaries, are given by the Table 8.2 (US 
Army Corps of Engineers, 1990). Downstream of the point M2, the facing 





Table 8.2 Geometry of a Creager weir: values of the abscissae x;, 
ordinates z;, radii R; and validity domains of all three arcs of a circle 
defining the upstream face (Fig. 8.27), which are adimensionalized by 
the dimensioning load Hz. After US Army Corps of Engineers, (1990). 








i -x;/Hg zi/Ha Ri; /Ha Limits 
1 0 —0.5000 0.50 —0.1750 < x/Hy <0 

2 -0.1050 —0.2190 0.20 0.2760 < x/Hg < —0.1750 
3 0.2418 —0.1360 0.04 0.2818 < x/Hy < —0.2760 





shape is defined by the following equation: 


Zz L fx \ 

— Ss pS (8.51) 

Ha 2 \ Aa 
with @ = 1.85, the origin being located on top of the weir (point Mo in 
Fig. 8.27). Apart from Hy and the width L, here the single length parameter 
is the height of weir L, (refer to Fig. 8.27). The discharge coefficient then 


only depends on the ratios H/ Hg and H/L ; it is provided by the Brudenell’s 
experimental formula (refer to Ven Te Chow, 1959): 


com) =) Ci) - 
mn) = Mt) ate a 


where Cc = 0.12. As regards the function C#, it may be considered as con- 
stant and equal to 0.700 for low values of H/L . This formula remains valid 
for 0.2 < H/Hq < 2. A Creager weir may also be provided with piers (like 
the spillway in Fig. 8.26), which exert a contraction effect. They can be taken 
into account as follows: 


H a. f He H 
Co qo =C;-: Hy Lae (8.53) 


where N is the number of piers, whereas K ~ 0.02 is a coefficient which 
depends on the layout of the piers (Ven Te Chow, 1959). Lots of other formulas 
can be found in the scientific literature dealing with the dimensioning of the 
hydraulic works, for conventional works with a great variety of forms. 

The SPH method can easily be applied!> to the simulation of a flow over a 
pierless Creager weir whose width L coincides with that of the channel. Thus, 
the flow may be considered as two-dimensional. We illustrate in Fig. 8.28 the 
variation of depth H versus the flow rate per unit length Q/L, as calculated 
using SPH for Hyg = 5 m. We observe that the results suitably agree with the 
formulas (8.50) and (8.52), though the water depth is slightly underestimated 
by the simulation for the light flow rates. Similar simulations can be found 
in Agate and Guandalini (2010) and Mahmood et al. (2011). In addition, 
Shakibaeinia and Jin (2009) have disclosed an application to this case of the 
MPS Lagrangian method, which was briefly discussed in Section 5.1. 
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'S However, input and output boundary con- 
ditions should be introduced, a matter which 
we mentioned in the introduction to Sec- 
tion 6.3. 
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Fig. 8.28 Discharge law of a Creager weir 
for Hy =5 m: SPH simulations (sym- 
bols) compared with the semi-empirical laws 
(8.50) and (8.52). 


Fig. 8.29 View of the Goulours dam during 
the building of the PK-weir spillway in 2006 
(photo EDF). 
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8.5.2 Simulation of the Goulours spillway 


Numerical simulation of the large dams has already been the subject of several 
implementations of the SPH method, particularly for the break wave prediction 
(Cleary and Prakash, 2004; Zagar et al., 2009). The modelling of complex 
spillways was dealt with as well, in particular by Lépez et al. (2009b). Here we 
explain an application to the operation of an existing spillway, in accordance 
with Lee et al. (2009, 2010). 

We will consider the Goulours dam, which was built on the River Lauze 
(France) in 1946. Figure 8.29 illustrates the condition of that dam in 2006, 
which is 71 m wide on its top. Two spillways can be seen, one of them being 
a ski-jump spillway, whereas the other one, which is more recent, is a piano 
key weir, or PK-weir). We will deal with the former. In its upper part, it has 
the same geometry as the Creager weir which was described in the preceding 
section, over a width L = 4 m, between two training walls. The discharge 
carrier curve becomes inverted in its lower part, whereas it gets a narrower 
width, which is reduced down to 2.35 m at the outlet (refer to Fig. 8.30). There 
water follows a free fall path before hitting the river bed. Due to the discharge 
carrier length (15.5 m) and shape, the water jet does not wear the bottom away 
just at the foot of the dam, which otherwise could jeopardize its stability. This 
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Fig. 8.30 Geometry of the ski-jump type spillway of the Goulours dam: side (a) and top (b) sketches (courtesy EDF). 
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16The reassessment of that flow rate has 
required the construction of the second, 
above mentioned spillway in 2006. 


!7This is the main drawback of the dummy 
particle method as described in Section 6.3.2; 
it was already discussed in Section 7.3.3. 


Fig. 8.31 Goulours dam: discretization ele- 
ments for the dam and spillway geometry (a) 
and a part of the valley (b). Zooming in on the 
works and the reservoir, showing the particles 
which represent the walls (c). 


spillway is dimensioned in accordance with a small-scale model which was 
built on a 1:20 scale at EDF R&D and is suitable for discharge of a flow at a 
dimensioned rate!® Q = 88 m?/s. 

Wishing to replicate a flow in as close to actual conditions as possible, the 
work is obviously conducted in n = 3 dimensions. The valley geometry is dis- 
cretized from topographic data, then CAD data are utilized for representing the 
dam and the spillway (Fig. 8.31). A schematic reservoir is provided upstream 
of the latter and is filled with water at a sufficient initial elevation. For all these 
purposes, particles having a size dr = 20 cm are considered, which yields a 
total amount of about 1,292,807 particles, out of which 584,457 are dedicated 
to the wall modelling.!” h/ér = 1.5 is set, whereas the fluid particles are given 
the water properties (o9 = 1, 000 kg/m, v = 10~° m?s~!), 

The weakly compressible SPH scheme will desirably be used. The reservoir, 
containing water initially at rest, will gradually empty out. Ignoring the energy 
transfers within the fluid during this process, it may be likened to a free fall 
motion. Integrating the equation of motion (1.56) then leads to a formula giving 
the order of magnitude of the velocity as a function of the water head H, 
that is Umax ~ /2gH. With H = 35 m, that yields Umax ~ 26 m/s. In order 
to take into account a possible fluid acceleration after the impact against the 
bed, the factor 10 in the formula (5.212) is raised too (refer to Sections 7.2.2 
and 7.2.3), which ultimately yields co = 600 m/s. Hence we get a time step 
dt = 2x 10~*s. Turbulence only plays a minor role in this flow, at least before 
the impact against the bed, where the strain is very large. However, since a prior 
simulation is desirably to be performed, this effect is ignored. 

Figure 8.32 shows several instantaneous views of the water flow down the 
spillway, then of its fall onto the river bed. This simulation, which extends 
over 12 s of physical time, has required about 100 hrs of computational time 
over 1,024 nodes of an IBM BlueGene/L cluster. The flow is qualitatively 
consistent with the small-scale model results, as shown in Fig. 8.33, where 
the point of jet impact against the bed can be seen. A quantitative validation, 
however, would require that a steady regime be achieved, which implies that 
an upstream boundary condition be established for letting a constant flow rate 
appear in the reservoir. 
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Fig. 8.32 Ski-jump spillway of the Goulours dam: SPH simulation of the reservoir emptying. Here the walls are represented by facets, although 
they are discretized by particles. 


8.6 Conclusion: what future for SPH? 


Through the simulations as set out in this chapter, confidence can logically be 
enhanced in the SPH method as a hydraulic flow prediction tool for subsequent 
applications in both industry and environment. High performance scientific 
computing, whether it is based on parallelism or the use of graphics cards 
(GPU), is suitable for circumventing one of the major drawbacks of the 
method. Thus, SPH, which is presently still innovative, is very likely to become 
a key method for free surface flow simulation. Its future looks alluring and 
probably lies in a greater use of its specificities, among which is the ability to 
predict phenomena involving a complex physics. At the time these lines are 
being written, that is in 2011, not all of its most recent fields of application can 
be mentioned here. They include the local modelling of sediment behaviour 
(Manenti et al., 2009), turbine dimensioning (Marongiu, 2007; Marongiu et al., 
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Fig. 8.33 Ski-jump spillway of the Goulours 
dam: point of jet impact. Comparison 
between the SPH simulation (a) and the 
small-scale model (db). 





2009, 2010), fluid-structure interactions (Maurel, 2008; Lobovsky, 2008), but 
also such more ‘exotic’ issues such as cellular dynamics (Van Liedekerke et al., 
2009). In addition, the two space dimension Saint-Venant equations, which 
were briefly discussed in Section 8.3.1 (refer to Hervouet, 2007), have recently 
been satisfactorily solved (Rodriguez-Paz and Bonet, 2005; De Padova et al., 
2010), including in realistic cases (Vacondio et al., 2010). 

However, it could be argued that the SPH method is rather unsuitable for 
spatial refinement (although very recent works considered this issue), which 
makes it difficult to implement in wide application areas for the prediction of 
fine-scale phenomena. As a partial answer to this question, one should mention 
one of the most topical areas, as induced by the coupling of SPH and grid meth- 
ods. This approach gives rise to an ever increasing number of developments 
(Crespo et al., 2008; Narayanaswamy et al., 2010; Kassiotis et al., 2011), and 
is used in more and more numerous applications, particularly as regards fluid- 
structure coupling (Groenenboom and Cartwright, 2010; Fourey et al., 2010). 
These techniques create unprecedented opportunities and also contribute to 
promote SPH attractiveness for modelling specialists. 


Tensorial formalism 


In this appendix, we will disclose the basic elements of the tensorial calculation, which 
is often referred to in this book. The notion of tensor, which was introduced by Hamilton 
in 1846, gave rise to a sound initial differential theory in the late nineteenth century, 
particularly through the research conducted by Ricci and Levi-Civita (1900) in order 
to formalize crystallography. It actually took off under the impetus of Einstein, who 
used it to lay the foundations of the theory of general relativity as early as 1915. 
Here we do not intend to describe that theory in its general form, nor to present its 
rigorous mathematical grounds. Since we contemplate application to fluids, we work 
in a Cartesian orthonormal coordinate system, which avoids, in particular, the need to 
use covariant subscripts and contravariant superscripts, as well as the notion of metric 
tensor. For more detailed and rigorous explanations, one may refer, for instance, to 
either Arnold (1989) or Danielson (2003). 

Let an orthonormed basis of vectors B = {e;} be in an n-dimensional Cartesian 
space. Hence we get, in particular: 


Vi, j ej - ej = bij (A.1) 


6;; Tepresenting the Kronecker symbol, equalling 1 if i = j, 0 if not. A point in the x 
space is then defined by its components {x;}: 


n 
x= Se (A.2) 
i=1 


Due to the basis orthogonality, we may write 
xj =x-e@;j (A.3) 


where (-) denotes the ordinary scalar product. In the following, we will frequently use 
expressions in which dummy indices appearing twice in one monomial occur, as is the 
case with the preceding formula. In such a case, the Einstein convention (or repeated 
index convention) is applicable for omitting the summation sign without affecting the 
meaning of the expression, which significantly alleviates the notations. Thus, (A.2) may 
be rearranged as 


X= Xje@j (A.4) 


An index appearing twice in a monomial should then be considered as dummy, and 
covering the whole range of values from 1 to n. 

Adopting now another orthonormal basis B = {8 I the matrix M is defined, the 
ij—th coefficient of which is the j—th component of é; in B, hence, with (A.3): 
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I This field, as well as all the tensors, may 
possibly depend on time. In order to allevi- 
ate the notations, we will systematically omit 
that dependence in this appendix. The depen- 
dence on space coordinates will sometimes 
be dropped as well. 


Vi,j Mij = & -e; as 


Vi, é; = Me; 


Taking (A.1) and (A.5) into account, the following relation may be written (with a 
summation sign over both indices k and /, being each repeated twice): 


é;-@; = Mi Mylex - 
= Mix Mj1dki (A.6) 
= MixM jx 


The equality (A.1), of course, still holds true for the vectors {@ }, which ultimately 
yields 


MixM jx = 9i; (A.7) 


That equality shows that the matrix M is the transpose of its inverse (i.e. it is 
orthogonal). 


M= (m7) (A.8) 


Applying equation (A.3) to the basis B, we may now write the components {x;} of x 
in B as: 


Vi, x; =X-@; 
= Xje;- é; (A.9) 
= Mipx; 
This relation is also written, in a vector form: 
x = Mx (A.10) 


M is referred to as a transformation matrix from B towards B. Equation (A.8) yields 
the reciprocal relation: 


Vi, p= M jix; 
(A.11) 
x—M’s 


The formalism we have just described makes it possible to introduce the notion of 
tensor. By definition, a zeroth order tensor is a scalar field, that is a scalar function A 
which depends on the space coordinates: ! 


A= A(x) (A.12) 
A first-order tensor is defined as a vector field, that is generalizing (A.2): 
A= A(x) 


= VA we 
i=l 


(A.13) 


In order to distinguish the higher than zeroth-order tensors, we write them in bold, 
according to an international convention. With the Einstein convention, and omitting 
the spatial dependence, we also may write 


A= Aye; (A.14) 


This relation, however, is not sufficient to define a first-order tensor from a set of 
scalar quantities {A;}. To that purpose, the tensor components must be transformed, 
upon the transition from the basis B to the basis B, through a law analogous to (A.10) 
(or (A.9)): 


A-MA 
(A.15) 


A second-order tensor is defined as a matrix field, that is by the data of n x n scalar 
fields {Ajj i 


n 
A= )> Ajj (xe; @e; 
i,j=l (A.16) 


= Ajijei @ ej 


The symbol ® denotes the tensor product. The expression e; ® e; should be under- 
stood as the intersection of the i—th row and the j—th column of a matrix. For actually 
constituting a tensor, the quantities {A ij } should additionally be transformed according 
to the following law through a change of basis: 


Vi, j, Aij = MieM ji Au (A.17) 
(with summation signs over k and /). Each of the subscripts of Ajj; should then be 


subject to a transformation analogous to (A.15). This relation may also be arranged in 
the following matrix form: 


A —MAM! (A.18) 


A simple example of a second-order (constant) tensor is provided by the identity 
tensor: 


In = 8;j¢; @ ej (A.19) 


Since it is invariant under a change of basis, it logically obeys the transformation 
(A.17), as evidenced by the calculation (A.6). 
As with a standard matrix, the transpose of a second-order tensor can be defined by 


AT = Ajje; Qe; (A.20) 
Its symmetric part is given by 


AS = ; (A+a7) (A.21) 
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whereas its trace is defined by 
trA = Aj; (A.22) 


Lastly, its deviator is defined as follows: 
D . I 
AY’ =A-—-(trA)In (A.23) 
n 


The above discussion may be generalized to define tensors of arbitrary orders. 
Thus, the notation e; ® e; is generalized by introducing the tensor product of k basis 
vectors: 


Cj, @- + Ve, (A.24) 
A k-ordered tensor is then defined by the data of k scalar fields {Aini, wif i 
A= Aijiy ... i,@i, @ Cin O° @ Ci (A.25) 
which should be transformed, upon a change of basis, according to the law 


..M, 


Vit, .--stk,  Aiziz..cig = Mi, j,)M ik jk 


inja- A ji jn. it (A.26) 
with summations over all the dummy subscripts j1,... , jx, which generalizes (A.17). It 
should therefore be pointed out that the data of arbitrary coefficients of any kind usually 
does not suffice for defining a tensor. The above condition is rather binding, indeed. 

The tensors of given orders make up a vector space, which means that they can 
be added and multiplied by arbitrary constants. They can be subject to many other 
operations, in particular the contraction of subscripts. Contracting a k-ordered tensor 
over its n—th and p—th subscripts i, and ip amounts to putting ip = in. The latter is 
then repeated twice, which assumes an implicit sum over iy: 

Me At as vedp-tinip 41 ig@iy @-+ 
(A.27) 

® ej,_4 ® Cina on) Ci 5-1 ® Cin 41 +++ @ ei, 


This newly defined tensor A’ now only comprises k —2 independent sub- 
scripts, which makes it a (k — 2)-ordered tensor, with coefficients Ai, 
ip-tipg te = Aly .cin pining --ip—tinip4i - 
and ei, have been deleted from the vector product, as can be seen. A’ is then actually a 
tensor, as can be seen by contracting the subscripts iy and ip in the formula (A.26): 


ave in—1in41 ae 
..ig: This is the reason why the vectors e;, 


Ai ee tn—1nin4 st p—intpt wed 
= Mit es as 
1J1 In—1Jn-1° In Jn tnt Jn+1 
(A.28) 
My) jp—1 Min jp Minstips —= 
Mig je ja int inns -- jp-1ipjp+r -~ dt 





In Jn 
Sj, ip: The above formulation then yields 


The product Mj, ;, Mi, jp appears in that formulation; according to (A.7), its value is 


Al 
iy ining stp—1ip+1 wd 


Ss ho Wer oe Negi buts 
1/1 In—1Jn—-1°" 'n+1Jn+1 
(A.29) 
Min sip aMipsripsi oN 
/ 
Mix jx Aj, ve Jn-1Jn4+1 + Jp-l pti we Jk 


which is exactly the condition (A.26) applied to A’. As many pairs of subscripts as 
desired can obviously be contracted by deleting as many pairs of vectors from the basis. 
If p pairs of subscripts of a k-ordered tensor are contracted, the resulting tensor is of 
the k — 2p order. The simple contraction of a second-order tensor can be performed in 
only one way and yields its trace (A.22) (zeroth-order tensor). 

The tensor product (or external product) of two tensors of respective orders k and m 
is defined by a simple product of their coefficients: 


A@B= (Ai; .. ip&iy @ ++ @ ei, ) 
@(Bjy.... in@j: @°-* @Cjn) (A.30) 
= Aj, i, Bi, ... jm@i; @ ++ Oly Dlj, @+ + VE;, 


-Jm 


This definition generalizes (A.24) and provides a (k + m)-ordered tensor. It will 
easily be demonstrated that it is actually a tensor, which means that the property 
(A.26) is satisfied. Thus, the tensor product of two vectors is the second-order tensor as 
defined by 


A @B = (Aje;) @ (Bje;) 


(A.31) 
ranger Ge 
In such a case, the relevant transformation law is trivially verified: 
Aj Bj = (Mix Ax) (Mj B)) 
(A.32) 


= MxM jj Ax Bi 


The internal product (or simply product) of two k- and m-ordered tensors, respec- 

tively, is given by 
A-B= (Ai, ww i¢-1ipei; @ 7 @Ci,_, @ ei, ) 
(Bir jn. im@i @ &jp B +++ BLjn) (A.33) 
= Ain... ig-1ig Big jn... im€iy @ +++ O Cip_1 @ Cj @ +++ Bj, 

Thus, as with the external product, the coefficients have been multiplied, and the 

product was subsequently contracted over the last subscript of A and the first subscript 

of B. As a combination of operations resulting in tensors, the internal product similarly 


yields a (k + m — 2)-ordered tensor. Thus, the internal product of two first-order tensors 
is their ordinary scalar product of two vectors: 


A-B= AjB; (A.34) 
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It can readily be understood, through the above elements, that it may also be writ- 
ten as 


A-B=tr(A@B) (A.35) 
The norm |A| of a first-order tensor is yielded by 


|A|? = A;A; 
-A-A (A.36) 
tr(A @ A) 


The internal product of a second-order tensor A and a first-order tensor B is the usual 
matrix-vector product: 


A-B= Ajj Bye; 
(A.37) 
= AB 


(as indicated in the above formulation, the dot is sometimes omitted). Let us check, in 
this case, that it is actually a tensor: 


Vi, Ajj Bj = MjxMj1M jmAui Bm 
= MixdtmAn Bn (A.38) 
= Mix Ag Bi 


(the property (A.7) was used). 
The internal product is usually not commutative. Thus, the B - A product is written as 


B-A — Bj Ajjej 
(A.39) 
=BTA 


Thus, once again, this is a matrix-vector product, the vector appearing to the left of 
the matrix. We may note that the dummy subscripts i and 7 can be permutated in the 
above formulation, which yields, through (A.37): 


B-A=Aj;Bje; 
(A.40) 
= AB 


Let us provide a last example of an internal product, namely the product of two 
second-order tensors: 


A+B = Aj Buje @ €; 
(A.41) 
= AB 


Naturally, it consists of the ordinary product of two matrices, which is why the dot 
is omitted. 

The external product may be repeated as many times as desired, for example, for 
second-, first- and first-order tersors A, B and C, respectively: 


(A -B)-C = Ajj Bj Cj 
Brat (A.42) 


Lastly, the following are two examples of a combination of the external product and 
the tensor product, first for a matrix A and a vector B: 


A (B@B) = Aj By B je; @ €; 
(A.43) 
= (AB) @B 


then for two vectors: 


(B® B)A = BB; Aje; 
(A.44) 
=(A-B)B 


Let us turn now to the double product of two tensors. It is constructed like the product 
we have just defined, but contracting two pairs of subscripts, that is the last in A with 
the first in B, then the penultimate in A with the second in B: 


A: B= (Ai, wip—2ip-rig®iy @ ++ @ Ciz_, @ Ci,_, @ ei, ) 
: (Bj pris... im@j Be ®B&js ®--- Bj) (A.45) 
= Ain... in—rin—-rit Bigig-1 js im®i @ &in @ °° 
@ Cin_o @ ej; @ - @ Cin 


For the same reasons as previously, this always results in a (k +m — 4)-ordered 
tensor. For instance, the double product of two second-order tensors is written as 


A:B = Ajj Bji 
a (A.46) 
= tr (AB) 
In particular, we get 
trA=A:I, (A.47) 


Some formulations can often be rearranged by means of that notation. For instance, 
for a matrix B and two vectors A and C, we get 


A-(B-C) = ABC; as 
=B:(AQC) , 


The notion of contracted product may be generalized, of course. By contracting over 
three pairs of subscripts, for instance, we may write 


(Ajjxe; ® €j @ ex) : (Bijie; Be; @ ex @ er) = Ajje Brier (A.49) 


(with a sum over all four subscripts, according to the standard practice). A product 
of two, respectively k- and m-ordered tensors, which is contracted p times, is a 
(k +m — 2p)-ordered tensor. 


Appendix A: Tensorial formalism 555 


556 Appendix A: Tensorial formalism 


Since the tensors are in the form of fields, that is of spatially variable quantities, 
they can be subject to derivations. Thus, a gradient operator is defined by the following 
relation: 


grad A = grad (Aj, ...;,€1, ®--- ® ei) 


7 dAj, sed (A.50) 
= a Ci OO, BA, 
OXI 


It apparently transforms a k-ordered tensor into a (k + 1)-ordered tensor. In order to 
show that grad A actually is a tensor, we may note that the relation (A.11) yields 


. OX; 
Vids gg (A.51) 

al 
Thus, the partial derivatives of the components of a tensor can be written in a 
rearranged form in the new basis by applying the chain derivation rule, the subscript 


Jx+1 being dummy in the following formulation: 


aAi, wel aA, edie OX jy 








ax; Ox; OX; 
igs Jk+1 Tk+] (A.52) 


DA jy jn. ik 


= Mi, ;,M Mi, j,M. 


iy fina Mik jk ik kL , 
OX jst 

(we have utilized (A.26) and (A.51)). The above discussion shows that the components 
in grad A are duly transformed according to the tensor rules. Let us provide several 
examples. The gradient of a zeroth-order tensor is a first-order tensor, corresponding to 


the usual gradient of a scalar: 
. OA 
grad A = —e; (A.53) 
OX; 


The partial derivative of a quantity A with respect to a vector B can be defined by 
the following relation: 


dA . OA 
—_— =e, (A.54) 
0B OB; 
The gradient (A.53) is then written otherwise: 
dA 
grad A = — (A.55) 


ox 


The gradient of a first-order tensor is a second-order gradient, that is the gradient of 
a vector field is a matrix field: 


0A; 
grad A = grad (Aje;) = a, ei @e; (A.56) 
j 


The above discussion reflects the fact that the gradient operator increases the order 
of a tensor by one unit. As regards the divergence operator, it reduces the order by the 
same extent: 


div A = div (Ai, iptiy O00 @ ei, ) 


dAj, Jack (A.57) 
= ax, ® eee @ Cj, _) 


It can easily be shown that the result is actually a tensor. To that purpose, the simplest 
way consists of observing the following property, which results from the definitions 
(A.45), (A.50) and (A.57): 


div A = (grad A) : I, (A.58) 


In the case of a zeroth-order tensor, the relation (A.47) may also be used to write 
(A.58) in another form: 


div A = tr(grad A) (A.59) 


For instance, let us provide the divergence of a first-order tensor: 





0Aj 
divA = div (Aje;) = — (A.60) 
OX; 
Then, for a second-order tensor: 
: : dAjj 
div A = div (A;je; @e;) = ag (A.61) 
A] 
A nabla operator, being denoted as V, is sometimes defined by 
. 0 
V=—e (A.62) 
Ox; 


The above definitions can then be used to write the gradient and divergence operators 
in a formal way, by means of the external and internal products: 


grad A=V@A 
(A.63) 
divA=V-A 


The usual derivation rules are suitable for establishing various equations involving 
the differential operators and the various products which we have presented. For exam- 
ple, for a scalar A, we get, through the definition (A.19): 


. 0A5;; 
div (AI,) = ——— 


ej 


= —e (A.64) 


ll 
ge 
iS 
2 
a 
> 
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For a vector B, we may write 


JAB; 
Ox; 

= 9A 2 a go 
OX; : Ox; 


= (grad A) - B+ AdivB 


div (AB) = 





and 





grad (AB) 


= (grad A) @B+ Agrad B 


We also get, if B is a matrix: 


dABij 
Ox; 
0A OB; 
= =—Bijei + Aa ej 
Ox j Ox j 
= B(grad A) + AdivB 


div (AB) 





ej 


Besides, if A is a matrix and B a vector: 








dAj, By 
div (AB) = —!k°* 
OX; 
OAK OBy 
= B Aj 
OX; kt Aik OX; 


i [aiv (A’)|B+A : grad B 


Lastly, for two vectors A and B: 





. 0A; Bj; 
div (A ® B) = : 
Ox j 
Aj 0B; 
= et Bj + Aj oa 
OX j : Ox; 


The above operators can be combined. For instance: 


2 
Ai, so 


grad grad A = 


Xing OXinge 


(grad A) B + (divB) A 


k 
Cj, @ ++ Beis, 


(A.65) 


(A.66) 


(A.67) 


(A.68) 


(A.69) 


(A.70) 


Combining the divergence and gradient olperators, we get the Laplacian of a tensor: 


V7A = div (grad A) 
92A (A.71) 


iy .s.tk 
= Fag dat On OMe 
Ning OX iggy 


Thus, this is a tensor of the same order as A. The partial derivative commutation rules 
immediately induce the commutation of the Laplacian with the gradient and divergence 
operators. In the case of a zeroth-order tensor, equation (A.59) yields as well 


V’A = tr(grad grad A) (A.72) 


To complete this appendix, we must mention Gauss’ theorem,” which is frequently 
used throughout this book. Within a n-dimensional space, a (n — 1)-dimensional, 
closed and differentiable variety 0Q is adopted. Thus, for n = 2, it is a regular closed 
curve; for n = 3, it is a surface having the same properties. In addition, dQ is assumed 
to be orientable, and the field of unit vectors normal to dQ and directed towards the 
outside of it is denoted as n. The part of the space included in 0Q is denoted as Q2. This 
theorem (which we will not demonstrate) then states that, for any tensor A: 


[aivaaa=f A-ndr (A.73) 
Q dQ 


One of the advantages of the tensor theory is that this result remains valid irrespective 
of the order of tensor A. The most popular version of this theorem can be found again 
when that order equals 1 (fields of vectors). If the field A is written as A = AI, then 
the property (A.64) makes it possible to derive therefrom 


[ grad AdQ = § And? (A.74) 
Q dQ 
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2 As stated by Arnold (1989), this theorem 
could be named Newton—Leibnitz—Gauss— 
Green—Ostrogradski-Stokes—Poincaré theo- 
rem. However, we will only refer to Gauss. 














! The Fourier transform can be defined in sev- 
eral ways, depending on whether a factor 27 
appears or not in the complex exponential. If 
so, w still physically has the dimension of the 
inverse of a time, but represents a frequency 
rather than an angular frequency. Several val- 
ues of the dimensionless coefficient—here 
being equal to one—placed before the inte- 
gral are distinguished as well. By setting it 
equal to 1/./2z, we get a formalism which 
is slightly smarter than here. 


Fourier transform 


The goal of this appendix is to describe the main rules governing the calculation of 
the Fourier transforms. Studying the heat equation, J. Fourier provided the conceptual 
basis for this essential tool in physics, with the success we all know, by 1810. As in 
Appendix A, we do not intend to thoroughly demonstrate it, and certainly do not intend 
to lay the rigorous mathematical foundations of that theory. For further details, one may 
advantageously refer to Bracewell (2000). 

In the first place, we consider a function f (t) being defined over all the reals, 
having complex (possibly real) values, and integrable. In particular, f is assumed to be 
continuous and tending fowards 0 when t — oo. Its Fourier transform fis defined by 


a +00 . 
f (@) = / f@e md (B.1) 


—CO 


That integral does exist, in the light of the hypotheses. If the variable t denotes the 
time, w then has the dimension of an angular frequency, ! and is considered as the 
conjugate variable of t. Likewise, the position in space and the wave vector may be 
associated, which is what we will do later on in an arbitrary dimension. Regardless of 
the variable being considered, its conjugate variable lies in the so-called Fourier space. 

The properties of the Fourier transform are so numerous that fully reviewing them 
would be endless; we will therefore simply consider the most important ones. Let us 
initially observe the following relation: 


= +00 
Fo= | fat (B.2) 
CO 


The Fourier transform defines a continuous linear operator. For every constant a, the 
transform of the function t —> f (ar) is yielded by the following calculation: 


eee +00 3 
Fae / F (ate at 


+ ‘yt! 
/ = f (0) exp (-“) dt! (B.3) 
a 


One can easily calculate f (-a): 


~ +00 
f (—@) = / fw dt (B.4) 


CO 


Taking the conjugate complex (denoted through a star *) of the resulting expression, 
we get 


Pa +00 * 
f(-@) = | f*() ela] (B.5) 


—CO 
Hence, if the function f has real values (i.e. f = f*), we get 
f (a) = f* @) (B.6) 


that is its transform is even. Returning to the general case of a function with complex 
values, a mere change of variable is enough to write the transform of the complex 
conjugate function f*: 


a + . 
Pee [ rweima 


CO 


66 * 
_ i Fa) erat] (B7) 
—oo 


= if f(t) ear 


If the function f presents a parity property, we get 





f* (o) =+f* () (B.8) 


The sign + occurs for an even function, whereas the sign — is applicable to the 
odd functions. In particular, a real even function exhibits a Fourier transform verifying 
f= f*, that is a real-valued function. On the other hand, a real odd function has a 
purely imaginary transform. 

The convolution of two functions f and g is now defined by the following relation: 


+00 
feo = / f(')g(t-t')dt' =(g* f\@ (B.9) 


—oo 


(the symmetry is ensured by the change of variable t’” = t — t’). The transform of the 
convolution of two functions is then written as 


een +00 p+oo : 
(f * g) (a) / / f (t’) g (t i 1') eit dt dt 





oo —oo 
+00 +00 é 
=| f(t’) / g(t—) car dt’ (B.10) 
—oo —oo 
+00 
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The Fourier transform has a fairly simple relationship with the notion of derivative. 
Thus, a mere integration by parts provides the following result: 


af TO OF 
ey = i; OF ie gt 
ot —oo OF 
(B.11) 
_ jor]? | 3 t= lot 
=f (He +io f@e dt 
oo = 
With the boundary conditions prescribed on f at infinity, that yields as well 
af x 
os (@) =iwf (@) (B.12) 


A transform of an arbitrary k-ordered derivative can easily be derived from it through 
a mathematical induction: 


ak f 


ae = (ia)* f (w) (B.13) 


The transform derivative is achieved by deriving the definition (B.1): 


os _ | 
om -i f fate "dt 
dw —00 (B.14) 


= iF Oi 


We now will calculate the transform of the following Gaussian function: 


2 
o (t) = exp (-5) (B.15) 


To that purpose, let us initially observe that @ satisfies the following ordinary 
differential equation: 


¢'+t¢=0 (B.16) 


Let us now consider the derivative of b. The equations (B.14), (B.16) and (B.12) 
successively yield 


et (B.17) 


which also yields ¢’ + wh = 0. Thus, 6 obeys the same differential equation (B.16) 
as @ by substituting w for the variable t. Since it is a first-order homogeneous linear 
equation, its solutions as a whole make up a vector space of dimension 1. It can be 
inferred therefrom that é is proportional to ¢, their ratio being given by the respective 
values of the two functions in zero, for instance. Now, with (B.2), we get: 


s +00 
¢ (0) =) ¢(t)dt = V2n (B.18) 
—oo 
Lastly, we have 
¢ (w) = V27¢ (@) (B.19) 


More generally, the relation (B.3) gives the transform of an arbitrary Gaussian: 


ees Par 
= o(=) 


$ (at) (@) = (B.20) 


a 
Due to this significant result, the inverse operator of the Fourier transform can be 
determined. To that purpose, let us consider the following quantity, which is defined for 


every non-zero €: 
1 pres ; (ew)? 
— Ff (@) exp | iat — dw 
20 J 66 2 


1 +00 +00 
f(t) / exp [iw (t — t’)]¢ (ew) dwdt! 


20 J—oo —0o 





Se (1) 


(B.21) 


In the second line of that definition, we can mentally invert the dummy variables 
t —t’ and a, the time temporarily playing the role of a frequency, and conversely. The 
integral in dw is then formally the Fourier transform of the function ¢ (€@), taken at 
the point ¢ — rt’. Taking (B.20) into account, that yields 


+00 pen, 
/ exp [iw (t — ’)] ob (€w) dw = ¢ (€o) (t — t’) 











—0o 
__ (B.22) 
2 V2R t=t 
~  € € 
A mere change of variable in (B.21) is then sufficient to write 
1 +00 t!—t 
f= f £6) 6( ) av 
/2re —oo € 
(B.23) 
1 ee MN Mu " 
Equating (B.21) and (B.23), then making € tend towards 0, we get 
1 ft@en, . 4 
lim fe (t) = =| foe da 
«>0 QTE fae 
I a 1" 1" 
= aa (t) cs $ (t") dt (B.24) 


= f(t) 


(we have ultimately used (B.18)). We have just shown that the Fourier transform is 
invertible and that its inverse is analogous to the initial definition (B.1), the sign in the 
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2 According to the preceding margin note, 
introducing a factor 1/./2z into the defini- 
tion (B.1) would make it possible to get uni- 
form arrangements of the transform and its 
inverse. 


complex exponential being changed and a normalizing coefficient appearing before the 
integral:2 


1 TOO. . 
f@O=— / f @e'do (B.25) 
20 


—oo 


This result may also be written as 


1a 
fM= oa) (—1) (B.26) 
IT 


The inverse relation of (B.10) can then easily be shown, which means that the product 
transform is the convolution of the transforms. 
Applying the inverse Fourier transform to the relation (B.12), the derivative of a 
function can then be related to its transform: 
of 1 


+OO i 
= — rere B.27 
ae = oe [. imf (w)e (B.27) 


We are going to discuss a further major result which is known as the Poisson sum- 
mation formula. To that purpose, let us initially consider a function having a period T. 
We try to decompose it into a Fourier series, that is write it as 


PO=) ae" (B.28) 
keZ 


where each {a;} is a coefficient to be sought, whereas a conjugate frequency of T has 
been defined: 


2 
“ps > (B.29) 


The analytical expression of each ax is found by multiplying (B.28) by ghort 
then by integrating over an interval whose width is equal to the period. The order of 
integral and the discrete sum may be reversed according to the dominated convergence 
theorems: 


T : T 
[ FOE ae ya [ elk—mort ay (B.30) 
: keZ a 
The integral of a complex exponential over that interval is zero, unless k = m, which 
yields 


17 
am = 7 f F (the ("°T dt (B.31) 
T Jo 


Due to that result, (B.28) may be rearranged as 
1 - tk / 
FO=5 3 [ F (1) ekor—) ay! (B.32) 
pen 


For an integrable (not necessarily periodic) function f, let us now consider the 
function F as defined by 


FO = >) fe+m?r) (B.33) 


meZ 


The sum converges, in accordance with the initial hypotheses about f. F is obviously 
periodic with a period T. Applying the formula (B.32) to it, we get 


Yo f(t +mT) = 7 vfs (t/ + mT) etkor(—") ay! (B.34) 


meZ tte meZ 


In order to calculate the sum with respect to the relative integer m, we make a change 
of variable tr” = t/ + mT in each integral: 


vf sr (’ + mT) eikor (tt) gy! 


meZ 


=5. re f(t") eikor(t—t")g—2mrikm yl 


mez mt (B.35) 


ikort od W\ —ikwrt” 4 
=e f (t ) e dt 
—oo 





= Kor! F (kan) 


(we have lumped the integrals and utilized the relation e2mikm — 1), (B.34) is ulti- 
mately written as 


So f@+mT)= = a, kort F (kw) (B.36) 
meZ keZ 


For t = 0, that yields the Poisson formula: 


1 tas 
Vi ft) = 7) f kor) (B.37) 
meZ keZ 


The sum of the values of a function at the points in a regular network is then related 
to an analogous sum in the Fourier space. 

The above notion can fairly easily be extended to those functions as defined over R”. 
It can then be found that the variables (r, K) are more relevant than (t, w), referring to 
the notation r as used in physics for denoting the space variable, whereas K denotes a 
wave vector: 


f (K) = [ f me Kg", (B.38) 
R" 


Properties which are similar to that of the one-dimensional transform then appear. 
Thus, the equations (B.6) (for those functions having real values) and (B.12) respec- 
tively become 


f (-K) = f* (K) 


af (B.39) 
— =ikj)f(® 
OX j 
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On the basis of the second of these two formulas, more general derivation rules can 
be established. Hence: 


(grad f) (K) = iKf (K) (B.40) 
Likewise: 
(grad grad f) (K) = —K @ Kf (K) (B.41) 


(both gradient operator and tensor product being defined in Appendix A). Taking the 
trace of the above formula, we may invoke (A.36) and (A.72) and additionally write 


—_——_ 


(V2 f) (K) =—K?f (K) (B.42) 


A rule which is identical to (B.10) is involved as well in the expression of the 
transform of a spatial convolution, the integral concerning R”. 

It is easy to see that the transform of an isotropic (or radial) function, that is 
only depending on the norm r = |r| of r, has the same property, that is constitutes 
a function of K = |K|. One of the coordinate axes in the formula (B.38) may, indeed, 
be arbritrarily aligned with the wave vector K, without affecting the value of f (r) nor 
the integration volume element d”r. Hence, in this case: 


f@M=f = Ir) 


s S. (B.43) 
f(K) = f (K = |K)) 


It should be pointed out that the above notation is deceptive, f(K ) meaning that the 
transform f(K ) of f (considered as a function of r) is a function of K only. For all 
that, F(K ) is not the one-dimensional Fourier transform of f as seen as a function of 
r. However, f(K ) can be related to f (r). In the two-dimensional case, for instance, 
the calculations are quite simple by integrating on the polar angle 0, then over r: 


ae +00 2x SC, 
F® = [ f(r) ( [ e (Kr ~40) rdr (B.44) 
0 0 


The function written between brackets is the zeroth-order Bessel function of the first 
kind, being denoted as Jo. Hence, we get 


a Fo° 
f(K)= an f rf (r) Jo (Kr) dr (B.45) 
0 


It is no surprise that a Bessel function appears in the solution of a problem with 
respect to a radial function. This result may be generalized to the case of an arbitrary 
dimension n (Buhmann, 2003): 


as TOO 
[Sst ne [ rl? € (r) Jnja—1 (Kr) dr (B.46) 
0 
the Bessel functions of the first kind being defined by 


1 7 _, wd 
Im (x) = =| p evil mame) ig (B.47) 
AE 


The formula (B.46) is similar to the one-dimensional Fourier transform (B.1), the 
Bessel functions being substituted for the complex exponential. This is what is known 
as the Hankel transform (see e.g. Gaskill, 1978). 

The multidimensional transform of a Gaussian is a Gaussian too. This is because one 
may define, for every constant vector a having components {aj \: 


n n 


1 
ba) =O ¥> (ajxj)” | = exp] —5 9 (ajxj)” (B.48) 
j=! j= 
Hence we get, according to the definition (B.15), 
-iKx “[(ajxj) 
da (r) e = exp -)> a 
ay 
; (B.49) 
n . 
= []¢ (ajxj) es 
j=l 
Integrating over R”, we find 
da) (K) =] i Mane ay, 
j=l 
Ne ot 
= []¢ (jx)) (Ks) (B.50) 
j=l 


= (2ny"/2 I] =) (=) 
J 


a 
j=l . 


In the specific case of a radial Gaussian, that is for a vector a whose components are 
equal to a constant a, that yields 


os 5 n K 
p (ar) (K) = (=) p (=) 


a 


(B.51) 


to be compared with the one-dimensional case (B.20). The transform is then radial, in 
accordance with (B.43). 

The calculation (B.21)-(B.24) can easily be generalized from equation (B.51). The 
multidimensional inverse Fourier transform then generalizes (B.25) as 


1 ee ae 
f@= ox |. f Ky e*¥a"k (B.52) 
This relation is also suitable for generalizing (B.27): 
a 1 oot iK- 
7 =G.5 hs iK; f (K)e*"a"k (B.53) 


Furthermore, the Poisson summation formula (B.37) is suitable for a generalization 
within the multidimensional context. To that purpose, a multidimensional Cartesian 
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3This is not a function in the usual sense of 
the term. 


network with a spatial step R is considered. A demonstration similar to that we have 
made in dimension | then leads to 


1 - 
> Ff (mR, ....mnR) = ae So Fi KR, «kn Kp) (B.54) 
{m;}EZ" {kj}eZ" 
with 
me (B.55) 
Ree R = 


We will ultimately establish the analytical expressions of the transforms of some 
usual functions. To that purpose, we consider a dimension n = 1, once again adopting 
the formalism (f, @). Let us initially define the Dirac distribution? 5, such as 


Vf, fxd=f (B.56) 

That definition shows that 6 is even. It equals zero except at the origin, a point at 

which it is in principle infinite. The relation (B.10) can be used for immediately deriving 
its transform: 


8(o) =1 (B.57) 


If the function 1 (@) is defined as contant and equalling 1, we derive, by means of 
(B.26) and the even nature of 6: 


TW =3@) (B.58) 
= 275-(f) 
This identity is also written as 
+oo 
/ e dw = 215 (t) (B.59) 
—0o 


The above relation remains valid if the variables t and w are interchanged. We can 
derive therefrom the transform of a complex exponential function of frequency wg: 


— +00 
ei@0t (wm) = y ei (0-O)t Gp 
—0oo (B.60) 


= 276 (w — w0) 


For wo = 0, we find (B.58) again. This result is crucial in the physical interpretation 
of the Fourier transform. It can actually be observed that a function oscillating at the 
frequency wg has a transform exhibiting a peak for that value of the frequency. Through 
linearity, it can easily be inferred therefrom that the Fourier transform of an arbitrary 
function highlights its oscillating nature by pointing out the characteristic frequencies. 

Furthermore, the gate function having a width fg as defined by 


3 f 
Fy(Q=— if I< > 
10 (B.61) 


=0 if not 


may advantageously be considered. Its transform is easily calculated: 


~ 1 (2? 45 
Fy) (@) = — edt 
0 J—1o/2 
es ee i 
= -e="| (B.62) 
to l@ —to/2 
2. oly 
= — sin — 
ato 2 


It is a sine cardinal (or sinc) function. More generally, the M-ordered B-spline 
function (refer to Monaghan, 1985a, for example) is defined as an M-ordered piecewise 
even polynomial function, as defined over Rt by 


M+1 
. il k{({M+1 
fu = a CD ( ; ) 
k=0 (B.63) 
M 
x max (0; + + “F* —x) 
to 2 


The particular case M = 0 once again yields the function Fj, = fo. It is shown (refer 
to De Boor, 2001) that 


wtp \ Mt! 
(B.64) 


a De os 
fM (@) = (= Pa ge 


which generalizes (B.62). Conversely, if the sine cardinal function is defined by 
ed 
Gay (t) = — sin (wot) (B.65) 
wot 


(or else Gyy (t) = Fo, (wo)), then (B.26) yields its Fourier transform in the form of a 
gate function: 


Stn ae 
Gey (@) = if |a| <a (B.66) 


=) if not 
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Einstein, A. 3, 121,549 
Einstein (repeated index) convention 45, 135, 
549, 551 
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elastic collision 76 
energy: 
balances 149-52 
balances and discrete scalar 410-12 
cascade 241 
conservation 356, 381 
discrete Lagrange equations 380 
dissipation: 
o-XSPH model 462-3 
balances and fluxes 150 
balances and fluxes: Navier-Stokes equations 160 
similarity and orders of magnitude 171, 172 
chaos dynamics 213, 215-16, 218 
macroscopic 101-2, 119 
momentum, four-tensor 197, 205, 207-8 
production 212 
transfer and dissipation: mirror systems 119 
turbulent 538 
variational principles for fluids: incompressible flows 
205 
see also conservation of energy law; internal energy; 
kinetic energy; potential energy; total energy 
enthalpy 152 
entrainment and floating oil spill containment boom 532-3, 
534, 535-6, 538, 539 
entropy: 
discrete scalar and energy balances 411 
dissipation: kinetic coefficients 91-2, 96-7 
dissipation: particle friction 105, 106 
dissipative forces 98-100, 101 
dissipative Hamilton equations 111, 115 
growth principle 108 
large systems, statistical behaviour of 70-5 
specific 82, 110, 146 
thermodynamical quantities 75, 76, 82-3, 84-7 
equivalence principle 17, 21, 29, 43 
Euler equation: 
continuum kinematics 134 
discrete 345-9 
discrete continuity equation 341 
of motion 203 
stabilization by viscosity 405 
Euler, L. 132 
Euler-MacLaurin formula 326 
Eulerian approach: 
arbitrary Lagrangian—Eulerian (ALE) scheme 412, 434 
numerical integrators 360 
Eulerian calculation model 
CODE_SATURNE software 475-6 
Eulerian frame of reference in balances and fluxes 
144, 148 
explicit scheme 360-1, 366, 369-71, 372 
discrete Lagrange equations 377, 379-80 
numerical stability 382, 390 
stability of two-equation turbulent models 449 
stabilization by viscosity 408 
external forces: 
balances and fluxes 146-7, 150 
Boltzmann: balances and fluxes 185 
composite systems 49-51, 54, 56 


588 Index 


external forces (cont.) 
dissipation: thermodynamical fluctuations 122, 
126, 128 
external potential 51 


filter: 
function 281-3 
non-averaged models 285-6 
filtered velocity 531 
finite difference method 502-3, 505-6, 518 
finite element technique and pool fish pass 530, 531 
finite volume technique 473 
CODE_SATURNE software 530-1 
lid-driven cavity flow 480 
motionless body in a channel 499-500 
periodic hill 475-7 
first-order closure see under turbulent flow 
first-order tensor 550-1, 553-4, 556-7 
fish pass see under SPH applied to hydraulic works 
floating oil spill containment boom see under SPH applied to 
hydraulic works 
floating-body technique 537 
fluctuating field 225 
fluctuation-dissipation theorem 128, 131, 299-300 
fluxes 471 
see also balances and fluxes 
Fokker—Planck equation 124, 128, 188, 219 
forces: 
conservative 122 
dissipative 97-102 
drag 171 
generalized 22, 57 
internal 49-51, 54, 126, 128 
Lennard-Jones 431, 471, 487, 496-7 
stochastic 124, 125, 128, 131 
viscous 222, 461, 470 
see also dissipative forces; external forces; friction forces 
four-vectorial conservation law 197 
Fourier, J. 221, 560 
Fourier series 564 
Fourier space 243, 560, 565 
Fourier transform 583-9 
o-XSPH model 456 
chaos dynamics 221-3 
discrete large eddy simulation (LES) 453 
Fourier series 564 
Hankel transform 567 
inverse 564 
kernel and continuous interpolation 318-20 
non-averaged models 281, 285, 291 
numerical stability 384, 387, 390 
particles and discrete interpolation 324-6 
Poisson summation formula 564—5, 567 
frame of reference: 
Eulerian 144, 148 
Lagrangian 144, 148, 152 
see also Galilean; inertial 
free slip condition 163, 175 
friction 100, 102-7, 124,515 
coefficient, variable 212-13 


forces 403 
dissipation 99-103, 118-19, 120, 128, 131 
macroscopic 105 
molecular 186 
particle 102-7 
Froude number (Fr) 165, 172, 264, 517, 527, 542 
floating oil spill containment boom 534, 
535-6, 538 
fully explicit scheme 361, 372, 408 
fully implicit scheme 361, 366, 369-72, 392 


Galilean frame of reference 5 
balances and fluxes 163, 170 
composite systems 41-2 
conservation laws 34, 36 
least action principle 7, 9 
mechanics of a system of particles 14-15, 18, 19 
thermodynamical quantities 76 
Galilean invariance 6, 17-18, 81, 158, 349 
balances and fluxes 164 
dissipation 102 
mechanics of a system of particles 21 
Galilean transformation 5, 88, 185, 266, 404 
Galileo’s relativity principle 5 
gate function 281, 453, 568-9 
Gauss theorem: 
balances and fluxes 144, 147, 150, 176, 185 
continuum kinematics 141 
discrete Euler equation 347 
kernel and continuous interpolation 307, 309-10 
solid wall modelling 433 
statistical behaviour of large systems 72 
tensorial formalism 559 
thermodynamical quantities 89 
variational principles for fluids 200, 204 
Gaussian function 298, 305, 313, 562-3, 567 
Gaussian kernel 317-19 
o-XSPH model 456, 465 
discrete incompressible scheme 419 
numerical stability 387, 389, 391-2 
particles and discrete interpolation 326-7 
stabilization by viscosity 406-8 
generalized coordinates: Lagrangian (Lagrange function) of a 
system 6-8 
generalized forces 22, 57 
generalized Langevin model 298, 466-8 
gradient operators 336-7, 340, 536 
graphics cards (Graphic Processor Units (GPUs)) 512, 547 
gravity: 
balances and fluxes: similarity and orders of magnitude 165-6, 167, 
168, 172 
drag-to-gravity ratio 508 
mechanics of a system of particles 18, 19-20 
grid methods 405, 472, 511 
see also Cartesian grid 


Hamilton equations: 
chaos dynamics 218, 219 
composite systems 51 
conservation laws 27-33 


discrete conservation laws 358 
dissipation: kinetic coefficients 91 
dissipative 108-16 
dissipative forces 97, 100 
numerical integrators 362, 364-6 
statistical behaviour of large systems 61, 63, 64-6 
variational principles for fluids: incompressible flows 
205-6 
Hamilton, W.R. 3, 549 
Hamiltonian: 
balances and fluxes: similarity and orders of magnitude 
172 
composite systems 47, 53, 57-9 
conservation laws 25, 38 
discrete 375 
discrete Lagrange equations 375, 381 
dissipative Hamilton equations 110 
and energy 23-7 
SPH through Lagrange 349-50 
symplectic integrators 367-8, 370 
thermodynamic equations 420 
variational principles for fluids 206, 208-9 
Hamiltonian mechanics 61, 824 
heat and work 82-7 
Helmholtz operator 288, 290, 292 
Helmholtz—Hodge decomposition 176 
homogeneous turbulence 225, 241, 242 
hydraulic works see SPH applied to hydraulic works 


identity operator 329 
identity tensor 197, 551 
impermeability condition 163, 204 
implicit scheme 369, 372, 377, 382 
incompressibility: 
criterion in balances and fluxes: similarity and orders of 
magnitude 168 
modulus 89 
and pressure 173-7 
incompressible fluid 157-9, 190, 201-7 
incompressible scheme: 
lid-driven cavity flow 479-81 
mobile body within an enclosure 502-3 
motionless body in a channel 499-500 
water column collapse 488, 493, 494, 495-6 
see also discrete incompressible scheme 
inertia 485 
balances and fluxes 165-6, 168 
continuum kinematics 135 
forces and chaos dynamics 222 
law and composite systems 50 
principal moments of 46 
principle 5, 16, 45 
tensor 41-9 
inertial frame of reference 4—6, 42 
Boltzmann: statistical averages 191 
composite systems 52 
thermodynamical quantities 81, 83, 90 
see also Galilean frame of reference 
inertial mass 16, 17 
inertial range 245, 248, 263 
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infinite open channel 254-60, 473, 481-4 
instability criterion, oil spill 532-6 
integral scale 244 
integration see temporal integration 
internal energy: 
balances and fluxes 150-1, 152, 158 
composite systems 51-7 
continuum kinematics 134 
discrete conservation laws 356-8 
discrete scalar and energy balances 411 
dissipation 104—5, 106, 127 
dissipative forces 102 
dissipative Hamilton equations 111 
thermodynamical quantities 75, 76, 80, 82-3, 85-7, 90 
variational principles for fluids 206 
viscous fluids 153 
internal forces 49-51, 54, 126, 128 
internal potential 17, 51 
internal product of k and m-ordered tensors 553 
interpolation: 
continuous 334-7, 339 
equation 388, 477 
see also discrete interpolation; Lagrangian interpolation 
invariance 36 
rotational 338 
see also Galilean invariance 
irreversible processes 207-9 
isotropy 269-70 
conservation laws 33 
dissipation 123, 130, 298 
thermodynamical quantities 79 
turbulence 235 


Jacobian matrix 65, 66-7, 137, 198, 369-70 
Jacobian tensor 134, 135, 138 
Jacobi’s identity 33, 367-8 


k-e model 251-2, 254, 260, 271 
discrete stochastic models 467-8 
infinite open channel 482-3 
non-averaged models 287 
non-linear 279, 528-9 
one- and two-equation discrete models 448 
stability of two-equation turbulent models 449-50 
k-Lm model 482-3 
k-ordered tensor 552-3, 555, 556 
kernel 303 
continuous interpolation 304-11 
numerical stability 384, 390 
second-order SPH operators 398 
solid wall modelling 435 
see also B-spline type kernel; Gaussian kernel; Wendland kernel 
kinematic equations 354, 437 
kinematic viscosity 155 
kinetic coefficients: 
balances and fluxes 160 
dissipation 102, 120 
dissipative forces 99-100 
dissipative systems 91-7 
see also kinetic matrices 
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kinetic energy: 
o-XSPH model 459-60, 462 
balances and fluxes 150, 152, 170, 172 
Boltzmann: statistical averages 183, 192 
composite systems 45, 46, 52-4 
conservation laws 24, 27, 37-8, 40 
continuum kinematics 134 
discrete conservation laws 357 
dissipation 105, 127, 130 
dissipative forces 99 
dissipative Hamilton equations 111 
equation 186-7, 250 
mechanics of a system of particles 19, 21-2 
thermodynamical quantities 75, 76, 77, 80, 81, 83, 85, 87 
see also turbulent kinetic energy 
kinetic matrices 95-6, 99, 100, 107, 108, 115, 402, 447-8, 457 
Kolmogorov, A.N. 242 
Kolmogorov analysis 242-9, 280, 522 
Kolmogorov cascade 241, 268, 283, 291 
Kolmogorov constant 246 
Kolmogorov scale 223, 263, 284, 294 
Kolmogorov spectrum 286, 290-1, 292 
Kronecker symbols 351-2, 423, 549 


Lagrange equations 10-13, 101 

o-XSPH model 459-61 

chaos dynamics 219 

composite systems 47, 50 

conservation laws 22, 23, 38 

discrete 375-81 

discrete conservation laws 356, 357 

dissipative 109 

mechanics of a system of particles 21 

temporal integration 359 

variational principles for fluids 196-7, 198, 208 
Lagrange, J.-L. 3 
Lagrange multiplier 44 

discrete incompressible scheme 420 

dissipation: particle friction 106 

solid wall modelling 435 

thermodynamical quantities 77 

variational principles for fluids 202-3, 204-5 
Lagrangian: 

o-XSPH model 455, 463 

composite systems 46, 52-3 

conservation laws 24, 27, 33-4, 35 

discrete 414 

discrete conservation laws 355 

dissipation: mirror systems 116-20 

of isolated particle 14-16 

least action principle 7, 8-9 

of particle system 16-20 

solid wall modelling 426 

and SPH method 349-55, 471-2, 476, 511 

variational principles for fluids 194, 195, 203-4, 205, 207, 209 
Lagrangian derivative: 

o-XSPH model 464 

balances and fluxes 151-2 

continuum kinematics 135, 143 

discrete Reynolds equations 440-1 


particles and discrete interpolation 320-1 
Lagrangian frame of reference in balances and fluxes 
144, 148, 152 
laminar flow: 
chaos dynamics 214 
infinite open channel 481, 482 
lid-driven cavity flow 478 
mobile body within an enclosure 501 
motionless body in a channel 497 
periodic hill 473-4 
Landau, L.D. 94, 153, 216 
Langevin model 129, 483-4 
generalized 298, 466-8 
simplified 299 
Laplace operator 167, 173, 176, 394-5 
Laplace, P.-S. 62 
Laplacian: 
balances and fluxes 179 
continuous 414 
discrete 457 
of a tensor 559 
large eddy simulation (LES) 280-7, 299 
o-XSPH model 461-3 
discrete 452-4 
filter 292 
infinite open channel 483 
simulation of pool fish pass 531 
water column collapse 488 
Launder, B.E. 251, 269-70 
least action principle 3-13 
balances and fluxes 178 
discrete conservation laws 355 
discrete Lagrange equations 375 
discrete surface tension 423, 425 
generalized coordinates: Lagrangian (Lagrange 
function) of a system 6-8 
inertial frames and relativity, principle of 4-6 
Lagrange equations 10-13 
mechanics of a system of particles 15-16 
SPH through Lagrange 349 
variational principles for fluids 193, 196, 203 
Lennard—Jones forces 429, 431, 487 
repulsive 471, 496-7 
Lennard-Jones potential 18, 49, 52, 76 
lid-driven cavity flow 477-81 
linear momentum 33-6, 41, 134, 381 
Liouville’s theorem 67, 74 
Boltzmann’s equation 63-70, 74 
dissipative 98, 218 
dissipative Hamilton equations 108, 111-12 
LRR-IP model 298, 300 
LRR-QI model 270-1, 298-9 
Lumley triangle 266-7 
Lyapunov exponents/Lyapunov time 219-20, 225, 248 


M-ordered B-spline function 569 

m-ordered tensors 553, 555 

Mach number (Ma) 165, 168, 173, 175, 348 

macroscopic configurations and dissipative Hamilton equations 
112 


macroscopic dissipation 103, 104—5 
macroscopic energy 101-2, 119 
macroscopic friction forces 105 
macroscopic homogeneity 72, 75 
macroscopic phase space 108-9, 114 
macroscopic probability 74, 87, 111 
macroscopic quantity and dissipative forces 81, 98-9 
macroscopic scale 63, 122 
macroscopic systems 70-1 
see also particle 
mass 16 
conservation laws 29 
continuum kinematics 141-3 
gravitational 17 
inertial 16, 17 
mechanics of a system of particles 17 
Maxwell—Boltzmann distribution 77, 84, 93, 98 
non-equilibrium 81 
Maxwell—Boltzmann probability density 83 
mean fields 224-6, 228-9 
mean free path 80 
mean velocity: 
dissipation 125-6 
one-point statistical models 224 
mesh 420, 426, 434 
mesoscopic particles 133-5, 182 
microscopic configurations 70-1, 112 
microscopic disorder and thermodynamical quantities 75 
microscopic motion 81, 115 
microscopic phenomena and dissipation 103, 116 
microscopic probability 74 
mirror particles 426, 428 
mirror systems 116-20, 209, 287, 458-9 
mixing length model 249-50, 257-8, 442-3, 446, 448 
discrete large eddy simulation (LES) 454 
first-order closure 250, 262 
large eddy simulation (LES) 286 
mobile rigid bodies 436-40, 471, 500-3 
molecular collision 67-8 
molecular diffusion coefficient 145 
molecular motion 128 
molecular viscosity 484, 533 
dynamical 154 
kinematic 155 
molecules 60-1 
thermodynamical quantities 75 
moment of force (or torque) 36 
momentum: 
balances and fluxes 152 
Boltzmann: statistical averages 182-3 
equation 232, 289, 353 
generalized 12 
tensor 195, 203 
thermodynamical quantities 75, 78-9 
vector of a particle 14 
see also angular momentum; conservation of momentum law; linear 
momentum 
Monaghan, J.J. 348, 391-2, 395, 396, 463 
monochromatic waves 513, 516, 517 
Morris, J.P. 384, 387, 392, 410 
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motion 105 
law 50, 105 
macroscopic 91, 115 
mean 294 
microscopic 81, 115 
molecular 128 
of rigid body 107 
see also motion equation 
motion equation 132 
o-XSPH model 459-60, 463, 464 
balances and fluxes 143, 149, 170, 173 
discrete Euler equation 345 
discrete Navier-Stokes equations 402, 404 
discrete Reynolds equations 441-2 
discrete stochastic models 468 
see also Cauchy equation; 
discrete equation of motion; 
Lagrange equations; 
Navier-Stokes equation of motion 
moving particle semi-implicit (MPS) method 303, 305 


nabla operator 557 

Navier, L.M.H. 132 

Navier-Stokes equations 132, 158-64, 211, 289 
balances and fluxes 164—5, 169, 172, 175 
Boltzmann: viscous stresses 188, 190 
chaos dynamics 214, 215, 218, 222 
discrete 400-5 

nearly incompressible scheme 211 

Newtonian viscous fluid 155, 158, 250 

Newton’s second law 20-2 

Newton’s third law 346, 349 
see also action-reaction law 

no-slip condition 162, 428 

Noether theorem 23, 378 

non-linearity 215 

numerical sound velocity 475, 478 

numerical stability 382-92, 474 
numerical waves 383, 386, 391-2 
Von Neumann stability analysis 382 
wavenumbers 389, 391 


one-equation model 225 
discrete 443-8 
one-point statistical models see under turbulent flow 
Onsager’s theorem 95-6, 100, 102-3, 125, 294, 402, 
447, 457 
open channel, infinite 254-60, 481-4, 511 
orders of magnitude 164-73 
out-of-equilibrium state 188-90 
overtopping 513-520 


parallelism 493, 547 

particle 60-1 
boundary 426 
and discrete interpolation 320-8 
dissipation 121-2 
finite volume method (PVFM) 303 
friction 102-7 
macroscopic 124 
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particle (cont.) 
mesoscopic 133-5, 182 
mirror 426, 428 
size 517, 520, 528, 536 
wall 426 
see also dummy particles; edge particles; system of particles 
pendulum 412-14 
chaos dynamics 219 
damped 102, 168, 212, 218 
dissipative 102, 112-14 
non-dissipative 114, 221 
conservation laws 37-41 
symplectic integrators 371 
Van der Pol 214, 220, 412-14 
perfect fluid model 157 
perfect (ideal) gas 67 
periodic hill 473-7 
periodicity 214, 217, 471-2, 498 
phase portrait 40-1, 212-13 
phase space: 
chaos dynamics 213-14 
conservation laws 29, 39-41 
dissipation 128 
dissipative Hamilton equations 114-15 
macroscopic 108-9, 112-13 
statistical behaviour of large systems 65-7, 71 
Planck’s constant 70 
Poincaré, J.H. 367 
Poincaré section 220-1 
Poincaré theorem 65, 213 
Poisson bracket 30-3, 367 
Poisson formula 323, 565 
Poisson operator 31 
Poisson summation formula 564, 567 
Poisson’s equation: 
discrete 413-14, 442 
for pressure 416-17 
Pope, S.B. 249, 274, 293, 298, 328 
potential energy: 
balances and fluxes 150, 172, 178 
composite systems 46, 47-8, 51-3, 54 
conservation laws 24, 33, 37, 40 
mechanics of a system of particles 19 
thermodynamical quantities 76, 83, 87 
Prandtl, L. 249 
Prandtl number, turbulent 238 
predictor-corrector scheme 413, 416 
pressure: 
artificial 392 
balances and fluxes 158, 161, 165-6, 168, 179 
composite systems 55-9 
discrete Euler equation 347-8 
discrete incompressible scheme 412-13, 415, 416-18 
dynamical 162 
hydrostatic 161-2 
and incompressibility 173-7 
-strain correlation tensor 268 
thermodynamical quantities 75, 78-80, 87-9, 90 
variational principles for fluids 204, 206 
viscous fluids: behaviour law 156-7 


probability 121 
macroscopic 74, 87, 111 
microscopic 74 
probability density: 
Boltzmann: statistical averages 182 
dissipative forces 98 
dissipative Hamilton equations 111-12 
large systems, statistical behaviour of 61-3 
macroscopic 87 
Maxwell—Boltzmann 83 
one-point statistical models 224 
statistical behaviour of large systems 64, 67 
thermodynamical quantities 75, 76-7, 79 
production-dissipation equilibrium 246, 260, 467 
pseudo-dissipation 241, 243 


realizability 267, 274 
regularized velocity 287-9, 291 
relativity principle 4-6, 9, 15, 18, 197 
renormalization 334—40, 354 
renormalized operator 336-7 
Reynolds averaging 224-6, 232, 254 
infinite open channel 483 
non-averaged models 280, 283, 284, 286, 293 
Reynolds equation 226-9, 232, 236, 295, 468 
advanced averaged models 271 
discrete 440-3 
first-order closure 240, 256 
Reynolds experiment 214-15, 216-17 
Reynolds mean velocities 235 
Reynolds number (Re) 165-6, 169, 170-1 
chaos dynamics 214, 216, 222-3 
discrete Navier-Stokes equations 404 
first-order closure 236-7, 241, 244, 249, 257, 
262-3 
grain 508-10 
one-point statistical models 224 
shear 259 
stabilization by viscosity 407, 410 
turbulent 245 
Reynolds, O. 210, 214, 224, 250 
Reynolds stress 229-33, 250 
advanced averaged models 265-6, 268, 272, 274, 
279 
equation 254, 299-300 
first-order closure 257 
model, explicit algebraic 276 
one- and two-equation discrete models 446 
tensor 229, 295, 524 
Riemann solvers 412-13 
Riemann sum 321 
rigid bodies, mobile 436—40 
Rotta constant/Rotta model 270, 299 
roughness 259 
coastal work design elements 513, 515 
numerical replication of overtopping 517, 520 
Runge-Kutta scheme 375 


Saint-Venant, A.-J.-C. Barré de 132 
Saint-Venant equations 530, 548 


scalar: 
balances and fluxes 143, 144-5 
discrete 410-12 
flux in viscous fluids 154 
mirror 209 
strain rate 156, 284 
transport equation 187 
vorticity, mean 448 
scale models theory in hydraulics 170 
Schmidt number 238 
second-order closure models 267-71, 274, 279-80, 299, 531 
second-order moments 228 
second-order SPH operators 394-400 
second-order tensor 138, 551—2, 553-5, 557 
semi-implicit scheme 361, 366, 368, 370, 377 
shallow water equations 132, 530 
shear flow 256, 264 
shear stresses 516, 525 
shear velocity 257 
first-order closure 260, 261-2 
infinite open channel 481, 484 
sphere in a turbulent flow 510 
Shields parameter 508-9 
similarity: orders of magnitude 164-73 
dimensionless numbers 165-6, 169-71 
drag 169-71 
gravity 165-8 
incompressibilty hypothesis 167-8 
inertia 165-6, 168 
sound velocity 167 
Vaschy—Buckingham theorem 171 
Smagorinsky closure model 462-3 
Smagorinsky constant 284, 453, 463 
smoothing length 312, 326-7, 346 
solid wall modelling 426-36 
boundary particles 426 
dummy particles/mirror particles 426-9, 435 
variational principle 430, 433, 435 
wall particles 426 
sound velocity 167, 391, 471, 517 
see also numerical sound velocity 
source terms 143 
spectrum (turbulence) 221-3 
SPH method 31, 303-92 
discrete forms of fluid equations 340-59 
SPH through Lagrange 349-55 
SPH operators 328-34 
remeshed 303 
SPH method validation 470-510 
immersed bodies 497-510 
steady flows 473-84 
water column collapse 484-97 
sphere in a turbulent flow 503-10 
stability criterion 419, 534, 535, 539 
stabilization by viscosity 405-10 
STAR_CD software 480, 499 
state equation: 
Boltzmann: balances and fluxes 186 
Tait 90 
thermodynamical quantities 87-90 
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state variables 143 
statistical mechanics 60-131 
dissipative systems 91-107, 108-31 
see also thermodynamical fluctuations 
large systems 60, 61-75 
thermodynamical quantities 75—90 
stochastic forces 124, 125, 128, 131 
stochastic models 293-300 
discrete 465-9 
Langevin model 298-9 
Stokes’ behaviour law 154, 265 
Stérmer—Verlet scheme 374, 380, 414, 439 
strain: 
mean 442, 448, 535 
of amedium 136-40 
principal directions 137 
rate 445, 453, 535 
scalar 139, 156, 284 
tensor 136-8, 153, 155 
strained media 198-201 
strange attractors 214-21 
stress: 
critical 508-9 
friction/shear 153, 508, 516, 525 
viscous 188-93 
see also Reynolds stress; stress tensor 
stress tensor 150 
balances and fluxes 152, 161, 179 
Boltzmann 185, 186, 190-1 
variational principles for fluids: rigid media 198 
viscous fluids: behaviour law 153-5 
see also Cauchy stress tensor 
Strouhal number (St) 165, 498, 500 
sub-particle viscosity 453 
sub-particles in composite systems 49-50, 51-2 
subgrid viscosity 284, 453 
surface tension 492, 534 
coefficient 178 
discrete 421-6 
symplectic integrators 366-75, 377-9, 381 
symplectic matrix 28-30, 65 
system of particles, mechanics of see under Lagrangian 
and Hamiltonian mechanics 


Tait state equation 90 
temperature: 

balances and fluxes 143 

Boltzmann 190, 192-3 

thermodynamical quantities 86, 87 
temporal scheme 377-8, 379, 404 
tensor 195, 550 

anisotropy 253-4 

correlation 126 

deviator 552 

first-order 550-1, 553-4, 556-7 

identity 197,551 

inertia 41-9 

Jacobian 134, 135, 138 

k-ordered 552-3, 555, 556 

pressure-strain correlation 268 
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tensor (cont.) 
product 551, 553 
second-order 551 
strain rate 136-8 
trace 552 
vorticity 139 
see also Cauchy stress tensor; Cauchy tensor; 
Reynolds tensor; stress tensor 
tensorial formalism 549-59 
thermodynamical equilibrium 74, 91, 178 
thermodynamical fluctuations 121-31 
Brownian motion 121, 124 
fluctuation-dissipation theorem 128, 131 
Fokker—Planck equation 124, 128 
Langevin equation 129 
stochastic approach 123-5, 128, 130-1 
thermodynamical state variables 60 
thermodynamics 155 
first law 84 
second law 84, 99, 151-2 
time step 475, 479, 482 
total energy 111, 119, 151, 152, 206 
transport equation 122, 208, 225, 238-239, 252, 275, 
410 
turbulence: 
chaos dynamics 215-18, 222-3 
homogeneous 225, 241, 242 
isotropic 235 
turbulent boundary conditions 260-4 
turbulent diffusion and advanced averaged models 
268-9 
turbulent eddies 236, 533 
turbulent flow 210-300 
chaos dynamics 210, 211-23 
first-order closure 233-64 
infinite open channel 482 
non-averaged models 280-300 
one-point statistical models 223-33 
turbulent kinetic energy 235, 238-42, 245, 261 
dissipation rate 241 
equation 251 
production of 240 
turbulent models, two-equation 448-52, 530 
turbulent Prandtl number 238 
turnover time scale 245 
two-equation models 253, 471 
discrete 443-8 
turbulent 448-52, 530 


Van der Pol oscillator/pendulum 212-14, 220, 412-14 
Van der Pol pendulum 214, 220, 412-14 
variational principles 377-8, 430, 433, 435 

see also under continuous media and viscous fluids 
Vaschy—Buckingham theorem 171, 244—5, 508 
velocity: 

o-XSPH model 462 


angular 43 
composition law 15, 18, 41 
continuum kinematics 133 
correlations and dissipation 128-9 
filtered 531 
fluctuations 266 
generalized 7, 118-19 
gradients 166, 535 
macroscopic 235 
mechanics of a system of particles 16, 18, 19 
regularized 287-9, 291 
Reynolds mean 235 
temporal autocorrelation tensor 248 
see also mean velocity; shear velocity; sound velocity 
Vila, J.-P. 344, 354, 412 
viscosity: 
coefficients 401 
constant viscosity model 491, 492, 530 
dynamical molecular 154 
stabilization 405-10 
sub-particle 453 
subgrid 284, 453 
viscous fluids see under continuous media 
viscous forces 222, 461, 470 
viscous sublayer 258-9 
volume of fluids (VOF) technique 493, 511 
von Karman constant 259 
Von Neumann condition 261 
Von Neumann stability analysis 382 
vortex 175 
vorticity tensor 139 


wall: 

boundary conditions 162-4, 177, 524 

functions 261 

particles 426 

roughness 259 
water column collapse see under SPH method validation 
waterworks see wave action upon waterworks 
wave: 

action upon waterworks see under SPH applied to 

hydraulic works 

breaking 484, 486, 489, 517-18, 520 

equation, damped 167 

monochromatic 513, 516, 517 

numbers 290-1, 292, 389, 391, 407, 410, 419 
wavelength 513, 517 
weakly compressible scheme 494-6, 499, 504 
Weber number (We) 181, 426, 472 
Wendland kernel 316, 318, 326, 387, 390-2, 453 


XSPH model 488 
see also ~-XSPH model 


zero equation turbulence model 443 
zeroth-order tensor 138, 550, 556-7, 559 


